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Combinatorial Games 


Traditional game theory has been successful at developing strategy in games of incomplete 
information: when one player knows something that the other does not. But it has little to 
say about games of complete information, for example Tic-Tac-Toe, solitaire, and hex. This 
is the subject of Combinatorial Game Theory. Most board games are a challenge for 
mathematics: to analyze a position one has to examine the available options, and then the 
further options available after selecting any option, and so on. This leads to combinatorial 
chaos, where brute force study is impractical. 


In this comprehensive volume, Jézsef Beck shows readers how to escape from the 
combinatorial chaos via the fake probabilistic method, a game-theoretic adaptation of the 
probabilistic method in combinatorics. Using this, the author is able to determine the exact 
results about infinite classes of many games, leading to the discovery of some striking new 
duality principles. 
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Preface 


There is an old story about the inventor of Chess, which goes something like this. 
When the King learned the new game, he quickly fell in love with it, and invited 
the inventor to his palace. “I love your game,” said the King, “and to express my 
appreciation, I decided to grant your wish.” “Oh, thank you, Your Majesty,” began 
the inventor, “I am a humble man with a modest wish: just put one piece of rice 
on the first little square of the chess board, 2 pieces of rice on the second square, 
4 pieces on the third square, 8 pieces on the fourth square, and so on; you double 
in each step.” “Oh, sure,” said the King, and immediately called for his servants, 
who started to bring in rice from the huge storage room of the palace. It didn’t take 
too long, however, to realize that the rice in the palace was not enough; in fact, as 
the court mathematician pointed out, even the rice produced by the whole world in 
the last thousand years wouldn’t be enough to fulfill the inventor’s wish (2% — 1 
pieces of rice). Then the King became so angry that he gave the order to execute 
the inventor. This is how the King discovered Combinatorial Chaos. 

Of course, there is a less violent way to discover Combinatorial Chaos. Any 
attempt to analyze unsolved games like Chess, Go, Checkers, grown-up versions of 
Tic-Tac-Toe, Hex, etc., lead to the same conclusion: we get quickly lost in millions 
and millions of cases, and feel shipwrecked in the middle of the ocean. 

To be fair, the hopelessness of Combinatorial Chaos has a positive side: it keeps 
the games alive for competition. 

Is it really hopeless to escape from Combinatorial Chaos? The reader is surely 
wondering: “How about Game Theory?” “Can Game Theory help here?” Traditional 
Game Theory focuses on games of incomplete information (like Poker where neither 
player can see the opponent’s cards) and says very little about Combinatorial Games 
such as Chess, Go, etc. Here the term Combinatorial Game means a 2-player zero- 
sum game of skill (no chance moves) with complete information, and the payoff 
function has 3 values only: win, draw, and loss. 

The “very little” that Traditional Game Theory can say is the following piece of 
advice: try a backtracking algorithm on the game-tree. Unfortunately, backtracking 
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leads to mindless exponential-time computations and doesn’t give any insight; this 
is better than nothing, but not much. Consequently, computers provide remarkably 
little help here; for example, we can easily simulate a random play on a computer, 
but it is impossible to simulate an optimal play (due to the enormous complexity 
of the computations). We simply have no data available for these games; no data 
to extrapolate, no data to search for patterns. 

The 3-dimensional 5 x 5 x 5 version of Tic-Tac-Toe, for instance, has about 3!?° 
positions (each one of the 5° cells has 3 options: either marked by the first player, 
or marked by the second player, or unmarked), and backtracking on a graph of 
3!°5 vertices (“position graph”) takes at least 3!%° steps, which is roughly the third 
power of the “chaos” the chess-loving King was facing above. No wonder the 
5x5x5=53 Tic-Tac-Toe is unsolved! 

It is even more shocking that we know only two(!) explicit winning strategies 
in the whole class of nx nx---xn=n" Tic-Tac-Toe games: the 3° version 
(which has an easy winning strategy) and the 4° version (which has an extremely 
complicated winning strategy). 

If traditional Game Theory doesn’t help, and the computer doesn’t really help 
either, then what can we do? The objective of this book is exactly to show an 
escape from Combinatorial Chaos, to win a battle in a hopeless war. This “victory” 
on the class of Tic-Tac-Toe-like games is demonstrated. Tic-Tac-Toe itself is for 
children (a very simple game really), but there are many grown-up versions, such 
as the 4x4x4= 4° game, and, in general, the nx nx ---xn=n" hypercube 
versions, which are anything but simple. Besides hypercube Tic-Tac-Toe, we study 
Clique Games, Arithmetic Progression Games, and many more games motivated by 
Ramsey Theory. These “Tic-Tac-Toe-like games” form a very interesting sub-class 
of Combinatorial Games: these are games for which the standard algebraic methods 
fail to work. The main result of the book is that for some infinite families of natural 
“Tic-Tac-Toe-like games with (at least) 2-dimensional goals” we know the exact 
value of the phase transition between “Weak Win” and “Strong Draw.” We call 
these thresholds Clique Achievement Numbers, Lattice Achievement Numbers, and 
in the Reverse Games, Clique Avoidance Numbers and Lattice Avoidance Numbers. 
These are game-theoretic analogues of the Ramsey Numbers and Van der Waerden 
Numbers. Unlike the Ramsey Theory thresholds, which are hopeless in the sense 
that the best-known upper and lower bounds are very far from each other, here we 
can find the exact values of the game numbers. For precise statements see Sections 
6, 8, 9, and 12. 

To prove these exact results we develop a “fake probabilistic method” (we don’t 
do case studies!); the name Tic-Tac-Toe theory in the title of the book actually refers 
to this “fake probabilistic method.” The “fake probabilistic method” has two steps: 
(1) randomization and (2) derandomization. Randomization is a game-theoretic 
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adaptation of the so-called Probabilistic Method (“Erd6s Theory”); derandomiza- 
tion means to apply potential functions (“resource count”). The Probabilistic Method 
(usually) gives existence only; the potential technique, on the other hand, supplies 
explicit strategies. What is more, many of our explicit winning and drawing strate- 
gies are very efficient combinatorial algorithms (in fact, the most efficient ones that 
we know). 

The “fake probabilistic method” is not the first theory of Combinatorial Games. 
There is already a well-known and successful theory: the addition theory of “Nim- 
like compound games.” It is an algebraic theory designed to handle complicated 
games which are, or eventually turn out to be, compounds of several very simple 
games. “Nim-like compound games” is the subject of the first volume of the 
remarkable Winning Ways for your Mathematical Plays written by Berlekamp, 
Conway, and Guy (published in 1982). Volume 1 was called Theory, and volume 2 
had the more prosaic name of Case Studies. As stated by the authors: “there are lots 
of games for which the theories we have now developed are useful, and even more 
for which they are not.” The family of Tic-Tac-Toe-like games — briefly discussed 
in Chapter 22 of the Winning Ways (vol. 2) — definitely belongs to this latter class. 
By largely extending Chapter 22, and systematically using the “fake probabilistic 
method” — which is completely missing(!) from the Winning Ways — in this book 
an attempt is made to upgrade the Case Studies to a Quantitative Theory. 

The algebraic and probabilistic approaches represent two entirely different view- 
points, which apparently complement each other. In contrast to the local viewpoint 
of the addition theory, the “fake probabilistic method” is a global theory for games 
which do not decompose into simple sub-games, and remain as single coherent 
entities throughout play. A given position P is evaluated by a score-system which 
has some natural probabilistic interpretation such as the “loss probability in the ran- 
domized game starting from position P.” Optimizing the score-system is how we cut 
short the exhaustive search, and construct efficient (“polynomial time”) strategies. 

The “fake probabilistic method” works best for large values of the parameters — 
a consequence of the underlying “laws of large numbers.” The “addition theory,” 
on the other hand, works best for little games. 

The pioneering papers of the subject are: 


1. Regularity and Positional Games, by A. W. Hales and R. I. Jewett from 1963; 

2. On a Combinatorial Game, by P. Erdés and J. Selfridge from 1973; 

3. Biased Positional Games by V. Chvatal and P. Erdés from 1978; and, as a 
guiding motivation, 

4. the Erdés—Lovasz 2-Coloring Theorem from 1975. 


The first discovered fundamental connections such as “strategy stealing and Ramsey 
Theory” and “pairing strategy and Matching Theory”, and introduced our basic game 
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class (‘positional games’’). The last three papers (Erdés with different co-authors) 
initiated and motivated the “games, randomization, derandomization” viewpoint, 
the core idea of the book. What is developed here is a far-reaching extension of 
these ideas — it took 25 years hard labor to work out the details. The majority of 
the results are published here for the first time. 

Being an enthusiastic teacher myself, I tried to write the book in a lecture series 
format that I would like to use myself in the classroom. Each section is basically 
an independent lecture; most of them can be covered in the usual 80-minute time 
frame. 

Beside the Theory the book contains dozens of challenging Exercises. The reader 
is advised to find the solutions to the exercises all by him/herself. 

The notation is standard. For example, c, cp, c,, C),... denote, as usual, positive 
absolute constants (that I could but do not care to determine); “a, = o(1)” and 
“a, = O(1)” mean that a, > 0 and |a,| <c as n > oo; and, similarly, “f(n) = 
o(g(n))” and “f(n) = O(g(n))” mean that f(n)/g(n) > 0 and |f(n)/g(n)| < ¢ as 
n— oo. Also log x, log, x, and log, x stand for, respectively, the natural logarithm, 
the base 2 logarithm, and the base 3 logarithm of x. 

There are two informal sections: A summary of the book in a nutshell at the 
beginning, and An informal introduction to Game Theory at the end of the book in 
Appendix D. Both are easy reading; we highly recommend the reader to start the 
book with these two sections. 

Last but not least, I would like to thank the Harold H. Martin Chair at Rutgers 
University and the National Science Foundation for the research grants supporting 
my work. 


A summary of the book in a nutshell 


Mathematics is spectacularly successful at making generalizations: the more than 
2000-year old arithmetic and geometry were developed into the monumental fields 
of calculus, modern algebra, topology, algebraic geometry, and so on. On the 
other hand, mathematics could say remarkably little about nontraditional complex 
systems. A good example is the notorious “3n-+ 1 problem.” If n is even, take n/2, 
if n is odd, take (31+ 1)/2; show that, starting from an arbitrary positive integer 
n and applying the two rules repeatedly, eventually we end up with the periodic 
sequence 1,2,1,2,1,2,.... The problem was raised in the 1930s, and after 70 years 
of diligent research it is still completely hopeless! 

Next consider some games. Tic-Tac-Toe is an easy game, so let’s switch to 
the 3-space. The 3 x 3 x 3 Tic-Tac-Toe is a trivial first player win, the 4x 4x 4 
Tic-Tac-Toe is a very difficult first player win (computer-assisted proof by O. 
Patashnik in the late 1970s), and the 5x 5x5 Tic-Tac-Toe is a hopeless open 
problem (it is conjectured to be a draw game). Note that there is a general recipe 
to analyze games: perform backtracking on the game-tree (or position graph). 
For the 5x 5x5 Tic-Tac-Toe this requires about 3!7° steps, which is totally 
intractable. 

We face the same “combinatorial chaos” with the game of Hex. Hex was invented 
in the early 1940s by Piet Hein (Denmark), since when it has become very popular, 
especially among mathematicians. The board is a rhombus of hexagons of size 
nxn; the two players, White (who starts) and Black, take two pairs of opposite 
sides of the board. The two players alternately put their pieces on unoccupied 
hexagons (White has white pieces and Black has black pieces). White (Black) wins 
if his pieces connect his opposite sides of the board. 

In the late 1940s John Nash (A Beautiful Mind) proved, by a pioneering applica- 
tion of the Strategy Stealing Argument, that Hex is a first player win. The notorious 
open problem is to find an explicit winning strategy. It remains open for every 
n> 8. Note that the standard size of Hex is n = 11, which has about 3!7! different 
positions. 


2: Combinatorial Games 


What is common in the 3n+1 problem, the 5 x 5 x 5 Tic-Tac-Toe, and Hex? 
They all have extremely simple rules, which unexpectedly lead to chaos: exhibiting 
unpredictable behavior, without any clear order, without any pattern. These three 
problems form a good sample, representing a large part (perhaps even the majority) 
of the applied world problems. Mathematics gave up on these kinds of problems, 
sending them to the dump called “combinatorial chaos.” Is there an escape from 
the combinatorial chaos? 

It is safe to say that understanding/handling combinatorial chaos is one of the 
main problems of modern mathematics. However, the two game classes (n@ Tic- 
Tac-Toe and n x n Hex) represent a bigger challenge, they are even more hopeless, 
than the 3n+ 1 problem. For the 3n+ 1 problem we can at least carry out computer 
experimentation; for example, it is known that the conjecture is true for every 
n < 10'° (a huge data bank is available): we can search the millions of solved cases 
for hidden patterns; we can try to extrapolate (which, unfortunately, has not led us 
anywhere yet). 

For the game classes, on the other hand, only a half-dozen cases are solved. 
Computers do not help: it is easy to simulate a random play, but it is impossible to 
simulate an optimal play — this hopelessness leaves the games alive for competition. 
We simply have no data available; it is impossible to search for patterns if there 
are no data. (For example, we know only two(!) explicit winning strategies in the 
whole class of n x nx ---xn=n‘ Tic-Tac-Toe games: the 3° version, which has 
an easy winning strategy, and the 4° version, which has an extremely complicated 
winning strategy.) These Combinatorial Games represent a humiliating challenge 
for mathematics! 

Note that the subject of Game Theory was created by the Hungarian—American 
mathematician John von Neumann in a pioneering paper from 1928 and in the 
well-known book Theory of Games and Economic Behavior jointly written with 
the economist Oscar Morgenstern in 1944. By the way, the main motivation of von 
Neumann was to understand the role of bluffing in Poker. (von Neumann didn’t 
care, or at least had nothing to say, about combinatorial chaos; the von Neumann— 
Morgenstern book completely avoids the subject!) Poker is a card game of incom- 
plete information: the game is interesting because neither player knows the oppo- 
nent’s cards. In 1928 von Neumann proved his famous minimax theorem, stating that 
in games of incomplete information either player has an optimal strategy. This opti- 
mal strategy is typically a randomized (‘‘mixed”’) strategy (to make up for the lack of 
information). 

Traditional Game Theory doesn’t say much about games of complete information 
like Chess, Go, Checkers, and grown-up versions of Tic-Tac-Toe; this is the subject 
of Combinatorial Game Theory. So far Combinatorial Game Theory has developed 
in two directions: 
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(I) the theory of “Nim-like games,” which means games that fall apart into simple 
subgames in the course of a play, and 

(II) the theory of “Tic-Tac-Toe-like games,” which is about games that do not fall 
apart, but remain a coherent entity during the course of a play. 


Direction (I) is discussed in the first volume of the well-known book Winning Ways 
by Berlekamp, Conway, and Guy from 1982. Direction (II) is discussed in this 
book. 

As I said before, the main challenge of Combinatorial Game Theory is to handle 
combinatorial chaos. To analyze a position in a game (say, in Chess), it is important 
to examine the options, and all the options of the options, and all the options of 
the options of the options, and so on. This explains the exponential nature of the 
game tree, and any intensive case study is clearly impractical even for very simple 
games, like the 5 x 5 x 5 Tic-Tac-Toe. There are dozens of similar games, where 
there is a clearcut natural conjecture about which player has a winning strategy, 
but the proof is hopelessly out of reach (for example, 5-in-a-row in the plane, the 
status of “Snaky” in Animal Tic-Tac-Toe, Kaplansky’s 4-in-a-line game, Hex in a 
board of size at least 8 x 8, and so on, see Section 4). 

Direction (I), “Nim-like games,” basically avoids the challenge of chaos by 
restricting itself to games with simple components, where an “addition theory” can 
work. Direction (II) is a desperate attempt to handle combinatorial chaos. 

The first challenge of direction (II) is to pinpoint the reasons why these games 
are hopeless. Chess, Tic-Tac-Toe and its variants, Hex, and the rest are all “Who- 
does-it-first?” games (which player gives the first checkmate, who gets the first 
3-in-a-row, etc.). “Who-does-it-first?” reflects competition, a key ingredient of 
game playing, but it is not the most fundamental question. The most fundamental 
question is “What are the achievable configurations, achievable, but not necessarily 
first?” and the complementary question “What are the impossible configurations?” 
Drawing the line between “doable” and “impossible” (doable, but not necessarily 
first!) is the primary task of direction (II). First we have to clearly understand 
“what is doable”; “what is doable first” is a secondary question. “Doing-it-first” 
is the ordinary win concept; it is reasonable, therefore, to call “doing it, but not 
necessarily first” a Weak Win. If a player fails to achieve a Weak Win, we say the 
opponent forced (at least) a Strong Draw. 

The first idea is to switch from ordinary win to Weak Win; the second idea 
of direction (II) is to carefully define its subject: “generalized Tic-Tac-Toe.” Why 
“generalized Tic-Tac-Toe’”’? “Tic-Tac-Toe-like games” are the simplest case in the 
sense that they are static games. Unlike Chess, Go, and Checkers, where the players 
repeatedly relocate or even remove pieces from the board (“dynamic games”), 
in Tic-Tac-Toe and Hex the players make permanent marks on the board, and 


4 Combinatorial Games 


relocating or removing a mark is illegal. (Chess is particularly complicated. There 
are 6 types of pieces: King, Queen, Bishop, Knight, Rook, Pawn, and each one has 
its own set of rules of “how to move the piece.” The instructions of playing Tic- 
Tac-Toe is just a couple of lines, but the “instructions of playing Chess” is several 
pages long.) The “relative” simplicity of games such as “Tic-Tac-Toe” makes them 
ideal candidates for a mathematical theory. 

What does “generalized Tic-Tac-Toe” mean? Nobody knows what “generalized 
Chess” or “generalized Go” are supposed to mean, but (almost) everybody would 
agree on what “generalized Tic-Tac-Toe” should mean. In Tic-Tac-Toe the “board” 
is a3 x 3=9 element set, and there are 8 “winning triplets.” Similarly, “generalized 
Tic-Tac-Toe” can be played on an arbitrary finite hypergraph, where the hyperedges 
are called “winning sets,” the union set is the “board,” the players alternately occupy 
elements of the “board.” Ordinary win means that a player can occupy a whole 
“winning set” first; Weak Win simply means to occupy a whole winning set, but 
not necessarily first. 

How can direction (II) deal with combinatorial chaos? The exhaustive search 
through the exponentially large game-tree takes an enormous amount of time (usu- 
ally more than the age of the universe). A desperate(!) attempt to make up for the 
lack of time is to study the random walk on the game-tree; that is, to study the 
randomized game where both players play randomly. 

The extremely surprising message of direction (ID) is that the probabilistic analysis 
of the randomized game can often be converted into optimal Weak Win and Strong 
Draw strategies via potential arguments. It is basically a game-theoretic adaptation 
of the so-called Probabilistic Method in Combinatorics (“Erdés Theory’); this is 
why we refer to it as a “fake probabilistic method.” 

The fake probabilistic method is considered a mathematical paradox. It is a 
“paradox” because Game Theory is about perfect players, and it is shocking that 
a play between random generators (“dumb players”) has anything to do with a 
play between perfect players! “Poker and randomness” is a natural combination: 
mixed strategy (i.e. random choice among deterministic strategies) is necessary 
to make up for the lack of complete information. On the other hand, “Tic-Tac- 
Toe and randomness” sounds like a mismatch. To explain the connection between 
“Tic-Tac-Toe” and “randomness” requires a longer analysis. 

First note that the connection is not trivial in the sense that an optimal strat- 
egy is never a “random play.” In fact, a “random play” usually leads to a quick, 
catastrophic defeat. It is a simple general fact that for games of “complete informa- 
tion” the optimal strategies are always deterministic (“pure”). The fake probabilistic 
method is employed to find an explicit deterministic optimal strategy. This is where 
the connection is: the fake probabilistic method is motivated by traditional Proba- 
bility Theory, but eventually it is derandomized by potential arguments. In other 
words, we eventually get rid of Probability Theory completely, but the intermediate 
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“probabilistic step” is an absolutely crucial, inevitable part of the understanding 
process. 
The fake probabilistic method consists of the following main chapters: 


(i) game-theoretic first moment, 
(ii) game-theoretic second and higher moments, 
(iii) game-theoretic independence. 


By using the fake probabilistic method, we can find the exact solution of infinitely 
many natural “Ramseyish” games, thought to be completely hopeless before, like 
some Clique Games, 2-dimensional van der Waerden games, and some “sub- 
space” versions of multi-dimensional Tic-Tac-Toe (the goal sets are at least 
“2-dimensional”). 

As said before, nobody knows how to win a “who-does-it-first game.” We have 
much more luck with Weak Win where “doing it first” is ignored. A Weak Win 
Game, or simply a Weak Game, is played on an arbitrary finite hypergraph, the two 
players are called Maker and Breaker (alternative names are Builder and Blocker). 
To achieve an ordinary win a player has to “build and block” at the same time. In 
a Weak Game these two jobs are separated, which makes the analysis somewhat 
easier, but not easy. For example, the notoriously difficult Hex is clearly equivalent 
to a Weak Game, but it doesn’t help to find an explicit first player’s winning 
Strategy. 

What we have been discussing so far was the achievement version. The Reverse 
Game (meaning the avoidance version) is equally interesting, or perhaps even more 
interesting. 

The general definition of the Reverse Weak Game goes as follows. As usual, it 
is played on an arbitrary finite hypergraph. One player is a kind of “anti-builder”: 
he wants to avoid occupying a whole winning set — we call him Avoider. The other 
player is a kind of “anti-blocker”: he wants to force the reluctant Avoider to build 
a winning set — “anti-blocker” is officially called Forcer. 

Why “Ramseyish” games? Well, Ramsey Theory gives some partial information 
about ordinary win. We have a chance, therefore, to compare what we know about 
ordinary win with that of Weak Win. 

The first step in the fake probabilistic method is to describe the majority play, 
and then, in the second step, try to find a connection between the majority play and 
the optimal play (the surprising part is that it works!). 

The best way to illustrate this is to study the Weak and Reverse Weak versions 
of the (K,,, K,) Clique Game: the players alternately take new edges of the com- 
plete graph K,,; Maker’s goal is to occupy a large clique K,; Breaker wants to 
stop Maker. In the Reverse Game, Forcer wants to force the reluctant Avoider to 
occupy a K,. 
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If g = q(n) is “very small” in terms of n, then Maker (or Forcer) can easily win. 
On the other hand, if g = q(n) is “not so small” in terms of n, then Breaker (or 
Avoider) can easily win. Where is the game-theoretic breaking point? We call the 
breaking point the Clique Achievement (Avoidance) Number. 

For “small” ns no one knows the answer, but for “large” ns we know the exact 
value of the breaking point! Indeed, assume that n is sufficiently large like n > p10" 
If we take the lower integral part 


q = |2log, n — 2 log, log, n+ 2log,e — 3| 


(base 2 logarithm), then Maker (or Forcer) wins. On the other hand, if we take the 
upper integral part 


q = [2log, n—2 log, log, n+ 2log,e — 3], 


then Breaker (or Avoider) wins. 
For example, if n = 2'°”, then 


2log, n—2log, log, n+ 2log,e-—3 = 
= 2-10'° — 66.4385 + 2.8854 — 3 = 19, 999, 999, 933.446, 


and so the largest clique size that Maker can build (Forcer can force Avoider to 
build) is 19, 999, 999, 933. 

This level of accuracy is even more striking because for smaller values of n we 
do not know the Clique Achievement Number. For example, if n = 20, then it can 
be either 4 or 5 or 6 (which one?); if m = 100, then it can be either 5 or 6 or 7 or 8 
or 9 (which one?); if m = 2', then it can be either 99 or 100 or 101 or ... or 188 
(which one?), that is there are 90 possible candidates. (Even less is known about 
the small Avoidance Numbers.) We will (probably!) never know the exact values 
of these game numbers for n = 20, or for n = 100, or for n = 2! but we know the 
exact value for a monster number such as n = 2!0"”, This is truly surprising! This is 
the complete opposite of the usual induction way of discovering patterns from the 
small cases (the method of direction (I)). 

The explanation for this unusual phenomenon comes from our technique: the 
fake probabilistic method. Probability Theory is a collections of Laws of Large 
Numbers. Converting the probabilistic arguments into a potential strategy leads to 
certain “error terms”; these “error terms” become negligible compared to the “main 
term” if the board is large. 

It is also very surprising that the Weak Clique Game and the Reverse Weak Clique 
Game have exactly the same breaking point: Clique Achievement Number = Clique 
Avoidance Number. This contradicts common sense. We would expect that an eager 
Maker in the “straight” game has a good chance to build a larger clique than a 
reluctant Avoider in the Reverse version, but this “natural” expectation turns out 
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to be wrong. We cannot give any a priori reason why the two breaking points 
coincide. All that can be said is that the highly technical proof of the “straight” case 
(around 30 pages) can be easily adapted (like maximum is replaced by minimum) to 
yield the same breaking point for the Reverse Game, but this is hardly the answer 
that we are looking for. 

What is the mysterious expression 2log,n — 2log, log,n + 2log,e —3? An 
expert of the theory of Random Graphs immediately recognizes that 2 log, n — 
2 log, log, n+ 2log,e— 3 is exactly 2 less than the Clique Number of the symmetric 
Random Graph R(K,,, 1/2) (1/2 is the edge probability). 

A combination of the first and second moment methods (standard Probability 
Theory) shows that the Clique Number w(R(K,,, 1/2)) of the Random Graph has 
a very strong concentration. Typically it is concentrated on a single integer with 
probability — 1 as n > oo (and even in the worst case there are at most two values). 
Indeed, the expected number of q-cliques in R(K,,, 1/2) equals 


n _(4 
fay = tla) = (")2-®. 
The function f(g) drops under 1 around g © 2log,n. The real solution of the 
equation f(g) = 1 is 


q = 2log, n—2 log, log,n+2log,e—1+0(1), (1) 
which is exactly 2 more than the game-theoretic breaking point 
q = 2log, n—2 log, log, n+ 2log, e—3+o0(1) (2) 


mentioned above. 

To build a clique K, of size (1) by Maker (or Avoider in the Reverse Game) on 
the board K,, is the majority outcome. The majority play outcome differs from the 
optimal play outcome by a mere additive constant 2. 

The strong concentration of the Clique Number of the Random Graph is not that 
terribly surprising as it seems at first sight. Indeed, f(q) is a very rapidly changing 
function 

f(q) a q+1,, = ptol) 
fq+l) n-q 
if g © 2log,n. On an intuitive level, it is explained by the obvious fact that if g 
switches to g+ 1, then (3) switches to (eS) = (2) + q, which is a large “square-root 
size” increase. 

Is there a “reasonable” variant of the Clique Game for which the breaking point is 
exactly (1), i.e. the Clique Number of the Random Graph? The answer is “yes,” and 
the game is a “Picker—Chooser game.” To motivate the “Picker-Chooser game,” 
note that the alternating Tic-Tac-Toe-like play splits the board into two equal (or 
almost equal) parts. But there are many other ways to divide the board into two 
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equal parts. The “I-cut-you’ll-choose way” (motivated by how a couple shares a 
single piece of cake after dinner) goes as follows: in each move, Picker picks two 
previously unselected points of the board, Chooser chooses one of them, and the 
other one goes back to Picker. In the Picker-Chooser game Picker is the builder 
(i.e. he wants to occupy a whole winning set) and Chooser is the blocker (i.e. his 
goal is to mark every winning set). 

When Chooser is the builder and Picker is the blocker, we call it the Chooser— 
Picker game. 

The proof of the theorem that the “majority clique number” (1) is the exact 
value of the breaking point for the (K,,, K,) Picker-Chooser Clique Game (where 
of course the “points” are the edges of K,,) is based on the concepts of: 


(a) game-theoretic first moment; and 
(b) game-theoretic second moment. 


The proof is far from trivial, but not so terribly difficult either (because Picker 
has so much control of the game). It is a perfect stepping stone before conquering 
the much more challenging Weak and Reverse Weak, and also the Chooser—Picker 
versions. The last three Clique Games all have the same breaking point, namely 
(2). What is (2)? 

Well, (2) is the real solution of the equation 


("0-9-3 @) 
q 2(°) 

The intuitive meaning of (3) is that the overwhelming majority of the edges of the 
random graph are covered by exactly one copy of K,. In other words, the Random 
Graph may have a large number of copies of K,, but they are well-spread (un- 
crowded); in fact, there is room enough to be typically pairwise edge-disjoint. This 
suggests the following intuition. Assume that we are at a “last stage” of playing 
a Clique Game where Maker (playing the Weak Game) has a large number of 
“almost complete” K,s: “almost complete” in the sense that, (a) in each “almost 
complete” K, all but two edges are occupied by Maker, (b) all of these edge-pairs 
are unoccupied yet, and (c) these extremely dangerous K,s are pairwise edge- 
disjoint. If (a)-(b)-(c) hold, then Breaker can still escape from losing: he can block 
these disjoint unoccupied edge-pairs by a simple Pairing Strategy! It is exactly the 
Pairing Strategy that distinguishes the Picker-Chooser game from the rest of the 
bunch. Indeed, in each of the Weak, Reverse Weak, and Chooser—Picker games, 
“blocker” can easily win the Disjoint Game (meaning the trivial game where the 
winning sets are disjoint and contain at least two elements each) by employing a 
Pairing Strategy. In sharp contrast, in the Picker—Chooser version Chooser always 
loses a “‘sufficiently large” Disjoint Game (more precisely, if there are at least 2” 
disjoint n-element winning sets, then Picker wins the Picker-Chooser game). 


A summary of the book in a nutshell 9 


This is the best intuitive explanation that we know to understand breaking point 
(2). This intuition requests the “Random Graph heuristic,” i.e., to (artificially!) 
introduce a random structure in order to understand a deterministic game of complete 
information. 

But the connection is much deeper than that. To prove that (2) is the exact value 
of the game-theoretic breaking point, one requires a fake probabilistic method. The 
main steps of the proof are: 


(i) game-theoretic first moment, 
(ii) game-theoretic higher moments (involving “self-improving potentials”), and 
(iii) game-theoretic independence. 


Developing (i)-(iii) is a long and difficult task. The word “fake” in the fake 
probabilistic method refers to the fact that, when an optimal strategy is actually 
defined, the “probabilistic part” completely disappears. It is a metamorphosis: as a 
caterpillar turns into a butterfly, the probabilistic arguments are similarly converted 
into (deterministic) potential arguments. 

Note that potential arguments are widely used in puzzles (“one-player games’’). 
A well-known example is Conway’s Solitaire Army puzzle: arrange men behind 
a line and then by playing “jump and remove’, horizontally or vertically, move a 
man as far across the line as possible. Conway’s beautiful “golden ratio” proof, a 
striking potential argument, shows that it is impossible to send a man forward 5 (4 
is possible). Conway’s result is from the early 1960s. (It is worthwhile to mention 
the new result that if “to jump a man diagonally” is permitted, then 5 is replaced 
by 9; in other words, it is impossible to send a man forward 9, but 8 is possible. 
The proof is similar, but the details are substantially more complicated.) 

It is quite natural to use potential arguments to describe impossible configurations 
(as Conway did). It is more surprising that potential arguments are equally useful 
to describe achievable configurations (i.e. Maker’s Weak Win) as well. But the 
biggest surprise of all is that the Maker’s Building Criterions and the Breaker’s 
Blocking Criterions often coincide, yielding exact solutions of several seemingly 
hopeless Ramseyish games. There is, however, a fundamental difference: Conway’s 
argument works for small values such as 5, but the fake probabilistic method gives 
sharp results only for “large values” of the parameters (we refer to this mysterious 
phenomenon as a “game-theoretic law of large numbers’’). 

These exact solutions all depend on the concept of “game-theoretic inde- 
pendence” — another striking connection with Probability Theory. What is 
game-theoretic independence? There is a trivial and a non-trivial interpretation 
of game-theoretic independence. 

The “trivial” (but still very useful) interpretation is about disjoint games. Consider 
a set of hypergraphs with the property that, in each one, Breaker (as the second 
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player) has a strategy to block (mark) every winning set. If the hypergraphs are 
pairwise disjoint (in the strong sense that the “boards” are disjoint), then, of course, 
Breaker can block the union hypergraph as well. Disjointness guarantees that in any 
component either player can play independently from the rest of the components. 
For example, the concept of the pairing strategy is based on this simple observation. 

In the “non-trivial” interpretation, the initial game does not fall apart into disjoint 
components. Instead Breaker can force that eventually, in a much later stage of the play, 
the family of unblocked (yet) hyperedges does fall apart into much smaller (disjoint) 
components. This is how Breaker can eventually finish the job of blocking the whole 
initial hypergraph, namely “blocking componentwise” in the “small” components. 

A convincing probabilistic intuition behind the non-trivial version is the well- 
known Local Lemma (or Lovasz Local Lemma). The Local Lemma is a remarkable 
probabilistic sieve argument to prove the existence of certain very complicated 
structures that we are unable to construct directly. 

A typical application of the Local Lemma goes as follows: 


Erd6és—Lovasz 2-Coloring Theorem (1975). Let F = {A,, A,,A3,...} be an 
n-uniform hypergraph. Suppose that each A, intersects at most 2"~> other A jeF 
(“local size”). Then there is a 2-coloring of the “board” V = \)J, A; such that no 
A; € F is monochromatic. 


The conclusion (almost!) means that there exists a drawing terminal position 
(we have cheated a little bit: in a drawing terminal position, the two color classes 
have equal size). The very surprising message of the Erdés—Lovasz 2-Coloring 
Theorem is that the “global size” of hypergraph F is irrelevant (it can even be 
infinite!), only the “local size” matters. 

Of course, the existence of a single (or even several) drawing terminal position 
does not guarantee the existence of a drawing strategy. But perhaps it is still true 
that under the Erd6s—Lovasz condition (or under some similar but slightly weaker 
local condition), Breaker (or Avoider, or Picker) has a blocking strategy, i.e. he can 
block every winning set in the Weak (or Reverse Weak, or Chooser—Picker) game 
on F. We refer to this “blocking draw” as a Strong Draw. 

This is a wonderful problem; we call it the Neighborhood Conjecture. Unfortu- 
nately, the conjecture is still open in general, in spite of all efforts trying to prove 
it during the last 25 years. 

We know, however, several partial results, which lead to interesting applications. 
A very important special case, when the conjecture is “nearly proved,” is the class of 
Almost Disjoint hypergraphs: where any two hyperedges have at most one common 
point. This is certainly the case for “lines,” the winning sets of the n@ Tic-Tac-Toe. 

What do we know about the multidimensional n“ Tic-Tac-Toe? We know that it 
is a draw game even if the dimension d is as large as d = c,n*/logn, i.e. nearly 
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quadratic in terms of (the winning size) n. What is more, the draw is a Strong 
Draw: the second player can mark every winning line (if they play till the whole 
board is occupied). Note that this bound is nearly best possible: if d > c,n’, then 
the second player cannot force a Strong Draw. 

How is it that for the Clique Game we know the exact value of the breaking point, 
but for the multidimensional Tic-Tac-Toe we could not even find the asymptotic 
truth (due to the extra factor of logn in the denominator)? The answer is somewhat 
technical. The winning lines in the multidimensional n“ Tic-Tac-Toe form an 
extremely irregular hypergraph: the maximum degree is much larger than the 
average degree. This is why one cannot apply the Blocking Criterions directly to 
the “n* hypergraph.” First we have to employ a Truncation Procedure to bring the 
maximum degree close to the average degree, and the price that we pay for this 
degree reduction is the loss of a factor of login. 

However, if we consider the n“ Torus Tic-Tac-Toe, then the corresponding 
hypergraph becomes perfectly uniform (the torus is a group). For example, every 
point of the n? Torus Tic-Tac-Toe has (37—1)/2 winning lines passing through 
it. This uniformity explains why for the n? Torus Tic-Tac-Toe we can prove 
asymptotically sharp thresholds. 

A “winning line” in the n* Tic-Tac-Toe is a set of n points on a straight 
line forming an n-term Arithmetic Progression. This motivates the “Arithmetic 
Progression Game”: the board is the interval 1,2, ..., N, and the goal is to build an 
n-term Arithmetic Progression. The corresponding hypergraph is “nearly regular’; 
this is why we can prove asymptotically sharp results. 

Let us return to the n“ Torus Tic-Tac-Toe. If the “winning line” is replaced by 
“winning plane” (or “winning subspace of dimension > 2” in general), then we can 
go far beyond “asymptotically sharp”: we can even determine the exact value of the 
game-theoretic threshold, as in the Clique Game. For example, a “winning plane” 
is an n Xx n lattice in the n“@ Torus. This is another rapidly changing 2-dimensional 
configuration: if n switches to n+ 1, then n x n switches to (n+ 1) x (n+ 1), which 
is again a “square-root size” increase just as in the case of the cliques. This formal 
similarity to the Clique Game (both have “2-dimensional goals”) explains why there 
is a chance to find the exact value of the game-theoretic breaking point (the actual 
proofs are rather different). 

It is very difficult to visualize the d-dimensional torus if d is large; here is an 
easier version: a game with 2-dimensional goal sets played on the plane. 


Two-dimensional Arithmetic Progression Game. A natural way to obtain a 2- 
dimensional arithmetic progression (AP) is to take the Cartesian product. The 
Cartesian product of two q-term APs with the same gap is a g x q Aligned Square 
Lattice. 
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Figure 1 4x4 Aligned Square Lattice on a 13 x 13 board 


Let (N x N, q x q Square Lattice) denote the game where the board is the N x N 
chessboard, and the winning sets are the gq x q Aligned Square Lattices (see Figure | 
for N = 13, g=4, and for a particular 4 x 4 winning set). Again we know the exact 
value of the game-theoretic breaking point: if 


q=| Vlog: N +0(1) |, 


then Maker can always build a g x q Aligned Square Lattice, and this is the 
best that Maker can achieve. Breaker can always prevent Maker from build- 
ing a (¢q+1)x(q+1) Aligned Square Lattice. Again the error term o(1) 
becomes negligible if N is large. For example, N = 2!°’+!® is large enough, and 
then 


1 
Vlog, N = V10% + 107° = 107 + as O(10-°), 


so ,/log, N is not too close to an integer (in fact, it is almost exactly in the middle), 
which guarantees that g = 10° is the largest Aligned Square Lattice size that Maker 
can build. 

Similarly, g = 10° is the largest Aligned Square Lattice size that Forcer can 
force Avoider to build. 

Here is an interesting detour: consider (say) the biased (2:1) avoidance version 
where Avoider takes 2 points and Forcer takes | point of the N x N board per 
move. Then again we know the exact value of the game-theoretic breaking point: if 


q= | [log: N +0(1)| , 
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then Forcer can always force Avoider to build a g x gq Aligned Square Lattice, 
and this is the best that Forcer can achieve. Avoider can always avoid building 
a (q+1)x (q+1) Aligned Square Lattice. Notice that the base of the logarithm 
changed from 2 to 3/2. 

How about the biased (2:1) achievement version where Maker takes 2 points and 
Breaker takes 1 point of the N x N board per move? Then we know the following 


lower bound: if 
q= | [logs N +2 log, N +0(1) | 5 


then Maker can always build a g x gq Aligned Square Lattice. We conjecture (but 
cannot prove) that this is the best that topdog Maker can achieve (i.e. Breaker can 
always prevent Maker from building a (¢+1) x (¢+1) Aligned Square Lattice). 
Notice that in the biased (2:1) game (eager) Maker can build a substantially larger 
Aligned Square Lattice than (reluctant) Avoider; the ratio of the corresponding qs 
is at least as large as 


1 2. 
os + 


aes 
log(3/2) 


This makes the equality Achievement Number = Avoidance Number in the fair 
(1:1) games even more surprising. 

We can prove the exact formulas only for large board size, such as Ky with 
N > 2!" (Clique Game) and the N x N grid with N > 2'°” (Square Lattice Game), 
but we are convinced that the exact formulas give the truth even for small board 
sizes like 100 and 1000. 

We summarize the meaning of ““game-theoretic independence” in the (1:1) game 
as follows. It is about games such as Tic-Tac-Toe for which the local size is much 
smaller than the global size. Even if the game starts out as a coherent entity, either 
player can force it to develop into smaller, local size composites. A sort of intuitive 
explanation behind it is the Erdés—Lovasz 2-Coloring Theorem, which itself is a 
sophisticated application of statistical independence. Game-theoretic independence 
is about how to sequentialize statistical independence. 

Here we stop the informal discussion, and begin the formal treatment. It is going 
to be a long journey. 


Part A 


Weak Win and Strong Draw 


Games belong to the oldest experiences of mankind, well before the appearance 
of any kind of serious mathematics. (“Serious mathematics” is in fact very young: 
Euclid’s Elements is less than three-thousand years old.) The playing of games has 
long been a natural instinct of all humans, and is why the solving of games is a 
natural instinct of mathematicians. Recreational mathematics is a vast collection 
of all kinds of clever observations (“pre-theorems”) about games and puzzles, 
the perfect empirical background for a mathematical theory. It is well-known 
that games of chance played an absolutely crucial role in the early develop- 
ment of Probability Theory. Similarly, Graph Theory grew out of puzzles (i.e. 
1-player games) such as the famous K6nigsberg bridge problem, solved by Euler 
(“Euler trail”), or Hamilton’s roundtrip puzzle on the graph of the dodecahedron 
(“Hamilton cycle problem’). Unlike these two very successful theories, we still do 
not have a really satisfying quantitative theory of games of pure skill with com- 
plete information, or as they are usually called nowadays: Combinatorial Games. 
Using technical terms, Combinatorial Games are 2-player zero-sum games, mostly 
finite, with complete information and no chance moves, and the payoff function 
has three values +1,0 as the first player wins or loses the play, or it ends in 
a draw. 

Combinatorial Game Theory attempts to answer the questions of “who wins,” 
“how to win,” and “how long does it take to win.” Naturally “win” means “forced 
win,” i.e. a “winning strategy.” 

Note that Graph Theory and Combinatorial Game Theory face the very same 
challenge: combinatorial chaos. Given a general graph G, the most natural questions 
are: what is the chromatic number of G? What is the length of the longest path 
in G? In particular, does G contain a Hamiltonian path, or a Hamiltonian cycle? 
What is the size of the largest complete subgraph of G? All that Graph Theory 
can say is “try out everything,” i.e. the brute force approach, which leads to 
combinatorial chaos. 
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Similarly, to find a winning strategy in a general game (of complete information) 
all we can do is backtracking of the enormous game-tree, or position-graph, which 
also leads to combinatorial chaos. 

How do we escape from the combinatorial chaos? In particular, when and how 
can a player win in a game such as Tic-Tac-Toe? And, of course, what are the “Tic- 
Tac-Toe like games”? This is the subject of Part A. We start slowly: in Chapter I we 
discuss many concrete examples and prove a few simple (but important!) theorems. 
In Chapter IT we formulate the main results, and prove a few more simple theorems. 
The hard proofs come later in Parts C and D. 


Chapter I 
Win vs. Weak Win 


Chess, Tic-Tac-Toe, and Hex are among the most well-known games of complete 
information with no chance move. What is common in these apparently very differ- 
ent games? In either game the player that wins is the one who achieves a “winning 
configuration” first. A “winning configuration” in Tic-Tac-Toe is a “3-in-a-row,” 
in Hex it is a “connecting chain of hexagons,” and in Chess it is a “capture of the 
opponent’s King” (called a checkmate). 

The objective of other well-known games of complete information like Checkers 
and Go is more complicated. In Checkers the goal is to be the first player either 
to capture all of the opponent’s pieces (checkers) or to build a position where 
the opponent cannot make a move. The capture of a single piece (jumping over) 
is a “mini-win configuration,” and, similarly, an arrangement where the opponent 
cannot make a move is a “winning configuration.” 

In Go the goal is to capture as many stones of the opponent as possible 
(“capturing” means to “surround a set of opponent’s stones by a connected set’’). 

These games are clearly very different, but the basic question is always the same: 
“Which player can achieve a winning configuration first?”. 

The bad news is that no one knows how to achieve a winning configuration 
first, except by exhaustive case study. There is no general theorem whatsoever 
answering the question of how. The well-known strategy stealing argument gives 
a partial answer to when, but doesn’t say a word about how. (Note that “doing it 
first” means competition, a key characteristic of game playing.) 

For example, the 4 x 4 x 4= 4? Tic-Tac-Toe is a first player’s win, but the winning 
strategy is extremely complicated: it is the size of a phone-book (computer-assisted 
task due to O. Patashnik). The 5 x 5 x 5 = 5° version is expected to be a draw, but 
no one can prove it. 

In principle, we could search all strategies, but it is absurdly long: the total number 
of strategies is a double exponential function of the board-size. The exhaustive 
search through all positions (backtracking the “game tree,” or the “position graph”), 
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which is officially called Backward Labeling, is more efficient, but still requires 
exponential time (“hard”). 

Doing it first is hopeless, but if we ignore “first,” then an even more fundamental 
question arises: ““What can a player achieve by his own moves against an adversary?” 
“Which configurations are achievable (but not necessarily first)?” Or the equivalent 
complementary question: “What are the impossible configurations?” 

To see where our general concepts (to be defined in Section 5) come from, in 
Sections 1-4 we first inspect some particular games. 


1 


Illustration: every finite point set in the plane is a 
Weak Winner 


1. Building a congruent copy of a given point set. The first two sections of 
Chapter I discuss an amusing game. The objective is to demonstrate the power of 
the potential technique — the basic method of the book — with a simple example. 
Also it gives us the opportunity for an early introduction to some useful Potential 
Criterions (see Theorems 1.2—1.4). 

To motivate our concrete game, we start with a trivial observation: every 
2-coloring of the vertices of an equilateral triangle of side length 1 yields a side 
where both endpoints have the same color (and have distance 1). 

This was trivial, but how about 3 colors instead of 2? The triangle doesn’t work, 
we need a more sophisticated geometric graph: the so-called ““7-point Moser-graph” 
in the plane — which has 11 edges, each of length | — will do the job. 


equilateral 


1 7-point 
triangle 


Moser-graph 


The Moser-graph has the combinatorial property that every 3-coloring of the vertices 
yields an edge where both endpoints have the same color (and have distance 1). 

How about 4 colors instead of 3? Does there exist a geometric graph in the plane 
such that every edge has length 1, and every 4-coloring of the vertices of this graph 
yields an edge where both endpoints have the same color? This innocent-looking 
question was unsolved for more than 50 years, and became a famous problem under 
the name of the chromatic number of the plane. Note that the answer to the question 
is negative for 7 colors; nothing is known about 4, 5, and 6 colors. 

An interesting branch of Ramsey Theory, called Euclidean Ramsey Theory, 
studies the following more general problem: consider a finite set of points X in 
some Euclidean space R“. We would like to decide whether or not for every 
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partition of X = A, UA, U---UA, into r subsets, it is always true that some A; 
contains a congruent copy of some given point set S (the “goal set”). The partition 
X= A,UA,U---UA, is often called an r-coloring of X, where A,, ..., A, are the 
color classes. For example, if X is the 7-point Moser-graph in the plane, the “goal 
set” S consists of two points a unit distance apart, and r = 3. Then the answer to 
the question above is “yes.” 

Unfortunately Euclidean Ramsey Theory is very under-developed: it has many 
interesting conjectures, but hardly any general result (see e.g. Chapter 11 in the 
Handbook of Combinatorics). Here we study a game-theoretic version, and prove 
a very general result in a surprisingly elementary way. 

The game-theoretic version goes as follows: there are two players, called Maker 
and Breaker, who alternately select new points from some Euclidean space R‘. 
Maker marks his points red and Breaker marks his points blue. Maker’s goal is to 
build a congruent copy of some given point set S, Breaker’s goal is simply to stop 
Maker (Breaker doesn’t want to build). 

The board of the game is infinite, in fact uncountable, so how to define the length 
of the game? It is reasonable to assume that the length of the game is < w, where w 
denotes, as usual, the first infinite ordinal number. In other words, if Maker cannot 
win in a finite number of moves, then the players take turns for every natural 
number, and the play declares that Breaker wins (a draw is impossible). We call 
this game the “S-building game in R“.” 


Example 1: Let the goal set S = S, be a 3-term arithmetic progression (A.P.) 
where the gap is 1, and let d= 1 (we play on the line). Can Maker win? The 
answer is an easy “no.” Indeed, divide the infinite line into disjoint pairs of points 
at distance 1 apart — by using this pairing strategy (if a player takes one member of 
the pair, the opponent takes the other one) Breaker can prevent Maker from building 
a congruent copy of S;. This example already convinces us that the 1-dimensional 
case is not very interesting: Maker can build hardly anything. In sharp contrast, the 
2-dimensional case will turn out to be very “rich”: Maker can build a congruent 
copy of any given finite plane set, even if he is the underdog! 

But before proving this surprisingly general theorem, let us see more concrete 
examples. Of course, in the plane Maker can easily build a congruent copy of the 
3-term A.P. S$, in 3 moves, and also the 4-term A.P. S, (the gap is 1) in 5 moves. 
Indeed, the trick is to start with an equilateral triangle, which has 3 ways to be 
extended to a “virgin configuration.” 


[2] e e e oO 
a eee 
e—___—~) SS unoccupied wy 


How about the 5-term and 6-term A.P.s S; and S, (the gap is always 1)? 
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We challenge the reader to spend some time with these concrete goal sets S; and 
Ss before reading the proof of the general theorem below. 


Example 2: Let the goal set be the 4 vertices of the “unit square” S = S, 


L | “unit square” 


S4 So 


“Tic-Tac-Toe set” 


A simple pairing strategy shows that Maker cannot build a “unit square” S, on the 
infinite grid ZZ’, but he can easily do it on the whole plain. The trick is to get a trap 


aa ke 
Pitptplowe om | 


We challenge the reader to show that Maker can always build a congruent copy 
of the “unit square” S, in the plane in his 6th move (or before). 


Example 3: Let us switch from the 2 x 2 S, to the 3 x 3 goal set S = S,. We call 
S, the “Tic-Tac-Toe set.” Let d = 2; can Maker win? If “yes,” how long does it 
take to win? 


Example 4: Example 2 was about the “unit square”; how about the regular pentagon 
S = S, or the regular hexagon S = S,? 


Let d = 2; can Maker win? If “yes,” how long does it take to win? We challenge 
the reader to answer these questions before reading the rest of the section. 


2. A positive result. The objective is to prove: 


Theorem 1.1 Let S be an arbitrary finite point set in the plane, and consider the 
following S-building game: 2 players, called Maker and Breaker, alternately pick 
new points from the plane, each picks I point per move; Maker’s goal is to build 
a congruent copy of S in a finite number of moves, and Breaker’s goal is to stop 
Maker. 


22 Win vs. Weak Win 


Given an arbitrary finite point set S in the plane, Maker always has a winning 
strategy in the S-building game in the plane. 


Proof. We label the points of S as follows: S = {Pp, P;,..., P,}, ie. S is a (k+1)- 
element set. We pick P, (an arbitrary element of S) and consider the k vectors 
vj,= PAP j=1,2,...,k starting from Pp and ending at P;. The k planar vectors 
VU), U>,---, UV, May or may not be linearly independent over the rationals. 


Remark. It is important to emphasize that the field of rational numbers is being 
discussed and not real numbers. For example, if S is the regular pentagon in the unit 
circle with P) = 1 (“complex plane”), then the 4 vectors v,, v2, v3, U4 are linearly 
independent over the rational numbers (because the cyclotomic field Q(e?™/>) with 
i= /—1 a 4-dimensional vector space over Q), but, of course, the same set of 
4 vectors are not linearly independent over the real numbers (since the dimension 
of the plane is 2). In other words, the “rational dimension” is 4, but the “real 
dimension” is 2. 


emt S _ 1 k=1, 2, 3,4 e 
are independent over the 1 
rational numbers e 

e 


On the other hand, for the 9-element “Tic-Tac-Toe set” § = S, (see Example 3), 
the 8 vectors v,,U;,...,Ug have the form kv,+/v,, k € {0, 1,2}, J € {0, 1, 2}, 
k+1> 1, implying that the rational and the real dimensions coincide: either 
one is 2. 


rational — real - 2 


dimension dimension 
Poe e e 
U 


ere e 
Po “1 Py 


So =“Tic-Tac-Toe set” 


For an arbitrary point set S with |S| =k+1, let m= m/(S) denote the maximum 
number of vectors among v; = P\P i> J =1,2,...,k, which are linearly independent 
over the rational numbers. Note that m may have any value in the interval 1<m<k. 

For notational convenience assume that v > J= 1,2,...,m are linearly 
independent over the rational numbers; then, of course, the rest can be expressed as 


m 
Uni = Av; i= 1,2,...,.k—m, (1.1) 
j=l 


o)) 


mi are all rational numbers. 


where the coefficients a 
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The basic idea of the proof is to involve a very large number of rotated copies 
of the given goal set S. The lack of rotation makes the 1-dimensional game disap- 
pointingly restrictive, and the possibility of using rotation makes the 2-dimensional 
game rich. 

We are going to define a large number of angles 


0<6, <0, <0,<---<6,<-:- <0, <27, (1.2) 


where r = r(S) is an integral parameter to be specified later (r will depend on goal 
set S only). 

Let Rot, denote the operation “rotated by angle 6”; for example, Rot, v; denotes 
the rotated copy of vector v,, rotated by angle 6;. For notational convenience write 
v;,; = Rotg,v;, including the case 6) = 0, that is vj,9 = vj. 

The existence of the desired angles 6, in (1.2) is guaranteed by: 


Lemma 1: For every integer r > 1, we can find r real-valued angles 0 = 0) < 0; < 
- <6, <-+++ <6, <27 such that the m(r +1) vectors v;; (1 < j<m,0<is<r) 
are linearly independent over the rational numbers. 


Proof. We use the well-known fact that the set of rational numbers is countable, 
but the set of real numbers is uncountable. We proceed by induction on 7; we start 
with r = 1. Assume that there exist rational numbers Gj. ,; such that 


Saree ’ (1:3) 
i=0 j=1 
where in the right-hand side of (1.3) 0 stands for the “zero vector’; then 
in 41%, = — L714; oU;0> OF, equivalently, Rot, uw = w, where both vectors 
u and w belong to the set 


da;v;: every a; is rational and 0a; # | ; (1.4) 
j=l j=l 
Since set Y defined in (1.4) is countable, there is only a countable set of solutions 
for the equation Rotygu = w, u€ Y, w € Y in variable 0. 
Choosing a real number 0 = 6, in 0 < 6, < 27, which is not a solution, we 
conclude that 


1 om 
ae , Where Yeh 


i=0 j=1 i=0 j=1 


can never happen, proving Lemma | for r= 1. 
The general case goes very similarly. Assume that we already constructed r— 1 
(= 1) angles 0 = 0) < 0; <--- < 6; <--+ < @(r—1) < 27 such that the mr vectors 
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i (Ll <j <m, 0<i<r—1) are linearly independent over the rationals. Assume 
ao there exist rational coefficients a; ; such that 


os eat : (1.5) 
i=0 j=1 
where in the right- pa side of (1.5) 0 stands for the “zero vector”; then 
ie 4, Vjpy = — Din ye | 4 ;Vj;> OF, equivalently, Rot, u = w, where u € Y (see 
(1.4)) and w belongs to the set 


r-l im r—l im 
= 40504, ;0;;: every b;; is rational and °° 07; +o ; 
i=0 j=l i=0 j=l 
Since both Y and Z are countable, there is only a countable set of solutions for the 
equation Rotgu = w, u€ Y, w € Z in variable 6. 

By choosing a real number 0 = 6, in 6,_,; < 6, < 2a, which is not a solution, 
Lemma | follows. 


The heart of the proof is the following “very regular, lattice-like construction” 
(a finite point set in the plane) 


X = X(r,D; N) = Pe v;;: every d;; is an integer with |d; ;| < v| ; 


i=0 j=1 
(1.6) 


where both new integral parameters D and N will be specified later (together with 
r=r(S)). 

Notice that the “very regular, lattice-like plane set” (1.6) is the projection of an 
m(r+ 1)-dimensional (2N + 1) x--- x (2N+1) = (2N +1)""* hypercube to the 
plane. 

The key property of point set X = X(r; D; N) is that it is very “rich” in congruent 
copies of goal set S. 


Lemma 2: Point set X — defined in (1.6) — has the following two properties: 


(a) the cardinality |X| of set X is exactly (2N +1)™+); 

(b) set X contains at least (2N+1—C,)"’*” «(r+1) distinct congruent copies of 
goal set S, where Cy = C,(S) is an absolute constant depending only on goal 
set S, but entirely independent of the parameters (r, D, and N) of the proof. 


Proof. By Lemma | the m(r+ 1) vectors v,; (1 < j < m, 0 <i <7) are linearly 
independent over the rationals. So different vector sums in (1.6) determine different 
points in the plane, which immediately proves part (a). 

To prove part (b), fix an arbitrary integer i) in 0 < iy <r, and estimate from 
below the number of translated copies of Rots, S in set X (ie. angle 0, is fixed). 
Select an arbitrary point 
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=> My eX, (1.7) 


i=0 j=1 


and consider the k points Q, = Q)+v,;,, where /=1,2,...,k. The (k+1)-element 
set {Q), Q), Q>,..., Q,} is certainly a translated copy a Rots, S, but when can 
we guarantee that set {Q), Q,,Q,,...,Q,} is inside X? Visualizing plane set X 
as a “hypercube,” the answer becomes very simple: the set {Q), Q,, Q>,..., Q;} 
is inside X if point Q, is “far from the border of the hypercube.” The following 
elementary calculations make this vague statement more precise. 
We divide the k points Q,, Q,,..., Q; into two parts. First, consider an arbitrary 
Q, with 1 <1 < m: by definition 
=> ae lo; Js Le (1.8) 
i=0 j=l 
where 6(J, ig; j,i) = 1 if (/, ig) = (J, i) and O(/, ig; j, 1) =0 if (Z, ip) 4 (J, i). 
If m+1<1<k, then by (1.1) 


m F 1 m : 
y= ayy = Gy), (1.9) 
j=l j=l 
where D is the least common denominator of all rational coefficients a\? 
of course, all ci ? are integers. So if m+ 1<1<-k, then by (1.9) 


, and, 


r goed : yt Sie 
=); : : — Uj, i> (1.10) 


i=0 j=1 
where 6(ip; 1) = 1 if ip = 7 and (ip; 1) = 0 if ip) #7. Let 


C= max max Ic\?|, and C* = max{C*, D}. (1.11) 
Now if |d;,,| < N — C™ holds for every j= 1,2, ..., m (meaning “the point Q, is far 
from the border of hypercube X”’), then by (1.6)-(1.11) the set {Q), Q,, Q>,..., Q;} 
is inside X. We recall that {Q),Q,,Q,,...,Q,} is a translated copy of Rot, S; 
therefore, if the inequality |d;;| < N—C*™ holds for every j = 1,2,...,m and 
i=0,1,...,7r, then by (1.6) the point Q, € X (defined by (1.7)) is contained in 
at least (r+ 1) distinct copies of goal set S (namely, in a translated copy of Rot, S 
with i=0,1,...,7r). 
Let #[S5 C X] denote the total number of congruent copies of goal set S; the 
previous argument gives the lower bound 


#[S CX] > (2(N—C™) 41)" r+: 1) = (2N4.1-—C))"F «(7 +:1), (1.12) 


where Cy) = 2C™*, completing the proof of Lemma 2. O 
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The fact that “set X is rich in congruent copies of goal set S” is expressed in 
quantitative terms as follows (see Lemma 2 and (1.12)) 


#[SC Xx] C m(r+1) 
x > (1 a) -(r+1). (1.13) 


In (1.13) Cy = 2C™ and m (< k =|S|—1) are “fixed” (i.e. they depend on goal set 
S only), but at this stage parameters r and N are completely arbitrary. It is crucial 


to see that parameters r and N can be specified in such a way that 
#[S CX 1 
re > — > “arbitrarily large.” (1.14) 


Indeed, for every “arbitrarily large” value of r there is a sufficiently large value of 


N such that 
m(r+1) 
ieee = us 
2N+1 Pata 


and then (1.13) implies (1.14). 

We emphasize that inequality (1.14) is the key quantitative property of our point 
set X (see (1.6)). 

After these preparations we are now ready to explain how Maker is able to 


build a congruent copy of the given goal set S. The reader is probably expecting a 
quick greedy algorithm, but what we are going to do here is in fact a slow indirect 
procedure: 


(i) Maker will stay strictly inside (the huge!) set X; 
(ii) Maker will always choose his next point by optimizing an appropriate potential 
function (we define it below); 
(iii) whenever set X is completely exhausted, Maker will end up with a congruent 
copy of goal set S. 


Steps (i)-(iii) describe Maker’s indirect building strategy. Of course, Breaker 
doesn’t know about Maker’s plan to stay inside the set X (Breaker doesn’t know 
about the set X at all!), and Maker doesn’t know in advance whether Breaker’s 
next move will be inside or outside of X — but these are all irrelevant, Maker will 
own a congruent copy of S anyway. 

The main question remains: “What kind of potential function does Maker use?” 
Maker will use a natural Power-of-Two Scoring System. As far as we know, the 
first appearance of the Power-of-Two Scoring System is in a short but important 
paper of Erdés and Selfridge [1973], see Theorem 1.4 below. We will return to the 
“potential technique” and the Erdés—Selfridge Theorem in Section 10. 


3. Potential criterions. It is convenient to introduce the hypergraph F of “winning 
sets”: a (k+1)-element subset A Cc X of set X (defined in (1.6)) is a hyperedge 
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A €F if and only if A is a congruent copy of goal set S. Hypergraph F is (k+1)- 
uniform with size |F| = #[S Cc X]; we refer to X as the “board,” and call F the 
“family of winning sets.” We will apply the following very general hypergraph 
result; it plays the role of our “Lemma 3,” but for later applications we prefer to 
call it a “theorem.” 


Theorem 1.2 Let (V,F) be a finite hypergraph: V is an arbitrary finite set, and 
F is an arbitrary family of subsets of V. The Maker—Breaker Game on (V, F) is 
defined as follows: the two players, called Maker and Breaker, alternately occupy 
previously unoccupied elements of “board” V (the elements are called “points’’); 
Maker’s goal is to occupy a whole “winning set” A € F, Breaker’s goal is to stop 
Maker. If F is n-uniform and 

IF ns 

ial > 2"~"-Ao(F), 
where A,(F) is the Max Pair-Degree, then Maker, as the first player, has a winning 
strategy in the Maker-Breaker Game on (V, F). 

The Max Pair-Degree is defined as follows: assume that, fixing any 2 distinct 
points of board V, there are < A,(F) winning sets A € F containing both points, 
and equality occurs for some point pair. Then we call A,(F) the Max Pair-Degree 
of F. 

In particular, for Almost Disjoint hypergraphs, where any two hyperedges have 
at most one common point (like a family of “lines”), the condition simplifies to 
|F| > 2” 3|VI. 


Remark. If F is n-uniform, then iat is 4 times the Average Degree. Indeed, this 


equality follows from the easy identity n|#| = AverDeg(F)|V]. 

The hypothesis of Theorem 1.2 is a simple Density Condition: in a “dense” 
hypergraph Maker can always occupy a whole winning set. 

First we explain how Theorem 1.2 completes the proof of Theorem 1.1, and 
discuss the proof of Theorem 1.2 later. Of course, we apply Theorem 1.2 with 
V = X, where X is defined in (1.6), and F is the (K+ 1)-uniform hypergraph 
such that a (k+1)-element subset A Cc X of set X (see (1.6)) is a hyperedge 
A €F if and only if A is a congruent copy of goal set S. There is, however, an 
almost trivial formal difficulty in the application of Theorem 1.2 that we have to 
point out: in Theorem 1.2 Breaker always replies in set X, but in the “S-building 
game” Breaker may or may not reply in set X (Breaker has the whole plane to 
choose from). We can easily overcome this formal difficulty by introducing “fake 
moves”: whenever Breaker’s move is outside of set X, Maker chooses an arbitrary 
unoccupied point in X and declares this fake move to be “Breaker’s move.” If later 
Breaker actually occupies this fake point (i.e. the “fake move” becomes a “real 
move’), then Maker chooses another unoccupied point and declares this fake move 
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“Breaker’s move,” and so on. By using the simple trick of “fake moves,” there is 
no difficulty whatsoever in applying Theorem 1.2 to the “S-building game in the 
plane.” As we said before, we choose V = X (see (1.6)) and 


F={ACX: Aisa congruent copy of S}. 


Clearly n = |S|=k+1, but what is the Max Pair-Degree A,(F)? The exact value 
is a difficult question, but we don’t need that — the following trivial upper bound 


suffices 
[S| afer 
a7) < (5!) =( ; ) (1.15) 


Theorem 1.2 applies if (see Lemma 2) 


IF _ #[Sc X] Ghiky o ” 
aces >(1 ee -(r+1) > 2"3-A,(F). (1.16) 
(1.16) is satisfied if (see (1.15)) 
ic m(r+1) sis k+1 es 
= rly Ss 2? ek oe. Jel 
(=a) etna ame (5 (1.17 


Here Cy and m(< k = |S|—1) are fixed (in the sense that they depend only on 
set S), but parameters r and N are completely free. Now let r = (k + 1)?2*?, 
then inequality (1.17) holds if N is sufficiently large. Applying Theorem 1.2 (see 
(1.16)-(1.17)) the proof of Theorem 1.1 is complete. 


It remains, of course, to prove Theorem 1.2. 


Proof of Theorem 1.2. Assume we are in the middle of a play where Maker 
(the first player) already occupies x,,x5,...,x;, and Breaker (the second player) 
occupies y,, y,,...,);- The question is how to choose Maker’s next point x,,,. 
Those winning sets that contain at least one y,(j < i) are “useless” for Maker; 
we call them “dead sets.” The winning sets which are not “dead” (yet) are called 
“survivors.” The “survivors” have a chance to be completely occupied by Maker. 
What is the total “winning chance” of the position? We evaluate the given position 
by the following “opportunity function” (measuring the opportunity of winning): 
T; = Vises, 2" “’, where u, is the number of unoccupied points of the “survivor” A, 
(s € S, =“index-set of the survivors,” and index i indicates that we are at the stage 
of choosing the (i+ 1)st point x,,, of Maker. Note that the “opportunity” can be 
much greater than 1 (i.e. it is not a probability), but it is always non-negative. 

A natural choice for x,,; is to maximize the “winning chance” T;,, at the next 
turn. Let x,,, and y,,, denote the next moves of the 2 players. What is their effect 
on T;,,? Well, first x,,, doubles the “chances” for each “survivor” A, 5 x;,;, 1.€. 


we have to add the sum } <5; x,,,ea,2” “* to 3 Tj. 
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On the other hand, y,,, “kills” all the “survivors” A, 5 y,,,, which means we 
have to subtract the sum 
ye Dns 


SES): Yi41€As 


from T;. 


Warning: we have to make a correction to those “survivors” A, that contain both 
Xj,, and y,,,;. These “survivors” A, were “doubled” first and “killed” second. So 
what we have to subtract from 7; is not 


ae 
sESi: (xi Vipi}CAs 


but the twice as large 


S Qn-ustl . 


seS;: {Xi 1 igi }CAs 
It follows that 
yea — T, at .S Qn-us __ 5 nus _ oe Drm Us 
SES}: Xi41 EAs eS}: Viz1 EAs eS; {Xip1 Vig }CAs 
Now the natural choice for x;,, is the unoccupied z for which >> 20 Es 
attains its maximum. Then clearly 


Ti3) = 7;- ss ae, 


seSi: {Xin1Vig1}CAs 


SES): ZEA, 


We trivally have 

‘2 eS he 

eS; (xi 1 Vig }CAs 
Indeed, there are at most A, winning sets A, containing the given 2 points 
{Xic1. Yin}. and 2"- <2", since x;,, and y;,, were definitely unoccupied points 
at the previous turn. 
Therefore 
Eee igs (1.18) 


What happens at the end? Let € denote the number of turns, i.e. the th turn is the 
last one. Clearly £=|V|/2. Inequality T, = T,,,, > 0 means that at the end Breaker 
could not “kill” (block) all the winning sets. In other words, T, = T,,,, > 0 means 
that Maker was indeed able to occupy a whole winning set. 

So all what we have to check is that T, = T,,,, > 0. But this is trivial; indeed, 


Ty) = |F|, so we have 


ast 


T, 


start — 
V 

ee seer eres (1.19) 

It follows that, if |F| > 2”-3|V|A,, then 7, 


last 


> 0, implying that at the end of the 
play Maker was able to completely occupy a winning set. 
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Under the condition of Theorem 1.2, Maker can occupy a whole winning set A € F, 
but how long does it take for Maker to do this? The minimum number of moves 
needed against a perfect opponent is called the Move Number. 

A straightforward adaptation of the proof technique of Theorem 1.2 gives a 
simple but very interesting lower bound on the Move Number. 


Move Number. Assume that ¥ is an n-uniform hypergraph with Max Pair-Degree 
A,(F); how long does it take for Maker to occupy a whole A € F? The following 
definition is crucial: a hyperedge A ¢ F becomes visible if Maker has at least 
2 marks in it. Note that “2” is critical in the sense that 2 points determine at 
most A,(F) hyperedges. We follow the previous proof applied for the visible 
sets. Assume that we are in the middle of a play: x,, x,,..., x; denote the points of 
Maker and y,, y,..., y;_, denote the points of Breaker up to this stage (we consider 
the “worse case” where Breaker is the second player). The “danger function” is 
defined as 

D.= 2m QIAN x1 225-4} 


i 
ACF: %* 


where ** means the double requirement AN {y,,y>,...,y;_;} =@ and |AN 


{x,,X5,...,x;}| = 2; Breaker chooses that new point y = y, for which the sum 
D,(y) = by QIAN x1 425-4} | 
yeAcF: xx 


attains its maximum. What is the effect of the consecutive moves y; and x,,,? We 
clearly have 


Diz) = D; — D,(y,) + Di X41) — 3 QIAN teeth 3 22, 
{yp Xp }CAEF: AGF: 
where * ** means the triple requirement x,,, € A, |AN {x,, %,...,x;}] = 1, and 


AN {y1,¥2,--->¥;} =. Since 2 points determine at most A,(F) hyperedges, we 
obtain the simple inequality 


Dizi S<D;-Di(V)+DiGinn+ YO 2’ <D;+4i-A(F). 
AEF: x 
Now assume that Maker can occupy a whole winning set for the first time at his 
Mth move (M is the Move Number); then 
2" < Dy < Dy_, +44,(F)(M — 1) < Dy_. + 44.(F)(M -14+M—2) <.--- 
<D,+4A,(F)1+2+...4+(M—-1)) = D,+2A,(F)M(M — 1). 

Notice that D, = 0 (for at the beginning Maker does not have 2 points yet), so 
2” < Dy < D,+2A,(F)M(M — 1) = 2A,(F)M(M — 1), implying the following: 
exponential lower bound. 
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Theorem 1.3 /f the underlying hypergraph is n-uniform and the Max Pair-Degree 
is A,(F), then playing the Maker—Breaker game on hypergraph Ff, it takes at least 


Q(n-1)/2 


VA.(F) 


moves for Maker (the first player) to occupy a whole winning set. 


What it means is that there is no quick win in an Almost Disjoint, or nearly Almost 
Disjoint, hypergraph. Even if the first player has a winning strategy, the second 
player can postpone it for an exponentially long time! Exponential time practically 
means “it takes forever.” 

The potential proof technique of Theorems 1.2—1.3 shows a striking similarity 
with the proof of the well-known Erd6s—Selfridge Theorem. This is not an accident: 
the Erdés—Selfridge Theorem was the pioneering result, and Theorems 1.2—1.3 were 
discovered after reading the Erdés—Selfridge paper [1973], see Beck [1981a] and 
[1981b]. 

The Erdés—Selfridge Theorem is a draw criterion, and proceeds as follows. 


Theorem 1.4 (“Erdés—Selfridge Theorem”) Let F be an n-uniform hypergraph, 
and assume that |F |+ MaxDeg(F) <2", where MaxDeg(F) denotes the maximum 
degree of hypergraph F. Then playing the Maker—Breaker game on F, Breaker 
(the second player) can put his mark in every A € F. 


Remark. If the second player can block every winning set, then the first player 
can also block every winning set (hint: either use the general “strategy steal- 
ing” argument, or simply repeat the whole proof); consequently, the “generalized 
Tic-Tac-Toe game” on F is a draw. 


Exercise 1.1 Prove the Erdés—Selfridge Theorem. 


We will return to Theorem 1.4 in Section 10, where we include a proof, and 
show several generalizations and applications. 

For many more quick applications of Theorems 1.2—1.4, see Chapter III (Sec- 
tions 13-15). The reader can jump ahead and read these self-contained applications 
right now. 

What we do in this book is a “hypergraph theory with a game-theoretic moti- 
vation.” Almost Disjoint hypergraphs play a central role in the theory. The main 
task is to develop sophisticated “reinforcements” of the simple hypergraph criteri- 
ons Theorems 1.2—1.4. For example, see Theorem 24.2 (which is an “‘advanced” 
building criterion) and Theorems 34.1, 37.5, and 40.1 (the three “ugly” blocking 
criterions). 


2 
Analyzing the proof of Theorem 1.1 


1. How long does it take to build? Let us return to Example 1: in view of 
Theorem 1.1, Maker can always build a congruent copy of the 5-term A.P. S; in 
the plane 


but how long does it take to build S;? Analyzing the proof of Theorem 1.1 in this 
very simple special case, we have 


k=4, m=1, D=1, C'=C”=4, C,=2C" =8, A, =4, 


and the key inequality (1.17) is 


r+l 
4-2 2 
(\-s5) GED SI ia? a. (2.1) 
By choosing (say) r = 43 and N = 154, inequality (2.1) holds. It follows that, if 
Maker restricts himself to set X (see (1.6)), then, when X is exhausted, Maker will 
certainly own a congruent copy of the 5-term A.P. S;. Since |X| = (2N + 1)™"+) 
(see Lemma 2 (a)), this gives about 309“ ~ 10!!° moves even for a very simple 
goal set like S;. This bound is rather disappointing! 
How about the 6-term A.P. S,? 


The proof of Theorem 1.1 gives 


k=5, m=1, D=1, C'=C*=5, C)=2C"% =10, A,=5, 


and the key inequality (1.17) is 


10 r+l 
1- . 1 2-7. A, = 2.5. 2.2 
(-a55) -@+pe2 a2 2.2) 
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By choosing (say) r = 108 and N = 491, inequality (2.2) holds. Since |X| = 
(2N + 1)""+) (see Lemma 2 (a)), the argument gives about 983! ~ 10°” moves 
for goal set S¢. 

Next we switch to Example 3, and consider the 3 x 3 “Tic-Tac-Toe set” Sy; how 
long does it take to build a congruent copy of Sy? 


The proof of Theorem 1.1 gives 


k=8, m=2, D=1, C=C™=2, CQ) =2C% =4, A, =12, 


and the key inequality (1.17) is 


4 2(r+1) 
1-——_ -(r+1) > 2°7-A, = 2°-12 
( 2N + :) ee 2 
which is satisfied with r = 2087 and N = 10450, so |X| = (2N+ 1)™(t) = 

20901417 =~ 10!84! moves suffice to build a congruent copy of goal set Sy. 

Example 4 is about the regular pentagon and the regular hexagon; the corre- 
sponding “rational dimensions” turn out to be m = 4 and m = 2, respectively. Why 
4 and 2? The best is to understand the general case: the regular n-gon for arbi- 
trary n > 3. Consider the regular n-gon in the unit circle of the complex plane 
where Py = 1 


P, =errln=¢ 
-1 Po=l 
UY =e2tin_| =¢-1 


By using the notation of the proof of Theorem 1.1, we have v; = Q-l,l<j< 
n—1, where £ = e?™/” (and, of course, i= /—1). For later application note that 


Y y= TW) =-1-(@-1)=—n. (2:3) 


Note that the algebraic number field Q(£) = Q(e?”/”) is called the cyclotomic 
field of the nth roots of unity. It is known from algebraic number theory that Q(2) 
is a d@(n)-dimensional vector space over the rationals Q, where ¢(n) is Euler’s 
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function: @(n) is the number of integers ¢ in 1 < t <n which are relatively prime 
to n. We have the elementary product formula 


m= TI (1-2); 


pln: p=prime P 
for example, (5) = 4 and (6) = 2. 
Since O= 7-1 =(€-N(1+64+24+...4+ £7"), we have (7 '=—-(1+ 4+ 
C+...4+£"-7), so the cyclotomic field Q(£) is generated by 1, £, £7, ..., £"~*. The 
n—1 generators 1, ¢, £*,..., £"~? can be expressed in terms of the n—1 vectors 


V1, Uz,---, U,_13 indeed, by (2.3) we have 


2 Un—1? 


ptuUy+ aoe fisy, een =O. 
n n 


l= 


Therefore, in the special case of the regular n-gon, the “rational dimension” of 
vector set {v,,...,U,_,}, denoted by m in the proof of Theorem 1.1, is exactly the 
Euler’s function m= ¢(n). 

For the regular pentagon (see Example 4) the proof of Theorem 1.1 gives 


k=4, m=6(5)=4, D=Ct'=C”=1, C)=2C" =2, A=5, 


and the key inequality (1.17) is 


4(r+1) 
i (r+) >2?.A, =22-5, 
( swTi) ieee 2 


which is satisfied with r = 54 and N = 110, so |X| = (2N+1)™0*) = 22177 ~ 10516 
moves suffice to build a congruent copy of a regular pentagon. 
Finally consider the regular hexagon: the proof of Theorem 1.1 gives 


k=5, m= $(6)=2, D=1, C'=C” =2, C,=2C" =4, A, =6, 


and the key inequality (1.17) is 


‘i 2r+1) a : 
(1-555) -(r+1)>2°°-A, =2°-6, 
which is satisfied with r = 130 and N = 393, so |X| = (2N+ 1)™+) = 787°? = 
10’? moves suffice to build a congruent copy of a regular hexagon. 

The wonderful thing about Theorem 1.1 is that it is strikingly general. Yet there 
is an obvious handicap: these upper bounds to the Move Number are all ridiculously 
large. We are convinced that Maker can build each one of the concrete goal sets 
listed in Examples 1-4 in (say) less than 1000 moves, but do not have the slightest 
idea how to prove it. The problem is that any kind of brute force case study becomes 
hopelessly complicated. 

By playing on the plane, Maker can build a congruent copy of a given 3-term 
A.P. in 3 moves, a 4-term A.P. in 5 moves, an equilateral triangle in 3 moves, 
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a square in 6 moves. These are economical, or nearly economical, strategies. How 
about some more complicated goal sets such as a regular 30-gon or a regular 40-gon 
(“polygons”)? Let F denote the family of all congruent copies of a given regular 
30-gon in the plane. The Max Pair-Degree of hypergraph F is 2 (a regular polygon 
uniquely defines a circle, and for the family of all circles of fixed radius the Max 
Pair-Degree is obviously 2). Applying Theorem 1.3 we obtain that Maker needs at 
least 2-! = 24 > 16000 moves to build a given regular 30-gon. For the regular 
40-gon the same argument gives at least 27°! = 2! > 524000 moves. Pretty big 
numbers! 

Note that for an arbitrary n-element goal set S in the plane the corresponding 
Max Pair-Degree is trivially less than (3) <n’ /2 (a non-trivial bound comes from 
estimating the maximum repetition of the same distance; this is Erdés’s famous 
Unit Distance Problem). Thus Theorem 1.3 gives the general lower bound > 1Q0/ 2 
for the Move Number. This is exponentially large, meaning that for large goal sets 
the “building process” is extremely slow; anything but economical! 

The trivial upper bound < (5) for the Max Pair-Degree (see above) can be 
improved to < 4n*/?; this is the current record in the Unit Distance Problem 
(in Combinatorial Geometry), see Székely’s elegant paper [1997]. Replacing 
the trivial bound (°) with the hard bound 4n‘/? makes only a slight (“log- 
arithmic”) improvement in the given exponential lower bound for the Move 


Number. 


2. Effective vs. ineffective. Let us return to Theorem 1.1. One weakness is the 
very poor upper bound for the Move Number (such as < 10'8°4! moves for the 
9-element “Tic-Tac-Toe set” S, in Example 3), but an even more fundamental 
weakness is the lack of an upper bound depending only on |S| (the size of the given 
goal set S). The appearance of constant Cy in key inequality (1.17) makes the upper 
bound “ineffective”! 

What does “ineffective” mean here? What is “wrong” with constant Cy)? The 
obvious problem is that a rational number a = C/D is “finite but not bounded”, i.e. 
the numerator C and the denominator D can be arbitrarily large. Indeed, in view 
of (1.1), the rational coefficients al? inv, = ae aus l=m+1,m+2,...,k, 
may have arbitrarily large common denominator D and arbitrarily large numerators: 
a\? = C}”/D, which implies that 

C* = max max le and C** = max{C*, D}, 
ls j<mm+1<Isk 
are both “finite but not bounded in terms of S.” Since Cj = 2C*™ and C, show up 
in the key inequality (1.17), the original proof of Theorem 1.1 does not give any 
hint of how to bound the Move Number in terms of the single parameter |S]. 

We have to modify the proof of Theorem 1.1 to obtain the following effective 

version. 
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Theorem 2.1 Consider the “S-building game in the plane” introduced in Theo- 
rem 1.1: Maker can always build a congruent copy of any given finite point set S 
in at most 

22°" moves if |S] > 10. 


Question: Can we replace the doubly exponential upper bound in Theorem 2.1 by 
a plain exponential bound? Notice that “plain exponential” is necessary. 


For the sake of completeness we include a proof of Theorem 2.1. A reader in a 
rush is advised to skip the technical proof below, and to jump ahead to Theorem 2.2. 
As said before, we are going to modify the original proof of Theorem 1.1, but 
the beginning of the proof remains the same. Consider the k = |S|— 1 vectors 
V,,.--, Vz, and again assume that among these k vectors exactly the first m (with 
some 1 < m <k) are linearly independent over the rationals; so v,,...,v,, are 


linearly independent over the rationals, and the rest can be written in the form 
m 7 
v= atv, L=mt1,m+2,...,k 
j=l 


with rational coefficients 


cg) — AiG), 
Qa) —o . E 
B, ‘Gs ) 
here A,(j, /) and B,(j, /) are relatively prime integers. Write 
C, = max {lJA,(7,)|,|BiC7,D|}, 2=m+1,m+2,...,k. (2.4) 
<j<m 
For notational convenience we can assume 
Cnt 2 Cny. 2 = Cy (2.5) 


(if (2.5) is violated, then simply rearrange the lower indexes!), and take the largest 
one M, = C,,41- 

Next we basically repeat the previous step with the one larger set {v,,v»,..., 
Um> Umi} instead of {v,, v,,...,u,,}: for every /= m+2,m+3,...,k consider the 
solutions of the linear equation 


m+1 
y= >) By »,, (2.6) 
j=! 
with rational coefficients 

wy _ AU), 

‘BA j,1)’ 
here A,(j,/) and B,(j,/) are relatively prime integers. Since the vector set 
{v,, U2, ..-, Up_,.,} is not linearly independent any more, system (2.6) may have seve- 
ral solutions; one solution comes from the previous step Bi? — a\? G=1,...,m), 
vee = 0 for every /=m+2,m+3,...,k. Since (2.6) may have many solutions, 
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we optimize: for every /=m-+2,m+3,...,k we choose that particular solution 
of (2.6) for which 


C= max {]4.(7, |, |B, DI} 
<j<m+1 
attains its minimum. For notational convenience we can assume 


Cy 2 Og 2 2G (2.7) 


m+2 — ~m+3 — 


(if (2.7) is violated, then simply rearrange the lower indexes!), and take the largest 
one M, = C’.,,. Then, of course, M, > M). 


m+2° 
Again we repeat the previous step with the one longer set {v,, U2, ---5 Units Um42} 
instead of {v,, V2, ..., Un. }: for every = m+3,m+4,..., k consider the solutions 


of the linear equation 
m+1 


y=») yu, (2.8) 
j=l 

with rational coefficients 

AG), 

B;(j, l) : 
here A,(j,/) and B,(j,/) are relatively prime integers. Since the vector set 
{U,,.--,Um42} 18 not linearly independent, system (2.8) may have several solu- 
tions; one solution comes from the previous step y\? = BY? G=1,...,m+1), 
att = 0 for every /=m+3,m+4,...,k. Since (2.8) may have many solutions, 
we optimize: for every / = m-+3,m+4,...,k we choose that particular solution 
for which 


Cr = max {lAs(4, D1, 1B Ci OU} 
<j<m4+2 
attains its minimum. For notational convenience, we can assume 


Cy Cg ee e, (2.9) 


m+3 — 


(if (2.9) is violated, then simply rearrange the lower indexes!), and take the largest 
one M; = C),,,. Then, of course, M, > M, > M3. 
By repeating this argument, we obtain a decreasing sequence 


M,>M,>M,>...> Mim: (2.10) 


Notice that sequence (2.10) depends only on the given point set S; the elements 
of the sequence can be arbitrarily large (since a rational number is “finite but 
unbounded”). 

We are going to define a decreasing sequence of constants 


0, > 0, > 0, >...> Om (2.11) 


depending only on the size |S| =k-+1 of S (the explicit form of (2.11) is “ugly,” 
see (2.19) and (2.20) later), and compare the “arbitrary” sequence (2.10) with the 
“constant” sequence (2.11). 


38 Win vs. Weak Win 


Assume that there is an index v > 1 such that 
M,>©, but M,,, <0,,). (2.12) 
We modify our “board set” X (see (1.6)): let 


r_mty qd 
X = X(r,D; N)= >» SS v,;: every d;; is an integer with |d,;| < N 
i=0 j=l 
= (2.13) 
here again r, D, and N are unspecified integral parameters. 
Notice that (2.13) is the projection of an (m+ v)(r+ 1)-dimensional (2N + 1) x 
--x (2N+1) = (2N+ 1)" hypercube; the value of v(> 1) is defined by 
(2.12). The meaning of (2.13) is that, although the “extra” vectors v,.41,---5 Uncy 
are not rationally independent of v,,...,v,,, we still handle the m+ v vectors 
Vj +++5Ums Um iis +++ Um, like an independent vector set (because any dependence 
among them requires rationals with too large numerator/denominator). 
We define parameters N and D in (2.13) as follows 
mtv k 


N=Q, and D=[] [I BuyiGsd, (2.14) 


j=l l=m+v+1 


i.e. D is the “product of the denominators” showing up in the (v+1)st step of the 
iterated procedure above (see (2.5)-(2.10)). By (2.12) and (2.14) 


De Opa). (2.15) 
By repeating the proof of Lemma 2 in Section 1, we get the following “effective” 
analogue. 


Lemma 1: Point set X — defined in (2.13) — has the following 2 properties: 


(a) the cardinality |X| of set X is exactly (2N + byes 
(b) set X contains at least (2N +1— C) (m+). (+1) distinct congruent copies 
of goal set S, where 


ay P 
Cc=2 (Q,41) 
is an “effective” constant. 


We apply Theorem 1.2 to the new “board” V = XxX (see (2.13)) with the simple 
trick of “fake moves,” and, of course 


FH{Ac X: Aisa congruent copy of S}; 
clearly n=|S|=k+1. 
Theorem 1.2 applies if (see Lemma 1) 
[Fl #18 CX] 
\V| X| 


~ (m+v)(r+1) 
> {1 . Vis? ASF). 2.16 
=( i) (r+ 1) >2"*-ALF). 2.16) 
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(2.16) is satisfied if 


G (m+v)(r+1) k+1 
(: “(r+ 1) = 29-8,(F) > ( ; pee (2.17) 


— 2N+1 
By choosing r = (k+ 1)?2* and 
N>(k+192 (0,41), (2.18) 


inequality (2.17) holds. 
Now it is clear how to define the constants in (2.12). We proceed backward; we 
start with the last one Q,_,,: let 


Oy mn = (k+1)9°2*, (2.19) 
and define the backward recurrence relation 
0, = (k+ 122k (0,,,)". (2.20) 
Formulas (2.19)—(2.20) are clearly motivated by (2.14) and (2.18). 
Now we are ready to complete the proof of Theorem 2.1: Theorem 1.2 implies 
that, staying in X as long as possible, at the end Maker will own a congruent copy 


of goal set S; this gives the following upper bound for the Move Number (see 
(2.14)) 


< |X| = QN +41) = (2.0, 41) < 20,4697. (2.21) 


By (2.20) the first (i.e. largest) member of the constant sequence in (2.12) is less 
than 


2? ae oe 2.9p2...942 2yk+1 
0, < ((@) ) ) me 722K DK? 9 (OK2YAE 
so, by (2.20), the “Move Number’ is less than 
y 
(k+1)32* 
(arn) 2" AE (SSELTS 10; (2.22) 


Finally, consider the last case when there is no index v > | such that M, > ©, 
but M,., < 0,41, ie. when (2.2) fails. Then 


O, > M,,0,>M),..., 1 _, = My 


>““k—-m — —m? 


so the original proof of Theorem 1.1 already gives the “effective” upper bound 
(2.22). This completes the proof of Theorem 2.1. 


3. The biased version. Last question: What happens if Maker is the “underdog’’? 
More precisely, what happens in the “biased” case where Maker takes | point per 
move but Breaker takes several, say, b (> 2) points per move? For example, let 
(say) b = 100. Can Maker still build a congruent copy of any given finite point 
set S in the plane? The answer is “yes”; all what we need to do is to replace the 
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“fair” (1:1) type building criterion Theorem 1.2 with the following “biased” (p : q) 
version (see Beck [1982]): 


Theorem 2.2 (“biased building”) Jf 


Al 
(PEt) a ta ALF) 
AcF 

where A,(F) is the Max Pair-Degree of hypergraph F, and V(F) is the board, 
then the first player can occupy a whole winning set A € F in the biased (p: q) 
play on F (the first player takes p new points and the second player takes q new 
points per move). 


Applying Theorem 2.2 instead of Theorem 1.2 we immediately obtain the following 
“biased” version of Theorem 2.1. 


Theorem 2.3 Let S be an arbitrary finite set of points in the Euclidean plane, let 
b> 1 be an arbitrary integer, and consider the (1: b) version of the S-building 
game where Maker is the underdog: Maker and Breaker alternately pick new points 
in the plane, Maker picks one point per move, Breaker picks b> 1 point(s) per 
move; Maker’s goal is to build a congruent copy of S in a finite number of moves, 
and Breaker’s goal is to stop Maker. For every finite S and b > 1, Maker can build 
a congruent copy of S in less than 


(b+1)¢+D moves if |S] > 10. 


Not surprisingly, the proof of the “biased criterion” Theorem 2.2 is very similar 
to that of the “fair” Theorem 1.2. Assume we are in the middle of a (p: q) play, 
Maker (the first player) already occupies 


MNS cds h  eees vas x) nae} 


My 8 


and Breaker (the second player) occupies 


. 1 1 1 
HD =I MIDs Meee iM 


at this stage of the play the “weight” w,(A) of an A € F is either 0 or an integral 
power of aes More precisely, either (1) w,(A) = 0 if AN Y@) 4H (meaning that 
A €F is a “dead set’’), or (2) 


|Anx(i)| 
w,(A) = (4) if ANY) =9 


(meaning that A € F is a “survivor’). Maker evaluates his chances to win by using 
the following “opportunity function” 


T, = 2 w,(A). (2.23) 


AcF 
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We stop here and challenge the reader to complete the proof of Theorem 2.2. Just 
in case, we include the whole proof at the end of Section 20. 


It is very important to see what motivates “opportunity function” (2.23). The 
motivation is “probabilistic,” and goes as follows. Assume we are right after the 
ith turn of the play with sets X(i) and Y(i) defined above, and consider a Random 
2-Coloring of the unoccupied points of board V with odds (p: q), meaning that, 
we color a point red (Maker’s color) with probability reir and color a point blue 
(Breaker’s color) with probability rire the points are colored independently of each 


other. Then the renormalized “opportunity function” (see (2.23)) 


PN a | BV Sig 
(25) n= (2) 2 wil) 


is exactly the expected number of completely red winning sets (red means: Maker’s 
own). In other words, a probabilistic argument motivates the choice of our potential 
function! We refer to this proof technique as a “fake probabilistic method.” We 
will return to the probabilistic motivation later in great detail. 

Theorem 2.2 is the biased version of Theorem 1.2; the biased version of 
Theorem 1.4 will be discussed, with several interesting applications, in Section 20 
(see Theorem 20.1); a biased version of Theorem 1.3 will be applied in Section 15 
(see Lemma 2 there). 
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Examples: Tic-Tac-Toe games 


1. Weak Winners and Winners. The game that we have been studying in 
Sections 1-2 (the “S-building game in the plane,” where S is a given finite point 
set) was a Maker—Breaker game. One player — called Maker — wanted to build a 
goal set (namely, a congruent copy of S), and the other player — called Breaker — 
simply wanted to stop Maker. Tic-Tac-Toe and its variants are very different: they 
are not Maker—Breaker games, they are games where both players want to build, 
and the player declared the winner is the player who occupies a whole goal set first. 
The main question is “Who does it first?” instead of “Can Maker do it or not?”. 

The awful truth is that we know almost nothing about “Who does it first?” games. 
For example, consider the “Who does it first?” version of the S-building game in 
Section 1 — we restrict ourselves to the fair (1:1) version and assume that Maker 
is the first player. We know that Maker can always build a congruent copy of the 
2x2 goal set S, 


o—o | 
| | S4=2x2 | | | 
O— O—O—O 


in <6 moves. What is more, the same case study shows that Maker can always 
build a congruent copy of S, first (again in <6 moves). But how about the 3 x 3 
goal set S, in Example 3? Can Maker build S, first? If “yes,” how long does it take 
to build S, first? 

If Maker can do it, but not necessarily first, we call it a Weak Winner; if Maker 
can do it first, we call it a Winner. 

So the previous question goes as follows: “Is Sy, a Winner?” Is the regular 
pentagon a Winner? Is the regular hexagon a Winner? we don’t know! 

The message of Section | is that “every finite point set in the plane is a Weak 
Winner” — explaining the title of the section. Is it true that every finite point set in the 
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plane is a Winner? The answer is “No.” For example, the following irregular pen- 
tagon is not a Winner; the key property is that angle a is an irrational multiple of 7 


as 
2N\ F Pegden’s 
ty pentagon 
Ae, 


irrational = infinite 


going around 
by a: 
infinite chain 
of forced 
moves 


This example is due to Wesley Pegden (Ph.D. student at Rutgers). Pegden’s 
pentagon consists of 4 consecutive points with common gap a@ plus the point in the 
middle. The idea of the proof is that the second player can always threaten the first 
player with an infinite sequence of forced moves, namely with irrational rotations 
of angle a@ along a fixed circle, before the first player can complete his own copy 
of the goal pentagon. More precisely, at an early stage of the play, the second 
player can achieve that on some circle he owns 3 points from some consecutive 
4 with gap a, and he can take the 4th point in his next move. Then of course the 
first player is forced to take the middle point. After that the second player takes 
the 5th point with gap a, which again forces the first player to take the middle 
point of the last four; after that the second player takes the 6th point with gap a, 
which again forces the first player to take the middle point of the last four; and 
so on. We challenge the reader to clarify this intuition, and to give a precise proof 
that Pegden’s irrational pentagon is not a Winner. The proof requires some case 
study(!) which we skip here, see Pegden [2005]. 

The underlying idea of Pegden’s irrational pentagon construction is illustrated on 
the following oversimplified “abstract” hypergraph game. Consider a binary tree of 
3 levels; the players take vertices 


the “winning sets” are the 4 full-length branches (3-sets) of the binary tree. This is 
a simple first player win game; however, adding infinitely many disjoint 2-element 
“extra” winning sets to the hypergraph enables the second player to postpone his 


infinitely many 
pairs 


inevitable loss by infinitely many moves! 


In other words, by adding the extra 2-sets, the first player cannot force a finite 
win anymore. 
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Pegden’s clever construction is one example (a pentagon); are there infinitely 
many examples of “Weak Winner#Winner” with arbitrarily large size (number of 
points)? In general, we can ask: 


Open Problem 3.1 Js there a finite procedure to decide whether or not a given 
finite point set S in the plane is a Winner? In other words, is there a way to 
characterize those finite point sets S in the plane for which Maker, as the first 
player, can always build a congruent copy of S in the plane first (i.e. before the 
opponent could complete his own copy of S)? 


We think Open Problem 3.1 is totally hopeless even for medium size point sets 
S, especially that “building is exponentially slow.” What we are referring to here 
is Theorem 1.3, which gives the exponential lower bound > 290 ? for the Move 
Number of an arbitrary S with |S| =n. 


2. Tic-Tac-Toe games on the plane. The S-building game was an artificial example, 
constructed mainly for illustration purposes. It is time now to talk about a “real” 
game: Tic-Tac-Toe and its closest variants. We begin with Tic-Tac-Toe itself, 
arguably the simplest, oldest, and most popular board game in the world. 

Why is Tic-Tac-Toe so popular? Well, there are many reasons, but we think the 
best explanation is that it is the simplest example to demonstrate the difference 
between “Weak Win” and ordinary “win”! This will be explained below. 

Let us emphasize again: we can say very little about ordinary win in general, 
nothing other than exhaustive search; the main subject of the book is “Weak Win.” 

Now let’s return to Tic-Tac-Toe. The rules of Tic-Tac-Toe (called Noughts- 
and-Crosses in the UK) are well-known; we quote Dudeney: “Every child knows 
how to play this game; whichever player first gets three in a line, wins with the 
exulting cry: 


Tit, tat, toe, My last go; 
Three jolly butcher boys All in a row.” 


The Tic-Tac-Toe board is a big square which is partitioned into 3 x 3 = 9 congruent 
small squares. The first player starts by putting an X in one of the 9 small squares, 
the second player puts an O into any other small square, and then they alternate X 
and O in the remaining empty squares until one player wins by getting three of his 
own squares in a line (horizontally, vertically, or diagonally). If neither player gets 
three in a line, the play ends in a draw. Figure 3.1 below shows the board and the 
eight winning triplets of Tic-Tac-Toe. 

Figure 3.2 below shows a “typical” play: X,,..., X; denote the moves of the 
first player, and O,,...,O, denote the moves of the second player in this order. 
This particular play ends in a draw. 
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Figure 3.1 
O; X, O; 
X, X, O4 
Xs On 3 
Figure 3.2 
X, | O; 
X;|X,|? 
? O, 
Figure 3.3 


Figure 3.3 above shows another play in which the second player’s opening move 
O, was a “mistake”: the first player gets a “winning trap” and wins in his 4th 
move. 

Every child “knows” that Tic-Tac-Toe is a draw game, i.e. either player can force 
a draw. We mathematicians have higher standards: we want a proof. Unfortunately, 
there is nothing to be proud of about the proof that we are going to give below. 
The proof is an ugly case study (anyone knows an elegant proof?). 

The first half of the statement is easy though: the first player can always force 
a draw by an easy pairing strategy. Indeed, the first player opens with the center, 
which blocks 4 winning lines, and the remaining 4 lines are easily blocked by the 
following pairing 


This means the first player can always put his mark in every winning set, no matter 
what the opponent is doing. By contrast, the second player cannot put his mark in 
every winning set. In other words, the second player cannot prevent the first player 
from occupying a winning set. The reader is probably wondering, “Wait a minute, 
this seems to contradict the fact that Tic-Tac-Toe is a draw!” But, of course, there 
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is no real contradiction here: the first player can occupy a whole winning set, but he 
cannot occupy it first if the opponent plays rationally. Indeed, let the first player’s 
opening move be the center 


Then the second player has two options: either he takes a corner, or a side. In 
either case the first player occupies X,, X,, X,, and completes a winning triplet. 
Of course, this way the opponent’s winning triplet (O,, O,, O, if the second player 
plays rationally) comes first; notice that here we changed the rule and assumed that 
the players do not quit playing even after some winning set is completely occupied 
by either player, they just keep playing till the whole board is completed. We refer 
to this as the Full Play Convention. 


Occupying a whole winning set, but not necessarily first, is what we call a Weak 
Win. We have just learned that in Tic-Tac-Toe the first player can achieve a Weak 
Win (assuming the Full Play Convention!). 

The complement of Weak Win is called a Strong Draw. Tic-Tac-Toe is a draw 
game (we prove this fact below) but not a Strong Draw. We sometimes refer to this 
property — draw but not a Strong Draw — as a “Delicate Draw.” 

Tic-Tac-Toe is a “3-in-a-row” game on a 3x3 board. A straightforward 
2-dimensional generalization is the “n-in-a-row” game on an n x n board; we call 
it the n x n Tic-Tac-Toe, or simply the n? game. The n* game has 2n +2 winning 
sets: n horizontals, n verticals, and 2 diagonals, each one of size n. The n? games 
are rather dull: the 2? game is a trivial first player win, and the rest of the n? games 
(n > 3) are all simple draw games — see Theorems 3.1—3.3 below. We begin with: 


Theorem 3.1 Ordinary 3? Tic-Tac-Toe is a draw but not a Strong Draw. 


The only proof that we know is a not too long but still unpleasant(!) case study. 
However, it seems ridiculous to write a whole book about games such as Tic-Tac- 
Toe, and not to solve Tic-Tac-Toe itself. To emphasize: by including this case study 
an exception was made; the book is not about case studies. 
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We have already proved that the first player can force a draw in the 3” game; in 
fact, by a pairing strategy. It remains to give the second player’s drawing strategy. 
Of course, we are not interested in how poorly the second player can play; all that 
we care about is the second player’s optimal play. Therefore, when we describe 
a second player’s drawing strategy, a substantial reduction in the size of the case 
study comes from the following two assumptions: 


(i) each player completes a winning triplet if he/she can; 
(ii) each player prevents the opponent from doing so in his/her next move. 


It is either player’s best interest to follow rules (i) and (ii). A second source of 
reduction comes from using the symmetries of the board. We label the 9 little 
squares in the following natural way 


1/2] 3 
4/5 | 6 
7|8)|9 


The center (“5”) is the “strongest point”: it is the only cell contained by 4 win- 
ning lines. The second player’s drawing strategy has 3 parts according, as the 
opponent’s opening move is in the center (threatening four winning triplets), or 
in a corner (threatening 3 winning triplets), or on a side (threatening two win- 
ning triplets). If the first player starts in the center, then the second player’s 
best response is in the corner, say in 1. The second player can force a draw 
in the 5 — 1 end game. This part of second player’s drawing strategy is the 
following 

2-8 — 3-7 (winning trap: the second player wins) 

45 6 (Draw: next the second player can block the 3, 5, 7-line) 
6>4>7->3-9 (Draw) 


7— 3 (Draw: next the second player can block the 4, 5, 6-line) 
9>4>7-3-6 (Draw) 


3—7-— 4-6 (Draw: next the second player can block the 2, 5, 8-line) 


so 1 


6374375352 8-9 (Draw) 

9—>3-— 2-8 (Draw: next the second player can block the 4, 5, 6-line) 
4: same as 531-2 

7: same as 513 

8: same as 5 1-6 


JA. 


If the first player does not start in the center, then, not surprisingly, the second 
player’s best response is in the center. If the first player starts in the corner, say 
in 1, then the second player’s drawing strategy is the following 
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2>3->7->4-6 (Draw) 
3328 > 469-7 (Draw) 
6325857535 9-4 (Draw) 


155 


9328575364 (Draw) 
4: same as 1352 


7: same as 135-3 
8: same as 1 > 5-6 


Finally, if the first player starts on the side, say in 2, then the second player’s 
drawing strategy is the following 


4>1->9-3-7 (Draw) 
717>4>6>9-> 1-3-8 (Draw) 


8—> 19-7 - (winning trap: second player wins) 


2735 


1: same as 1 3532 
3: > same as 1 —> 52 


6: same as 135-4 
9: same as 135-7 


This completes the case study, and Theorem 3.1 follows. 


The 4? Tic-Tac-Toe is a “less interesting” draw: neither player can force a Weak 
Win (assuming the Full Play Convention). First we show that the first player can 
put his mark in every winning set (4-in-a-row) of the 4° board, i.e. he can force a 
Strong Draw. In fact, this Strong Draw is a Pairing Strategy Draw: first player’s 
opening move is in the middle 


Xx J | 
aa: 


X, in the middle blocks 3 winning lines, 7 winning lines remain unblocked, and 
we have 47 — 1 = 15 cells to block them. An explicit pairing strategy is given on 
the picture above (the first player doesn’t even need the asterisk-marked cell in the 
upper-left corner). 

Next we show how the second player can put his mark in every winning set 
(“Strong Draw’). This case is more difficult since the second player cannot have a 
Pairing Strategy Draw. Indeed, the cell/line ratio is Jess than 2 (there are 4" = 16 


* = [| o= 
| 
| 
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cells and 4+ 4+2 = 10 winning lines), so it is impossible that every winning line 
owns a “private pair of cells.” 

Nevertheless the second player can block by using a combination of 3 different 
pairing strategies! Indeed, apart from symmetry there are three possible opening moves 
of the first player, marked by X. The second player’s reply is 0, and for the rest of the 
play the second player employs the pairing strategy direction marked in the corre- 
sponding picture (for every move of the first player in a marked square the second 
player takes the similarly marked square in the direction indicated by the mark). 
oor \ | 
an | x oO 

| - - = \ | 
|| [ca elles nize 


XxX — 


| | 
i | 
| 


x 


This elegant argument is due to David Galvin. 

This shows that the 47 game comes very close to having a Pairing Strategy 
Draw: after the first player’s opening move the second player can always employ 
a draw-forcing pairing strategy. 


Theorem 3.2 The 4?-game is a Strong Draw, but not a Pairing Strategy Draw 
(because the second player cannot force a draw by a single pairing strategy). 


The n? Tic-Tac-Toe with n> 5 is particularly simple: either player can force a 
draw by a pairing strategy; in fact, both players may use the same pairing. 


Case n= 5 
In the 5*-game either player can force a draw by employing the following “pairing” 
11 1 8 1 12 
6 2 2 9 10 
ST BAGS 
6 7 4 4 10 
12 5 8 5 Ill 
Note that every winning line has its own pair (“private pair’): the first row has two 
ls, the second row has two 2s,..., the fifth row has two 5s, the first column has 
two 6s,..., the fifth column has two 10s, the diagonal of slope —1 has two IIs, 


and finally, the other diagonal of slope 1 has two 12s. Either player can occupy 
at least 1 point from each winning line: indeed, whenever the first (second) player 
occupies a numbered cell, the opponent takes the other cell of the same number. (In 
the first player’s strategy, the opening move is the asterisk-marked center; in the 
second player’s strategy, if the first player takes the center, then the second player 
may take any other cell.) 

By using this pairing strategy either player can block every winning set, implying 
that 5* is a draw game. 
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A more suggestive way to indicate the same pairing strategy for the 5*-game is 
shown below: all we have to do is to make sure that for every move of the opponent 
in a marked square we take the similarly marked square in the direction indicated 
by the mark. 


\ = 
LT | 
| = 
/ 


Case n= 6 
The 6*-game is another Pairing Strategy Draw. An explicit pairing goes as follows 
13 1 9 10 1 14 
Poe 2 2 oR AD. 
3 8 * « Il 3 
4 8 « x Il 4 
7T* 5 5S « 12 
144 6 9 10 6 13 


Whenever the first (second) player occupies a numbered cell, the opponent takes 
the other cell of the same number. We do not even need the eight asterisk-marked 
cells in the 2 diagonals. 


Case n > 7 
By using the special cases n = 5 and 6, the reader can easily solve all n?-games 
with n> 7. 


Exercise 3.1 Let n >5 be an integer. Show that if the n?-game has a Pairing 
Strategy Draw, then the (n+2)?-game also has a Pairing Strategy Draw. 


Theorem 3.3 The n x n Tic-Tac-Toe is a Pairing Strategy Draw for every n> 5. 


Ordinary 3? Tic-Tac-Toe turns out to be the most interesting member of the (dull) 
family of n?-games. This is where the “phase transition” happens: 27 is a trivial 
first player win (the first player always wins in his second move), 3” is a draw, and 
the rest — the n’-games with n > 4 — are all drawn, too. 

This gives a complete understanding of the 2-dimensional n x n Tic-Tac-Toe. 


3. Tic-Tac-Toe in higher dimensions. Unfortunately, we know much less about 
the 3-dimensional n x n x n =n? Tic-Tac-Toe. The 2 x 2 x 2 = 2?-game (just like 
the 2?-game) is a trivial win. Every play has the same outcome: first player win. 
The 3° Tic-Tac-Toe is a less trivial but still easy win. Every play has only 
two possible outcomes: either a (1) first player win, or a (2) second player win. 
That is, no draw play is possible. Thus the first player can force a win — this 
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follows from a well-known general argument called “Strategy Stealing.” We return 
to “Strategy Stealing” later in Section 5 (We recommend the reader to finish the 
proof him/herself). 

In the 3°-game there are 49 winning lines (3-in-a-row): 4 space-diagonals 
(joining opposite corners of the cube), 18 plane-diagonals (in fact 12 of them are on 
the 6 faces joining opposite corners of some face, and 6 more plane-diagonals inside 
the cube), and 27 axis-parallel lines (parallel with one of the 3 coordinate axes). 
We illustrate 4 particular winning lines in the left-hand side of the figure below. 


SSDI SS 
[ f4/3/ an aaa az! 
fVSilfi/ IST TDD 
a er ae 
SDSS SS 
<> —A 
= 
a a ae SDSS 
DI DIS 
ew a> 
[2 /4/ _/ 
J =f 27H 
[3/ /2/ 


PROPER 2-COLORING 
OF 33\ {center} 


Exercise 3.2 Find an explicit first player winning strategy in the 3°-game. 
Exercise 3.3 


(a) Show that no draw is possible in the 3°-game: every play must have a winner. 
(b) Show that every 2-coloring of the cells in the 33-board yields a monochromatic 
winning line. 


Exercise 3.4 Consider the Reverse version of the 3°-game: the player who gets 
3-in-a-row first is the loser. Which player has a winning strategy? 


The right-hand side of the figure above demonstrates an interesting property of the 
3°-game. We already know that Drawing Position cannot exist (see Exercise 3.3 
(b)), but if we remove the center and the 13 winning lines going through the center, 
then the “truncated” 3°-hypergraph of 3° — 1 = 26 points and 49 — 13 = 36 winning 
lines has a Proper 2-coloring, i.e. there is no monochromatic winning line. 

It is interesting to note that the sizes of the two color classes differ by 2, so this is 
not a Drawing Terminal Position. In fact, a Drawing Terminal Position (i.e. Proper 
Halving 2-Coloring) cannot even exist! 
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Qubic = 4? Tic-Tac-Toe Three typical winning sets in4x4x4 game 


The first variant of Tic-Tac-Toe, which is truly exciting to play, is the 3- 
dimensional 4 x 4 x 4 = 43 game: it was marketed by Parker Brothers as Qubic; 
henceforth we often refer to it as such. A remarkable property of Qubic is that it 
has a Drawing Terminal Position, but the first player can nevertheless force a win. 

In Qubic there are 4 space-diagonals (joining opposite corners of the cube), 24 
plane-diagonals (in fact 12 of them are on the 6 faces joining opposite corners 
of some face, and 12 more plane-diagonals inside the cube), and 48 axis-parallel 
lines (parallel with one of the 3 coordinate axes); altogether 76 4-in-a-row. As said 
before, Qubic has a Drawing Terminal Position: we can put 32 Xs and 32 Os on 
the board such that every 4-in-a-row contains both marks — see the figure below. 


COLO XIX 
</X</O/O 
O/O/SX/X 
</Xx/O/O 

oa 

a 

XI XIOSO 
O/O/X/ xX 
</X</O/O 
O/O/X/X 
XIXIOSO 
OLO/X/X 
</X</O/O 
O/ O/X/X 


Proper Halving 2-Coloring 
of 4° Tic-Tac-Toe 
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Qubic is a first player win just like the 3° game, but there is a big difference: 
the winning strategy in Qubic is extremely complicated! The first explicit winning 
strategy was found by Oren Patashnik in 1977, and it was a celebrated victory 
for Computer Science (and Artificial Intelligence). The solution involved a 
most intricate human-computer interaction; for the details we refer the reader 
to Patashnik’s fascinating survey paper [1980]. Patashnik’s solution employes 
hundreds of long sequences of forced moves. A sequence of forced moves means 
that the second player must continually block first player’s 3-in-a-line until at some 
move the first player has a winning trap: the second player must simultaneously 
block two such 3-in-a-line, this is clearly impossible, so the first player wins. 
Patashnik’s solution contains a “dictionary” of 2929 “strategic moves.” The first 
player forces a win as follows: 


(1) if he can make 4-in-a-row with this move, he does it; 

(2) he blocks the opponent’s 3-in-a-line if he must; 

(3) he looks for a sequence of forced moves, and employs it if he finds one; 
(4) otherwise he consults Patashnik’s dictionary. 


After this brief discussion of the 4° game (“Qubic’”’), we switch to the general 
case, called hypercube Tic-Tac-Toe, which is formally defined as follows. 


n? hypercube Tic-Tac-Toe or simply the 1? game. The board V of the n“ game 
is the d-dimensional hypercube of size n x --- x n= 214, that is, the set of d-tuples 


Veta= (Gn ae 0): 1 <a, <n for each 1s j<a}. 
The winning sets of the n’-game are the n-in-a-line sets, i.e. the n-element sequences 
(a®, a®,..., a”) 


of the board V such that, for each j, the sequence a. ‘ a Reenaer a” composed of 


the jth coordinates is either 1,2,3,...,m (“increasing”), or n,n—1,n—2,...,1 
(“decreasing”), or a constant. The two players alternately put their marks (X and O) 
in the previously unmarked cells (i.e. unit cubes) of the d-dimensional solid hyper- 
cube n@ of side n. Each player marks one cell per move. The winner is the player to 
occupy a whole winning set first, i.e. to have n of his marks in an n-in-a-line first. 
In other words, the winning sets are exactly the n-in-a-line in the n“ hypercube; 
here, of course, each elementary “cell” is identified with its own center. If neither 
player gets n-in-a-line, the play is a draw. The special case n = 3,d = 2 gives 
ordinary Tic-Tac-Toe. Note that in higher dimensions most of the n-in-a-line are 
some kind of diagonal. 

The winning sets in the n@ game are “lines,” or “winning lines.” The number of 
winning lines in the 3* and 4° games are 8 and 76. In the general case we have 
an elegant short formula for the number of “winning lines,” see Theorem 3.4 (a) 


54 Win vs. Weak Win 


below. In the rest of the book we often call the cells “points” (identifying a cell 
with its own center). 


Theorem 3.4 


(a) The total number of winning lines in the n‘-game is ((n +2)¢— n*) /2, 

(b) If n is odd, there are at most (34 —1)/2 winning lines through any point, and 
this is attained only at the center of the board. In other words, the maximum 
degree of the n‘-hypergraph is (34 — 1)/2. 

(c) If n is even (“when the board does not have a center”), the maximum degree 
drops to 24—1, and equality occurs if there is a common c € {1,...,n} such 
that every coordinate c; equals either c orn+1—c (j=1,2,...,d). 


Proof. To prove (a) note that for each j € {1,2,...,d}, the sequence 
a\) vee ee composed of the jth coordinates of the points on a winning 
line is either strictly increasing from | to n, or strictly decreasing from n to 1, 
or a constant c = c; € {1,2,...,}. Since for each coordinate we have (n+ 2) 
possibilities {1,2,...,, increasing, decreasing}, this gives (n+ 2), but we have 
to subtract n@ because at least one coordinate must change. Finally, we have to 
divide by 2, since every line has two orientations. 

An alternative geometric/intuitive way of getting the formula ((n +2)4¢— n‘) /2 
goes as follows. Imagine the board n‘@ is surrounded by an additional layer of cells, 
one cell thick. This new object is a cube 


(n+2) x (n+2)x-+-x (n4+2) = (n+2)?. 


It is easy to see that every winning line of the n‘-board extends to a uniquely 
determined pair of cells in the new surface layer. So the total number of lines is 
((n+2)4 — n*)/2. 


52 
32 => 

Why does ordinary 

Tic-Tac-Toe 

have 8 winning 

triplets? we 52_32 

~ 2 
Next we prove (b): let n be odd. Given a point ¢ = (c,,C5,..., C7) € n4, for each 

J €{1,2,...,d} there are three options: the jth coordinates of the points on an 


oriented line containing c: 
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(1) either increase from 1 to n, 
(2) or decrease from n to 1, 
(3) or remain constant c;. 


Since every line has two orientations, and it is impossible that all coordinates remain 
constant, the maximum degree is < (37 — 1)/2, and we have equality for the center 
(only). 

This suggests that the center of the board is probably the best opening move 
(n is odd). 

Finally, assume that n is even. Let ¢ = (c,,C,...,Cq) € n” be a point, and 
consider the family of those n-in-a-line which contain c. Fixing a proper subset 
index-set J c {1,2,..., d}, there is at most one n-in-a-line in this family for which 
the jth coordinates of the points on the line remain constant c; for each j € J, and 
increase or decrease for each j ¢ J. So the maximum degree is < aA (‘) =24-1, 
and equality occurs if for some fixed c € {1,...,} every coordinate c; equals c or 
n+1—c(j=1,2,...,d). O 


4. Where is the phase transition? We know that the n? games are rather dull 
(with the possible exception of ordinary 3? Tic-Tac-Toe itself); the 33 game is too 
easy, the 4° game is very interesting and difficult, but it is completely solved; how 
about the next one, the 5° game? Is it true that 5° is a draw game? How about the 
5* game? Is it true that 5* is a first player win? Unfortunately these are hopeless 
questions. 


Open Problem 3.2 Is it true that 5° Tic-Tac-Toe is a draw game? Is it true that 
5* Tic-Tac-Toe is a first player win? 


Very little is known about the n¢ games with d > 3, especially about winning. 
We know that the first player can achieve a 4-in-a-row first in the 3-space (4° 
Tic-Tac-Toe); how about achieving a 5-in-a-row? In other words, the first player 
wants a winning strategy in some 5¢ Tic-Tac-Toe. Let dy denote the smallest 
dimension d when the first player has a forced win in the 54 game; how small 
is dy? (A famous result in Ramsey Theory, called the Hales-Jewett Theorem, see 
Section 7, guarantees that d, is finite.) The second question in Open Problem 3.2 
suggests that d) = 4, but what can we actually prove? Can we prove that d, < 1000? 
No, we cannot. Can we prove that d, < 1000!°? No, we cannot. Can we prove that 
dy < 1000!" 2 No, we cannot prove that either. Even if we iterate this 1000 times, 
we still cannot prove that this “1000-tower” is an upper bound on d,. Unfortunately, 
the best-known upper bound on dy is embarrassingly poor. For more about do, see 
Section 7. 

Another major problem is the following. We know an explicit dimension dy such 
that in the 5% Tic-Tac-Toe the first player has a winning strategy: (1) it is bad 
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enough that the smallest d, we know is enormous, but (2) it is even worse that the 
proof does not give the slightest hint how the winning strategy actually looks (!), 
see Theorems 5.1 and 6.1 later. 

Next we mention two conjectures about hypercube Tic-Tac-Toe (published 
in Patashnik [1980]), which represent a very interesting but failed(!) attempt 
to describe the “phase transition” from draw to win in simple terms. The first 
one, called “modification of Gammill’s conjecture” by Patashnik [1980], predicted 
that: 


Conjecture A (“Gammill”) The n“@ game is a draw if and only if there are more 
points than winning lines. 


For example, the 3? and 4° games both support this conjecture. Indeed, the 37 
game is a draw and number-of-lines= 8 < 9 =number-of-points; on the other 
hand, the 4° game is a first player win and number-of-lines = 76 > 64 = number- 
of-points. 

In the 5° game, which is believed to be a draw, there are (7? — 5*)/2 = 109 lines 
and 5° = 125 points. On the other hand, in the 5+ game, which is believed to be a 
first player win, there are (74 — 5*) /2 = 938 lines and 5* = 625 points. 

A modification of Citrenbaum’s conjecture (see Patashnik [1980]) predicted 
that: 


Conjecture B (“Citrenbaum”’) Jf d > n, then the first player has a winning strategy 
in the n“ game. 


Of course, we have to be very critical about conjectures like these two: it is difficult 
to make any reasonable prediction based on such a small number of solved cases. 
And indeed, both Conjectures A and B turned out to be false; in Section 34, we 
prove that both have infinitely many counterexamples. 

Unfortunately, our method doesn’t work in lower dimensions: an explicit 
relatively low-dimensional counter-example to Conjecture A that we could 
come up with is the 1448°-game (it has more lines than points), and an 
explicit counter-example to Conjecture B is the 214?!°-game which is a draw. 
These are pretty large dimensions; we have no idea what’s going on in low 
dimensions. 

The failure of the at-first-sight-reasonable Conjectures A and B illustrates the 
difficulty of coming up with a “simple” conjecture about the “phase transition” 
from draw to win for hypercube Tic-Tac-Toe games. We don’t feel confident 
enough to formulate a conjecture ourselves. We challenge the reader to come up 
with something that makes sense. Of course, to formulate a conjecture is one 
thing (usually the “easy part’), and to prove it is a totally different thing (the 
“hard part”). 
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Before discussing more games, let me stop here, and use the opportunity to 
emphasize the traditional viewpoint of Game Theory. First of all, we assume that 
the reader is familiar with the concept of strategy (the basic concept of Game 
Theory!). Of course, strategy is such a natural/intuitive “common sense” notion 
that we are tempted to skip the formal definition; but just in case, if there is any 
doubt, the reader can always consult Appendix C for a formal treatment. Now the 
traditional viewpoint: Game Theory is about optimal strategies, which is shortly 
expressed in the vague term: “the players play rationally.” We certainly share 
the traditional viewpoint: we always assume that either player knows an optimal 
strategy, even if finding one requires “superhuman powers” such as performing a 
case study of size (say) 101°. 

A pithy way to emphasize the traditional viewpoint is to name the two players 
after some gods. Let us take, for example, the most famous war in Greek Mythology: 
the Trojan War between the Greeks and Troy, see The Iliad of Homer. Motivated 
by the Trojan War we may call the first player Xena (or Xenia) and the second 
player Apollo. Of course, Xena uses mark X and Apollo uses mark O. Xena is an 
epithet of Pallas Athena, meaning “hospitable.” Xena (alias Pallas Athena), goddess 
of wisdom, sided with the Greeks, and Apollo, god of arts and learning, sided with 
Troy. 

It is most natural to expect a god/goddess to know his/her optimal strategy; 
carrying out a case study of size (say) 10'°' shouldn’t be a problem for them (but 
it is a BIG problem for us humans!). 

The only reason why we don’t follow the advice, and don’t use a name-pair 
such as Xena/Apollo (or something similar), is to avoid the awkwardness of he/she, 
him/her, and his/her (the gender problem of the English language). 

We conclude Section 3 with an entertaining observation, and a picture. 

Consider the following number game: two players alternately select integers 
from | to 9 and no number may be used twice. A player wins by getting three 
numbers the sum of which is 15; the first to do that is declared to be the winner. 
Who wins? 

Well, this is a mathematical joke! The number game is just Tic-Tac-Toe in 
disguise! Indeed, there are exactly 8 solutions (a, b, c) of the equation a+b+c= 
15, 1<a<b<c<,9, and the 8 solutions are represented by the 8 winning lines 
of Tic-Tac-Toe (3 horizontals, 3 verticals, and 2 diagonals). Therefore, this number 
game is a draw. 


2 7 6 
9 5 1 
4 =] 8 


Finally, a figure illustrating the hopeless Open Problem 3.2. 
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I A hopeless problem: 
5° Tic-Tac-Toe 
s Is this a draw game? 
5) 53 = 125 points (“cells”) 


6° — 5* = 91 combinatorial lines like 


' (1) and (3), and 18 geometric lines 
5 which are not combinatorial lines 
like (2) 
z (1) xxx =x=1,2,3,4,5 


(2) xlx x’ =6-x 
(3) 43x 


4 
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Tic-Tac-Toe itself is a simple game, but some natural changes in the rules quickly 
lead to very difficult or even hopelessly difficult games. We have already men- 
tioned the 3-dimensional 4 x 4 x 4 version (“Qubic”), which was solved by a huge 
computer-assisted case study (it is a first player win). The next case, the 5x 5x5 
version, is expected to be a draw, but there is no hope of proving it (brute force 
is intractable). A perhaps more promising direction is to go back to the plane, and 
study 2-dimensional variants of Tic-Tac-Toe. We will discuss several 2-dimensional 
variants: (1) unrestricted n-in-a-row, (2) Harary’s Animal Tic-Tac-Toe, (3) Kaplan- 
sky’s n-in-a-line, (4) Hex, and (5) Gale’s Bridge-it game. They are all “who does 
it first” games. 


1. Unrestricted n-in-a-row. The 5? Tic-Tac-Toe, that is, the “5-in-a-row on a 
5 x 5 board” is a very easy draw game, but if the 5 x 5 board is extended to the 
whole plane, we get a very interesting and still unsolved game called unrestricted 
5-in-a-row. Unrestricted means that the game is played on an infinite chessboard, 
infinite in every direction. In the unrestricted 5-in-a-row game the players alternately 
occupy little squares of an infinite chessboard; the first player marks his squares 
by X, and the second player marks his squares by O. The person who first gets 5 
consecutive marks of his own in a row horizontally, or vertically, or diagonally (of 
slope | or —1) is the winner; if no one succeeds, the play ends in a draw. Unrestricted 
n-in-a-row differs in only one aspect: the winning size is n instead of 5. 
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Similarly to the “S-building game” in Section 1, unrestricted n-in-a-row is a 
semi-infinite game: the board is infinite but the winning sets are all finite. Since 
the board is infinite, we have to define the length of the game. We assume that the 
two players take turns until either of them wins in a finite number of moves, or 
until they have taken their nth turns for every natural number n. In other words, 
the length of a play is at most w, where w denotes (as usual) the first countable 
(infinite) ordinal number. 

Every n@ Tic-Tac-Toe is determined, meaning that: 


(i) either the first player has a winning strategy, 
(ii) or the second player has a winning strategy, 
(iii) or either player can force a draw (called “draw game’’); see Appendix C. 


This simple fact is a special case of a general theorem about finite Combinatorial 
Games, usually called “Zermelo’s Theorem,” see Appendix C. 

Unrestricted n-in-a-row is not finite, but the standard proof easily extends to semi- 
infinite games as follows. If player P (first or second) has no winning strategy, then 
the opponent, called player Q, can always make a next move so that player P still has 
no winning strategy, and this is exactly how player Q can force a draw. The point 
is that the winning sets are finite, so, if a player wins, he wins in a finite number of 
moves; this is why player P cannot win and the opponent—player Q—forces a draw. 

Note that alternative (ii) cannot occur for (the finite) n4 Tic-Tac-Toe or for (the 
semi-infinite) unrestricted n-in-a-row; in other words, the second player cannot 
have a winning strategy. This follows from the well-known “Strategy Stealing” 
argument, see Appendix C. Later we will settle this issue under much more general 
circumstances. 

Thus we have two alternatives only: (i) either the first player has a winning 
strategy, (ii) or the game is a draw. 


Exercise 4.1 Prove that unrestricted 4-in-a-row is a first player win. 
Open Problem 4.1 [s it true that unrestricted 5-in-a-row is a first player win? 
Open Problem 4.2 Js it true that unrestricted n-in-a-row is a draw for every n > 6? 


In Open Problem 4.2 the real question is the two cases n = 6 and n=7; for n> 8 
we know that the game is a draw. We give a proof at the end of Section 10. The 
figure above illustrates the weaker result that n = 9 is a draw (why?). 


2. Harary’s Animal Tic-Tac-Toe. Unrestricted n-in-a-row is a very interesting 
2-dimensional variant of Tic-Tac-Toe, which is wide open for n = 5,6,7. In 
the 1970s, Frank Harary introduced another 2-dimensional variant that he called 
Animal Tic-Tac-Toe. The first step in Animal Tic-Tac-Toe is to choose an arbitrary 
polyomino, or, using the old terminology, cell animal, and declare it to be the 
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objective of the game. Note that a cell animal is by definition edge connected (or 
using chess terminology: rookwise connected in the sense that a rook can visit every 
cell of the set). For example, the “diagonal 3-in-a-row,” a winning set in ordinary 
Tic-Tac-Toe, is not a cell animal. 


The two players play on an n x n board (of course, the board is assumed to be 
large enough to contain at least one congruent copy of the goal animal), and as in 
ordinary Tic-Tac-Toe, they alternately mark the cells with X and O. Each player 
tries to mark the cells to build a congruent copy of the goal animal. The player who 
builds a congruent copy of the goal animal with his own mark first is the winner; 
otherwise the play ends in a draw. For example, if the goal animal is the 3-cell 


—_ 


called “Tic,” the first player wins on every n x n board with n > 4 in 3 moves (the 
fastest way!) — We leave the easy proof to the reader. 

Next consider “El,” “Knobby,” and “Elly” (the funny names were coined by 
Harary and his colleagues) 


Ba alls Bem 


The first player can build a congruent copy of “El” on every n x n board with 
n> 3 in 3 moves; a congruent copy of “Knobby” on every n x n board with n > 5 
in 4 moves; and a congruent copy of “Elly” on every n x n board with n > 4 in 
4 moves. Harary calls “Tic,” “El,” “Knobby,” and “Elly” Economical Winners for 
the obvious reason that the first player can build each one without having to take 
any cell that is not part of the winning goal animal. 

There are exactly 5 4-cell animals: besides “Knobby” and “Elly” we have 


“Tic” 


ippy kinny att 


“Fatty” is a Loser (i.e. not a Winner); indeed, either player can prevent the opponent 
from building a congruent copy of “Fatty” by applying the following simple domino 
tiling (pairing strategy) 
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Pitre 


This pairing strategy proof is due to Andreas R. Blass; the terms Winner, Economical 
Winner, and Loser were coined by Harary. 

“Skinny” and “Tippy” are both Winners, but neither one is an Economical Winner. 
Indeed, a mid-size case study proves that the first player can build a congruent copy 
of “Skinny” first on every n x n board with n > 7 in at most 8 moves, and he can 
also build a congruent copy of “Tippy” first on every n x n board with n > 3 in at 
most 5 moves. 

We have a complete understanding of the 4-cell animals; let’s move next to the 
5-cell animals. There are exactly 12 5-cell animals: 9 are Losers and 3 are Winners 
(neither one is an Economical Winner). Haray calls a Loser that contains no Loser 
of lower order (“order” is the number of cells) a Basic Loser. “Fatty” is the smallest 
Basic Loser; among the 9 5-cell Losers 8 are Basic Losers 


not a Basic Loser 


Aui+acra 


Exercise 4.2 Find a domino tiling pairing strategy for each one of the 8 5-cell 
Basic Losers. 


There are exactly 35 6-cell animals, all but 4 contain one of the 9 Basic Losers of 
order < 5; the 4 exceptions are 


The first 3 turned out to be Losers (consequently Basic Losers). 


Exercise 4.3 Find a domino tiling pairing strategy for each one of the first 3 6-cell 
Basic Losers (not “Snaky”). 


The status of “Snaky” is undecided-this is the big open problem of Animal 
Tic-Tac-Toe. 


Open Problem 4.3 Js it true that “Snaky” is a Winner? In particular, is it true 
that “Snaky” is a Winner on every nxn board with n> 15, and the first player 
can always build a congruent copy of “Snaky” first in at most 13 moves? 
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This conjecture, formulated by Harary 20 years ago, remains unsolved. 

If “Snaky” is a Winner, there are 12 Basic Losers of order < 6: one of order 
4, eight of order 5, and three of order 6. The 5 domino tilings (pairing strategy) 
provide the proof: 


Here comes the surprise: there are 107 7-cell animals, each containing one of 
the 12 Basic Losers of order < 6 (we don’t need “Snaky”!), so even if “Snaky” 
remains unsolved, Haray and his colleagues could still prove the following elegant 
result: there are no Winners among the cell animals of order > 7. The proof is 
elementary: domino tiling pairing strategy and exhaustive search suffice. 

In other words, every Animal Tic-Tac-Toe is “easy”: either a Winner in a 
few moves, or a Loser by a simple pairing strategy (domino tiling), with the 
exception of “Snaky”! For more about Animal Tic-Tac-Toe, see Chapter 37 in 
Gardner [2001]. 


Brute force complexity. Let me return to the conjecture about “Snaky”: “Snaky” 
is conjectured to be a Winner on every n x n board with n > 15, and the first player 
is expected to be able to build a copy of “Snaky” in at most 13 moves. Why is 
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this innocent-looking conjecture still open? Consider the special case n = 15; the 
“brute force complexity” of this special case of the conjecture is about 


25/225 m 
SS 1 a4 
a ( rn ) (a : 


What we mean by the “brute force complexity” is the running time of the backward 
labeling algorithm, the only known general method to solve an arbitrary finite 
Combinatorial Game (for the concepts of Combinatorial Game and backward 
labeling we refer the reader to Appendix C). We give a nutshell illustration of 
backward labeling as follows. A position is called even or odd depending on the 
parity of the total number of marks made by the two players together; for example, 
the starting position (“empty board”) is even. In an even (or odd) position, it is 
the first (or second) player who makes the next move. The sum Bede (=) i) 
above gives the total number of positions on a 15 x 15 board in which the first 
player made < 13 moves and the second player made < 12 moves; among these 
positions we label those odd positions which were just won by the first player (i.e. 
the first player owns a whole winning set but the second player doesn’t own a 
whole winning set yet): the label reads “I-wins.” The backward labeling algorithm 
means to apply the following two rules: 


Rule 1: if an even position P is a predecessor of a “J-wins” position, then P is also 
a “J-wins” position; 

Rule 2: if an odd position P has the property that all of its options (“successors” 
are “J-wins” positions, then P is also a “I-wins” position; otherwise P is 
not labeled. 


The brute force way to prove the above-mentioned conjecture about “Snaky” is 
to show that, by repeated application of Rules 1-2, the starting position becomes 
labeled with “I-wins.” The brute force way to decide whether this is the case or 
not takes about )~*? , (~°) (ra) = 10 steps, which is beyond hope. This is the 
“combinatorial chaos” that prevents us from proving (or disproving) the “Snaky 
conjecture” (Open Problem 4.3), and the same applies for Open Problem 3.2. 


3. Kaplansky’s n-in-a-line. We already saw two different 2-dimensional variants 
of Tic-Tac-Toe (the unrestricted n-in-a-row and Harary’s Animal Tic-Tac-Toe); a 
third, no less interesting, variant was invented by Kaplansky, and goes as follows. 
Two players move alternately by marking unmarked integer lattice points in the 
plane; for example, the first player may color his points red and the second player 
may color his points blue. If, during a play, there ever occurs a configuration 
where some straight line contains n points of one color and no points anywhere 
on the line of the other color, then whoever does it first is declared the winner; 
otherwise the play ends in a draw. The length of the play is < w exactly like in the 
unrestricted n-in-a-row or the S-building game in Section 1. We refer to this game 
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as Kaplansky’s n-in-a-line. The novelty of this variant is that the whole line has to 
be “opponent-free.” 
The cases n = 1, 2, 3 are all trivial (why?), but the case n = 4 is already unsolved. 


Open Problem 4.4 /s it true that Kaplansky’s 4-in-a-line is a draw game? Is it 
true that Kaplansky’s n-in-a-line is a draw game for every n> 4? 


This conjecture is due to Kleitman and Rothschild [1972]; it is about 35-years-old 
now. There is no progress whatsoever. We will return to this game in Section 15, 
where we discuss a weaker version. 

The next game is well known among mathematicians. 


4. Hex. The popular game of Hex was invented by Piet Hein in the early 1940s, 
and it is still “unsolved.” The board of Hex is a rhombus of hexagons of size n x n 
(the standard size is n = 11). Why hexagons (why not squares or triangles)? The 
hexagons have the unique property that, if two hexagons share a corner point, then 
they must share a whole edge. In other words, in a hexagon lattice vertex-connected 
and edge-connected mean the same thing. 

Black has a 


winning chain 
in Hex 


The two players, White (the first player) and Black (the second player) take the 
two pairs of opposite sides of the board. The players alternately put their pieces on 
unoccupied hexagons (White has white pieces, and Black has black pieces). White 
wins if his pieces connect his opposite sides of the board, and Black wins if his 
pieces connect the other pair. Observe that Hex is not a positional game: the winning 
sets for White and Black are (mostly) different. In fact the only common winning 
sets are the chains connecting diagonally opposite corners (a small minority among 
all winning sets). 

In the late 1940s John Nash proved, by a pioneering application of the Strategy 
Stealing argument (see Section 5), that Hex is a first player win. 
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Exercise 4.4 By using the strategy stealing argument show that the first player has 
a winning strategy in Hex. 


It is a famous open problem to find an explicit winning strategy (unsolved for n > 8). 


Open Problem 4.5 Find an explicit first player (“White”) winning strategy in 
nxn Hex for every n => 8. In particular, find one for the standard size n= 11. 


5. Bridge-it. Bridge-it is a variant of Hex. It was invented by D. Gale in the 1960s. 
The board of the game is a pair of interlaced n by n+ 1 lattices (a white one and a 
black one). White (the first player) joins to adjacent (horizontal or vertical) spots of 
the white lattice, and Black (the second player) joins to adjacent (horizontal or verti- 
cal) spots of the black lattice. There is a restriction: no two moves may cross. White 
wins if he forms a white chain connecting a left-most spot to a right-most spot; Black 
wins if he forms a black chain connecting a top-most spot to a bottom-most spot. 


White wins 
in Bridge-it 


Gross’s 
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opening move 


Exercise 4.5 By using the strategy stealing argument show that the first player has 
a winning strategy in Bridge-it. 
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To find an explicit first player winning strategy in Hex remains a famous unsolved 
problem; however, for Bridge-it we know several explicit winning strategies! The 
first one was found by Oliver Gross, which is vaguely indicated on the second 
picture above (it will be clarified below). 

Before studying Gross’s explicit first player winning strategy, it is very instructive 
to solve a simpler game first that we call 2-Colored Dots-and-Cycles. Two players 
start from a rectangular array of dots and take turns to join two horizontally or ver- 
tically adjacent dots; the first player uses red pen and the second player uses blue 
pen. That player who completes a cycle of his own color first is declared the winner. 


Exercise 4.6 Prove that 2-Colored Dots-and-Cycles is a draw game. What is more, 
it is a Strong Draw game: either player can prevent the opponent from occupying 
a monochromatic cycle (by using a pairing strategy). 


Now we are ready to explain Gross’s explicit first player’s winning strategy (see 
the picture above). It is a shockingly simple Pairing Strategy which guarantees a 
first player win as follows: White (first player) opens with the move on the picture 
above, thereafter whenever Black’s play crosses the end of a dotted line, White 
plays by crossing the other end of the same line. 


Exercise 4.7 Prove that, by using Gross’s “dotted line” pairing strategy, the first 
player can force a win in Bridge-it. 


A completely different solution of Bridge-it was given later by Alfred Lehman 
[1964]. In fact, Lehman solved a large class of games, the Multigraph Connectivity 
Games (it is also called “Shannon’s Switching Game’). 


6. Multigraph Connectivity Game. This game is defined as follows: two players, 
Inker (basically “Maker”) and Eraser (basically “Breaker’”), play a game on a 
multigraph G = (V, E); multigraph means a graph where two vertices may be 


68 Win vs. Weak Win 


joined by two or more edges. The players take turns, with Eraser going first, and 
each of them in his turn claims some previously unclaimed edge of G. Inker’s aim 
is to claim all the edges of some spanning tree of G; Eraser’s aim is simply to 
prevent Inker from achieving his goal. 

Each edge of the multigraph represents a permissible connection between the 
vertices at its ends; begin the game with the edges drawn in pencil. Inker at his 
move may establish one of these connections permanently (ink over a penciled 
edge) and attempts to form a spanning tree (i.e. a tree containing every vertex). The 
opponent (Eraser) may permanently prevent a possible connection (erase a penciled 
edge) and his goal is to “cut” Inker’s graph forever. When can Inker win? 

Lehman [1964] completely answered this question by the following sim- 
ple/elegant criterion. 


Theorem 4.1 Jn the Multigraph Connectivity Game played on a multigraph G, 
Inker, as the second player, can win if and only if G contains two edge-disjoint 
spanning trees. 


Proof. Both parts are surprisingly simple. The “only if” part goes as follows. If 
Inker, as the second player, has a win in the game, then by the Strategy Stealing 
argument, there must be two edge-disjoint spanning trees. Indeed, an extra move 
is no disadvantage, so both players can play Inker’s strategy. If they do this, two 
disjoint spanning trees will be established. 

Next the “if” part: whenever Eraser’s move cuts one of the two trees into two 
parts, say, A and B, Inker’s reply is an edge in the other tree joining a vertex of A to 
one of B. Identifying the two endpoints, we obtain a multigraph with one less vertex, 


which again contains two edge-disjoint spanning trees, and keep doing this. 


Single Single 
vertex O—O —_— C—O me Ome 0, vertex 


White’s 
first move 
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The key fact is that Bridge-it is a particular case of the Multigraph Connectivity 
Game. Indeed, we can assume that both players play on White’s lattice. White (the 
first player in Bridge-it) starts with an edge (say) in the lower-left corner. Identifying 
the endpoints, we get a multigraph which contains two edge-disjoint spanning trees: 
the “horizontal” tree (marked with heavy lines) and the complementary “vertical” 
tree, see the figure above. From now on Black becomes Eraser and White becomes 
Inker. White (i.e. Inker) wins Bridge-it by using the above-mentioned “joining a 
vertex of piece A to a vertex of piece B” strategy. 

This strategy is not a pairing strategy, but there is a strong resemblance: we need a 
pair of spanning trees (see the two edge-disjoint spanning trees on the figure above). 
If the opponent damages one tree, we use the other one to fix the broken tree. 

Lehman’s Theorem inspired some important work in Matching Theory. Tutte 
[1961] and Nash-Williams [1961] proved independently of each other that the 
non-existence of two disjoint spanning trees of a multigraph G is equivalent to the 
existence of a set S of edges whose deletion splits G into at least (|S|+3)/2 compo- 
nents. When such an edge-set exists, Eraser wins simply by claiming edges from S$ 
so long as there remain any. In fact the theorem of Tutte and Nash-Williams is more 
general. It asserts that G has k pairwise disjoint spanning trees if and only if there 
is no set S of edges whose deletion splits G into more than (|S|-++ 1)/k components. 
This theorem has then been generalized by Edmonds [1965]. Edmonds’s Theorem 
is accompanied by an efficient algorithm which, in the special case of multigraphs, 
terminates by constructing either the set S or the k pairwise disjoint spanning trees. 
It follows that the inefficient “only if” part in the proof of Theorem 4.1 (‘Strategy 
Stealing”) can be replaced by an efficient polynomial strategy. 

Next we discuss a Reverse generalization of Lehman’s Theorem where the goal 
becomes the anti-goal. 


7. Multigraph Connectivity Game: a Biased Avoidance version. Very recently 
Hefetz, Krivelevich, and Szab6 [2007] made the surprising/elegant observation that 
Theorem 4.1 (“Lehman’s Theorem”) can be extended to the (1 : b) Avoidance play 
as follows. Let b > 1 be a fixed integer. In the (1 : b) Avoidance version the board 
remains the same multigraph G = (V, E), and the two players remain the same: 
Inker and Eraser. The players take turns, with Eraser going first; Inker claims one 
previously unclaimed edge of G and Eraser claims b previously unclaimed edge(s) 
of G. Eraser’s goal is to force Inker to claim all the edges of some spanning tree 
of G; Inker’s aim is simply to avoid building a spanning tree. 

Each edge of the multigraph represents a permissible connection between the 
vertices at its ends; begin the game with the edges drawn in pencil. Inker at his 
move may establish one of these connections permanently (ink over a penciled 
edge) and attempts to form a spanning tree (i.e. a tree containing every vertex). 
The opponent (Eraser) may permanently prevent b possible connection(s) (erase 
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penciled edges). When can Eraser win, i.e. when can he force the reluctant Inker 
to build a spanning tree? 

Hefetz, Krivelevich, and Szab6 [2007] discovered the following simple criterion, 
a kind of generalization of Lehman’s Theorem (the special case of (1:1) play was 
independently discovered by Brian Cornell, my former Ph.D. student at Rutgers). 


Theorem 4.2 In the Multigraph Connectivity Game played on a multigraph G, if 
G contains b+ 1 edge-disjoint spanning trees, then topdog Eraser can always win 
the (1:b) Avoidance game. In other words, Eraser can always force underdog Inker 
to occupy a whole spanning tree. 


Proof. Eraser’s strategy is to “prevent cycles.” Let T,, 7,,...,7,,,; be b+1 pair- 
wise disjoint spanning trees in multigraph G. For simplicity assume that G equals 
the union of these b+ 1 spanning trees, and Eraser is the second player. Let e, 
denote Inker’s first move, and assume that e, € T;. For every 1 <i<b+1 with 
i ~ j consider the spanning tree 7;,: adding the extra edge e, to T; there is a uniquely 
determined cycle C; in T,U {e,} containing e,. For every | <i<b+1 withi#/j 
Eraser picks an edge f, from cycle C; which is different from e,, this is Eraser’s 
first move. Eraser defines the new spanning trees: T; = T,, and T; = T;U {e,} \ {f;} 
for every | <i<b+1 with i¥ j. Identifying the two endpoints of e, we obtain 
a multigraph with one less vertex, which again contains b+ 1 pairwise disjoint 
spanning trees as before. Thus Eraser has no difficulty repeating the first step. 

We leave the general case — when G is strictly larger than the union of b+ 1 span- 
ning trees, and Eraser is the first or second player — to the reader as an exercise. 


Here is a natural question: can Theorem 4.2 be generalized to the (1:b) Achievement 
game, where underdog Inker is eager to build a spanning tree? The answer is “no”; 
we will discuss the proof in Section 20. 

We conclude Section 4 with another reverse game; in fact, with a Reverse Clique 
Game. 


8. Sim and other Clique Games on graphs. A well-known puzzle states that in a 
party of 6 people there is always a group of 3 who either all know each other or are 
all strangers to each other (this is the simplest special case of Ramsey’s well-known 
theorem). This fact motivates the very entertaining game of Sim. The board of Sim 
is K,, a complete graph on 6 vertices. 


Ke 


Blue does not 
want to take 
the ab-edge 
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There are 2 players: Red and Blue. At a turn a player colors a previously uncolored 
edge with his own color. Sim is a Reverse Game: that player loses who builds a 
monochromatic K; first; otherwise the play ends in a draw. In other words, in Sim 
either player’s goal is to force the opponent to complete a monochromatic triangle 
first. The game is named after Gustavus J. Simmons, see [1969]. 

The beauty of this game lies in its simplicity and the fact that a draw is impossible 
(this follows from the above-mentioned puzzle). 

In Sim the second player has a winning strategy, i.e. alternately coloring the edges 
of the complete graph K, red and blue, the second player can force the opponent 
to build a monochromatic triangle first. This result was proved by an exhaustive 
computer analysis. We don’t know any simple winning strategy; for a relatively 
simple one we refer the reader to O’ Brian [1978-79]. 

Sim is a Reverse Clique Game (“‘clique” is a nickname for “complete graph”); 
we denote it by (K,, K;,—). The notation is clear: K, is the board, “—” stands 
for “Reverse,” 
“normal” version, the (K,, K;) Clique Game, is just too easy: the first player can 
always have a triangle of his own first in his 4th move (or before). We leave the 
trivial details to the reader. 

An advanced version of the initial puzzle goes as follows: in a party of 18 people 
there is always a group of 4 who either all know each other or are all strangers to 
each other. This implies that if the board is K,, and the goal (or anti-goal) is K,, 
then again a draw is impossible. There are two game versions: the normal (Kj., K,4) 
Clique Game and the Reverse (Kjg, K,, —). Both are good games, although the 
difficulty of identifying tetrahedrons (K,) makes them somewhat hard to play. 
The normal (Kg, K,) Clique Game is known to be a first player win (why? see 
Theorem 6.1 later), but we don’t know how he wins. The Reverse version is a 
complete mystery; we don’t know anything. 


and K, is the “anti-goal.” How about the “normal” version? The 
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(a) Find an explicit first player winning strategy in the (K,,, K,) Clique Game. 
(b) Which player has a winning strategy in the Reverse Clique Game (K,,, K4, —)? 
If you know who wins, find an explicit winning strategy. 


The Clique Games are clearly related to the Ramsey Theorem, and the n“@ hyper- 
cube Tic-Tac-Toe is clearly related to the Hales—-Jewett Theorem — two basic results 
in Ramsey Theory. In the next few sections we explore the connection between 
Games and Ramsey Theory. 


5 


Games on hypergraphs, and the combinatorial 
chaos 


1. Positional Games. In Sections 1-4 we discussed several classes of concrete 
games: 


(1) S-building game on the plane; 
(2) n@ Tic-Tac-Toe; 

(3) unrestricted n-in-a-row; 

(4) Harary’s Animal Tic-Tac-Toe; 
(5) Kaplansky’s n-in-a-line; 

(6) Hex on an n x n board; 

(7) Bridge-it on n x (n+ 1) boards; 
(8) Multigraph Connectivity Game; 
(9) Sim and other Clique Games. 


We could find a satisfying solution only for each of the two Maker—Breaker games, 
classes (1) and (8), but the “who does it first” classes, namely classes (2)-(6) and 
(9), seem to be hopelessly difficult, with the lucky exception of Bridge-it (class (7)) 
and the small game of Sim. The humiliating Open Problems 3.1—3.2 and 4.1-4.6 
do not give too much reason for optimism. Why are “who does it first” games 
so difficult? Why do they lead to combinatorial chaos? Before addressing these 
exciting questions, we need to introduce some very general concepts, the basic 
concepts of the book. 

Is there a common way to generalize the seemingly very different classes (1)-(9)? 
A common feature is that there is always an underlying set V that we may call 
the “board,” and there is always a family F of “winning sets” (a family of subsets 
of V). 

Classes (2) and (4) are special cases of the following very general concept. 


Positional Games. Let (V, F) be an arbitrary finite hypergraph. A “finite hyper- 
graph” means that V is an arbitrary finite set, called the board of the game, and 
F is an arbitrary family of subsets of V, called the family of winning sets. The 
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two players, the first player and the second player, alternately occupy previously 
unoccupied elements (“points”) of board V. That player wins who occupies all the 
elements of some winning set A € F first; otherwise the play ends in a draw. 


V: board 


F : family of 
winning sets 


Sometimes we just give the family F of winning sets, then the board V is the 
union (),.-A of all winning sets. Note that the board V is also called the “vertex 
set,” the elements of V are also called “points” or “vertices,” and the winning sets 
A €éF are also called “hyperedges.” 

Every Positional Game is determined, which means that either: 


(a) the first player has a winning strategy, or 
(b) the second player has a winning strategy, or 
(c) both of them have a drawing strategy. 


Remarks. Alternatives (a), (b), (c) are what we call the three outcomes of a 
game. Of course, every single play has three possible outcomes: either the first 
player wins, or the second player wins, or the play ends in a draw, but the outcome 
of a particular play has nothing to do with the outcome of the game. For example, 
the second player can easily lose in ordinary Tic-Tac-Toe (e.g. if the first player 
opens in the center, and the second player replies on the side), even if Tic-Tac-Toe 
is a draw game (i.e. the game itself belongs to class (c)). 

The proof of the fact that Positional Games are all determined is very simple: it 
is a straightforward application of De Morgan’s law. Indeed, there are only three 
alternatives: either: 


(a) the first player = I has a winning strategy: 4x, Vy,4x,Vy,--- such that I wins; or 

(b) the second player =II has a winning strategy: Vx,dy,Vx,dy,--- such that II 
wins; 

(c’) or the negation of (a)v(b) 


7(@x,¥yideVy, +++ Twins) V (Wx, 4y,Vx,4y,--- IL wins)), 
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which, by De Morgan’s law, is equivalent to 
(Vx, dy, Vx,dy,--- L loses or draw) A (Ax,Vy,4x,Vy,--- IL loses or draw). 


So the third alternative is that both players have a drawing strategy, which is exactly 
case (c). 

This explains why strategy is the primary concept of Game Theory; in fact Game 
Theory is often called the Theory of Strategies. 

Every game can be visualized as a “tree of all possible plays,” called the game- 
tree. Backtracking of the game-tree gives a constructive proof for the previous 
existential argument. It provides an explicit winning (or drawing) strategy. The bad 
news is that backtracking is usually impractical. From a complexity viewpoint it 
is better to work with the (usually smaller) position graph; then “backtracking” 
is called “backward labeling of the position graph.” Unfortunately, “backward 
labeling” is still impractical: it takes “exponential time” (see Appendix C). 

(It is worth noting that infinite Positional Games are not necessarily determined. 
This is a famous paradox, see Theorems C.4 and C.5 in Appendix C.) 


2. Strategy Stealing: a remarkable existence argument. It is well known that 
whoever plays first in a Positional Game can force at least a draw. In other words, 
for Positional Games case (b) cannot occur. This seems very “plausible” because 
Positional Games are symmetric (i.e. both players want the same thing: to occupy 
a whole winning set first), and the first player has the advantage of the first move 
which “breaks” the symmetry. We will return to this “plausible proof” later. 


Theorem 5.1 (“Strategy Stealing”) Let (V,F) be an arbitrary finite hypergraph. 
Then playing the Positional Game on (V, F), the first player can force at least a 
draw, i.e. a draw or possibly a win. 


Remark. Theorem 5.1 seems to be folklore. “Strategy stealing” was definitely 
used by Nash in the late 1940s (in his “existential” solution of Hex), but the first 
publication of Theorem 5.1 is probably in Hales and Jewett [1963]. 


Proof. Assume that the second player (II) has a winning strategy, STR, and we 
want to obtain a contradiction. The idea is to see what happens if the first player (I) 
steals and uses STR. A winning strategy for a player is a list of instructions telling 
the player that if the opponent does this, then he does that, so if the player follows 
the instructions, he will always win. Now I can use II’s winning strategy STR to win 
as follows. I takes an arbitrary first move, and pretends to be the second player (he 
ignores his first move). After each move of II, I, as a fake second player, reads the 
instruction in STR before taking action. If I is told to take a move that is still avail- 
able, he takes it. If this move was taken by him before as his ignored “arbitrary” first 
move, then he takes another “arbitrary move.” The crucial point here is that an extra 
move, namely the last “arbitrary move,” only benefits I in a positional game. 
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This was a non-constructive proof: we did not construct the claimed drawing 
strategy. In a non-constructive proof it is particularly important to be very precise, 
so a true algebraist reader — requesting the highest level of precision — is justly 
wondering: “Where is the formal definition of the concept of strategy?’ This 
criticism is especially well-founded so that we referred to Game Theory above as 
the Theory of Strategies. 

Well, we have to admit: this approach was informal. We felt the concept of 
strategy was so natural/intuitive that it could be taken it for granted, something like 
“common sense.” Those who agree on this may go on reading the rest of the book 
without interruption. Those who don’t agree and feel it was “cheating” (they cannot 
be blamed; they have a point), should consult Appendix C first (before reading the 
rest of the book). 

Let’s return to “strategy stealing”; the fact that it does not supply an explicit strat- 
egy is a major weakness of the argument. It is an unlimited source of hopeless open 
problems. Here is a striking example. Open Problem 4.6 can be extended as follows: 
we know from Theorem 5.1 that the (K,,, K,) Clique Game is a first player win for 
every n> 18. Is there a uniform upper bound for the Move Number? More precisely 


Open Problem 4.6 (c) Js there an absolute constant C, < oo such that the first 
player can always win in less than C, moves in every (K,,, K,) Clique Game with 
n> 18? 

Is there an absolute constant C; < oo such that the first player can always win 
in less than Cs; moves in every (K,, K;) Clique Game with n > 49? 


These questions were asked more than 20 years ago, and it is unlikely that a solution 
for K; (or K, or K;) will be found in our lifetimes. 


Computational Complexity in a nutshell. Strategy stealing doesn’t say a word 
about how to find the existing strategy. What can we do then? As a last resort, we 
can always try exhaustive search, which means backtracking of the game-tree (or 
the position-graph). What is the complexity of the exhaustive search? To answer 
the question, consider a Positional Game, i.e. a finite hypergraph. If the board V 
is N-element, then the total number of positions is obviously O(3”). Indeed, in 
any particular instant of a play each point on the board can have 3 options: either 
marked by the first player, or marked by the second player, or unmarked yet. It 
follows that the size of the position-graph, i.e. the number of edges, is O(N - 3%). 

The size of the game-tree is clearly O(N!). Indeed, a play is a permutation of 
the board. Note that for large N, O(N -3%) is substantially less than O(N!). This 
saving, O(N - 3”) instead of O(N!), is the reason why it is more efficient to work 
with the position-graph instead of the game-tree. 

The exhaustive search of the position-graph, often called “backward labeling,” 
describes the winner and provides an explicit winning or drawing strategy in linear 
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time — linear in terms of the position-graph. For Positional Games the running time 
is O(N -3”), where N is the size of the board. 

At first sight this seems to be a satisfying answer. Well, not exactly. An obvious 
problem is that the exhaustive search is hardly more than mindless computation, 
lacking any kind of “understanding.” The practical problem is computational com- 
plexity: A 3’-step algorithm is intractable; to perform 3% operations is far beyond 
the capacity of the fastest computer even for a relatively small board-size such 
as (say) N = 100. This means that, unless we find some substantial shortcut, the 
exhaustive search of a positional game with board-size > 100 leads to completely 
hopeless combinatorial chaos. For example, the 5° Tic-Tac-Toe game has 125 cells 
(“Open Problem 3.1’) and K,, has 153 edges (“Open Problem 4.6”); in both cases 
the board-size is well over 100. 

This concludes our brief discussion of the “complexity of the exhaustive search.” 
For a more detailed (and more precise!) treatment of the subject we refer the 
sceptical reader to Appendix C. 


3. Reverse and semi-infinite games. Let us return to the “plausible proof” of 
Theorem 5.1: in a Positional Game the two players have exactly the same goal 
(“to occupy a whole winning set first’), but the first player has the “‘first-move- 
advantage,” which breaks the symmetry in favor of him, and guarantees at least a 
first player’s drawing strategy. This sounds pretty convincing. 

Here comes the surprise: the argument is faulty! Indeed, if we repeat the argument 
for the Reverse Positional Game (where that player loses who occupies a whole 
winning set first, see e.g. Sim in Section 4), then it leads to a false conclusion, 
namely to the conclusion that “the second player cannot lose.” Indeed, we can argue 
that in a Reverse Positional Game, the two players have exactly the same goal, but 
the first player has the “first-move-disadvantage,” which breaks the symmetry 
in favor of the opponent, implying that the second player cannot lose. But the 
conclusion is false: it is not true that the second player cannot lose a Reverse 
Positional Game. There are infinitely many Reverse Positional Games in which the 
first player has a winning strategy, e.g. the Reverse 3° Tic-Tac-Toe. 


Theorem 5.2 (“Reverse n@ Tic-Tac-Toe”) Consider the Reverse n“ game: the only 
difference in the rule is that the player who occupies a whole n-in-a-line first is 
the loser. If n is odd (i.e. the geometric center of the board is a “cell”), the first 
player has an explicit drawing strategy. If n is even (i.e. the geometric center of 
the board is not a “cell”), the second player has an explicit drawing strategy. 


The following shockingly simple proof is due to Golomb and Hales [2002]. If n 
is odd, then first player’s opening move is the center C, and whenever the second 
player claims a point (i.e. a cell) P, the first player chooses the reflection P’ of P 
with respect to center C (ie. P,C, P’ are on the same line and the PC distance 
equals the CP’ distance). Assume the first player colors his points red, and the 
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second player colors his points blue. We show that the first player cannot lose. 
Indeed, assume that the first player loses, and L is the first n-in-a-line owned by 
a player during the course of a play (i.e. L is a red line). Observe that L cannot 
contain center C. Indeed, every completed n-in-a-line containing the center has 
precisely (n+ 1)/2 red and (n—1)/2 blue points. If L doesn’t contain the center, 
then its reflection L’ is a complete blue line, and since L’ was completed before L, 
we get a contradiction. 

On the other hand, if n is even, then the second player can use the “reflection strat- 
egy,” i.e. choosing P’ if first player’s last move is P, and achieve at leastadraw. 


Note that the 33 board does not have a drawing terminal position (“easy case study”), 
so first player’s explicit drawing strategy in the Reverse 3° game is automatically 
“upgraded” to a winning strategy. 

In general, for every n (> 3) there is a finite threshold dy = dy(n) such that the 
n* board does not have a Drawing Terminal Position if d > dy. This follows from 
a famous result from Ramsey Theory (“Hales—Jewett Theorem”). So, if d > do, 
then first player’s (resp. second player’s) explicit drawing strategy if n is odd (resp. 
even) in Theorem 5.2 is automatically upgraded to a winning strategy. This proves 
that, for Reverse Positional Games each one of the 3 possible outcomes — see (a), 
(b), and (c) above — can really occur. 

The concept of Positional Games covers class (2) (“n* Tic-Tac-Toe’’) and class (4) 
(“Harary’s Animal Tic-Tac-Toe’”). In order to include class (3) (“unrestricted n-in- 
a-row’’) we just need a slight generalization: the concept of semi-infinite Positional 
Games. The minor difference is that the board V is infinite, but the winning sets A € F 
areall finite. The length ofasemi-infinite Positional Gamesis defined tobe theusual < w. 

Semi-infinite Positional Games and Reverse Positional Games remain determined: 
(a) either the first player has a winning strategy, (b) or the second player has a winning 
strategy), (c) or either player can force a draw. We can basically repeat the proof 
of the finite case as follows. If player P (first or second) has no winning strategy, 
then the opponent, called player Q, can always make a next move so that player P 
still has no winning strategy, and this is exactly how player Q can force a draw. The 
point is that the winning sets are finite, so if a player wins, he wins in a finite number 
of moves; this is why player P cannot win and the opponent, player Q, forces a draw. 

Similarly, for semi-infinite Positional Games one alternative is excluded: the 
second player cannot have a winning strategy. Again the same proof works. 

In the rest of the section we focus on Positional Games. 

We are ready to address the main question of the section: Why are “who does it 
first” games so difficult? Consider, for example, Open Problem 4.1: Is it true that 
unrestricted 5-in-a-row is a first player win? This remains open in spite of the fact 
that for the 19 x 19 board there is an explicit first player’s winning strategy! (It is a 
computer-assisted proof, a huge case study. The 19 x 19 board comes up naturally 
as the crosspoints of the Go board.) 
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The game 5-in-a-row on a 19 x 19 board has an explicit first player win strategy, 
but, as far as we know, no one can extend it to the whole plane. At least we don’t 
know any rigorous proof. How is it possible? Well, this is the “curse of the Extra 
Set Paradox”; in fact, the “curse of the Induced Extra Set Paradox.” The Extra Set 
Paradox says that: 


4. Winning in Positional Games is not monotone. Let us start with a simple 
first player win hypergraph; for example, consider a binary tree of (say) 3 levels: 
the winning sets are the 4 full-length branches (3-sets, the players take vertices) of 
the binary tree. Adding n disjoint 2-element “extra sets” to the hypergraph enables 
the second player to postpone his inevitable loss by n moves (of course n can be 
infinite like n = @). 


a—_—-~ 


eee 


By the way, the second player can easily postpone his inevitable loss by adding 
pairwise disjoint 2-element sets to any first player win hypergraph. 

In the previous example the second player can postpone his loss by n moves, 
where n can be arbitrarily large, but eventually the second player will lose the play. 
The Extra Set Paradox is more sophisticated: it says that we can construct a finite 
hypergraph (i.e. a Positional Game) which is a first player win, but adding an extra 
winning set turns it into a draw game. What it means is that winning is not monotone! 

The simplest example we know is the following: the hypergraph on picture 2 
consists of the 8 full branches (4-sets, the players take vertices) of the binary tree 
plus a 3-element Extra Set. The 8 4-sets form an economical winner for the first 
player; adding the 3-element Extra Set turns it into a draw game. 


n 


Extra Set Paradox: extra sét 


This simple/elegant construction is due to R. Schroeppel. 

In Schroeppel’s constructions neither hypergraph was uniform. In 2002, two 
former Ph.D. students K. Kruczek and E. Sundberg were able to demonstrate the 
Uniform Extra Set Paradox: they constructed a hypergraph of 10 4-sets which is 
a draw, but deleting the {a, b, c, d} set, the remaining hypergraph is a first player 
win, see figure below. 
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Uniform Extra Set Paradox: 


23 =8 full branches plus 

{b, c, d, e} is a first player 
win; adding extra set 

{a, b, c, d} to the hypergraph 
turns it into a draw 


Later we learned a simpler 3-uniform example from the “colossal book” of Martin 
Gardner [2001]. 


every 
3-in-a-row 
draw wins 


first player win 


An even smaller 3-uniform example was found very recently by Sujith Vijay 
(Ph.D. student at Rutgers); we will discuss this example later. 

Yet another kind of example is the Induced Extra Set Paradox: There is a 
hypergraph such that the Positional Game on it is a draw, but an induced sub- 
hypergraph is a first player win. The picture below shows a hypergraph on 7 points 
such that the Positional Game is a draw, but an induced sub-hypergraph on 5 
points is a first player win. The board consists of 1,2,...,7, the winning sets are 
{1, 2,3}, {1, 3,4}, {1,4, 5}, {1,2, 5}, {6,7}, {4,5, 6}, and {4,5, 7}. The induced 
sub-hypergraph has the sub-board 1, 2, 3,4, 5, and the 4 winning sets contained by 
this sub-board, see the figure below. 


Induced 2 
Extra Q 
Set 
Paradox: 
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The first player wins the Positional Game on the sub-hypergraph induced by 
the sub-board 1, 2, 3, 4, 5 by taking first 1. On the whole hypergraph, however, 
the first player cannot win. Indeed, if his first move is 1, then the second player 
subsequently takes 6, 4, 2, forcing the first player to take 7, 5, and it is a draw. If 
the first player’s first two moves are (say) 6, 1, then the second player subsequently 
takes 7, 4, 2, forcing a draw. Finally, if the first player’s first 3 moves are (say) 
6, 4, 1, then the second player subsequently takes 7, 5, 3, forcing a draw. This 
construction is due to Fred Galvin; it is about 10 years old. 

Galvin’s construction was not uniform; how about the Uniform Induced Extra Set 
Paradox? Does there exist a uniform hypergraph such that the Positional Game on it 
is a draw, but an induced sub-hypergraph is a first player win? Very recently, Ph.D. 
student Sujith Vijay was able to construct such an example; in fact, a 3-uniform 
example. 

We begin the discussion with a simpler construction: Sujith Vijay was able to 
find the smallest possible example of the Uniform Extra Set Paradox: a 3-uniform 
hypergraph on 7 points with 7 3-sets. Consider the hypergraph H = (V, E), where 
the vertex-set V = {1,2,..., 7} and the edge-set FE = {(1, 2, 3), (1, 2, 4), (1, 2,5), 
(1, 3,4), 1,5, 6), (3,5, 7)}. Let P, denote the first player and P, denote the second 
player. 


P| =first player P,=second player 


P, can force a win on this hypergraph as follows: 


Move 1: P, picks 1. P, is forced to pick 2, for otherwise P, will pick 2 and 
eventually wins, since at most two 3-sets can be blocked in 2 moves. 

Move 2: P, picks 3. P, is forced to pick 4 (immediate threat!). 

Move 3: P, picks 5. P, is forced to pick 6 (immediate threat!). 

Move 4: P, picks 7 and wins. 


Now add the extra set: E’ = EU{(2,4,6)}. We claim that the game played on 
H' = (V, E’) is a draw (with optimal play). 
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In order to have any chance of winning, P,;’s opening move has to be 1. P, 
responds by picking 2. 

If P, picks 3 (respectively 5) in Move 2, P, picks 4 (respectively 6). P, is then 
forced to pick 6 (respectively 4) and P, picks 5 (respectively 3), forcing a draw. 

If P, picks 4 (respectively 6) in Move 2, P, picks 3 (respectively 5), forcing a 
draw. 

Picking 7 in Move 2 makes a draw easier for P,. 

Thus P, can always force a draw on H’. 

Furthermore, it is clear that any such 3-uniform example requires at least 7 
vertices, since an extra edge cannot prevent a 3-move win. 

Now we are ready to discuss the Uniform Induced Extra Set Paradox. Consider 
the hypergraph H” = (V”, E”) where the vertex-set V” = {1,2,...,9} and the 
edge-set E” consist of the 7 3-sets {(1, 2,3), (1, 2,4), (1, 2,5), (1, 3, 4), (1,5, 6), 
(3,5, 7)} of E above, plus the two new 3-sets (2,4,8) and (2,6,9). Again P, 
denotes the first player and P, denotes the second player. 


4} 
ai eearae 
A 


As we have already seen, P, can force a win on the sub-hypergraph induced 
by V = {1,2,..., 7}, ie. on H =(V,£). We claim that the game on the entire 
hypergraph H” is a draw (with optimal play). 

In order to have any chance of winning, P,;’s opening move has to be 1. P, 
responds by picking 2. 

If P, picks 3 (respectively 5) in Move 2, P, picks 4 (respectively 6). P, is 
then forced to pick 8 (respectively 9) and P, picks 5 (respectively 3), forcing a 
draw. 

If P; picks 4 (respectively 6) in Move 2, P, picks 3 (respectively 5), forcing a 
draw. 

Picking 7, 8, or 9 in Move 2 makes a draw easier for P). 

Thus P, can always force a draw on H”. 
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Now something different: let me recall Open Problem 4.1: Is unrestricted 5-in-a- 
row a first player win? This is difficult because of the Extra Set Paradox. A related 
question is: 


Open Problem 5.1 Consider the unrestricted 5-in-a-row; can the first player 
always win in a bounded number of moves, say, in less than 1000 moves? 


Open Problem 4.1 and 5.1 are two different questions! It is possible (but not very 
likely) that the answer to Open Problem 4.1 is a “yes,” and the answer to Open 
Problem 5.1 is a “no.” 

The Extra Set Paradox shows that (finite) Positional Games can have some rather 
surprising properties. Semi-infinite Positional Games provide even more surprises. 
The following two constructions are due to Ajtai-Csirmaz—Nagy [1979]. 


Finite but not time-bounded. The first example is a semi-infinite Positional Game 
in which the first player can always win in a finite number of moves, but there is 
no finite n such that he can always win in less than n moves. The hypergraph has 
8 4-element sets and infinitely many 3-element sets: 


, nw 
~ Be ee 4 
‘ AAAS 
Tons 2 3 4 
n=1,2,3,... 0 1 


The 8 4-element sets are the full-length branches of binary tree B,; of 15 vertices. 
To describe the 3-element sets, consider trees T),,;, 2 = 1,2,3,... as shown on the 
figure. Tree T,,,, has 2n-+ 1 vertices which are labeled by 0, 1, 1’, 2,2’, ..., n,n’. 
The 3-sets are {0, 1, 1’}, {1,2,2’}, {2,3,3'},---, {n—1,n,n’} as n=1,2,3,.... 
The first player can win by occupying a 4-set from B,;. Indeed, his first move is 
the root of binary tree B,;. If the second player stays in B,;, then the first player 
occupies a 4-set in his 4th move. If the second player makes a move in a T;,,, 
the first time, then first player’s next move is still in B,;. When the second player 
makes his move in the same T,,,, the second time, the first player is forced to 
stay in this 7,,,, for at most n more moves, before going back to B,, to complete 
a 4-set. So the first player can always occupy a 4-set, but the second player may 
postpone his defeat for n moves by threatening in 7;,,,,. In other words, the first 
player wins in a finite number of moves but doesn’t have a time-bounded winning 
strategy. 


Finite but not space-bounded. In the next example the first player wins but doesn’t 
have a space-bounded winning strategy: there is no finite subset of the board such 
that in every play the first player can win by occupying elements of this finite 
subset only. 
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Figure 5.1 


Let the board be X = {R}U{P,;: | <i<,0< j <7}, see Figure 5.1 below. 
Let X, = {R} Uf{P;.; > 1<i<n,0<j<7},n=1,2,3,... be finite initial segments 
of the infinite board. 

The winning sets are 


{R, Pi os Prats {R, Pio; Pio, Pi 3}, {R, Pio, Pio, P45 Pi 5}, {R, Pio, Pio, Pia; Pio} 


I 


for all 1 <i<, and {P,,, P,3, Pi.5, Py7} for all 1 <i<k < . The first player 
has a time-bounded winning strategy: he can win in his 5th move. He starts with 
occupying root R. The second player’s first move is an element of sub-board X,,. 
Then the first player threatens and wins by occupying P,.41.9, Pati» Pastas Prsi.e 
in succession. On the other hand, the first player cannot win by restricting him- 
self to any finite sub-board X,. Indeed, if the first player has to stay in X,, 
then the second player can avoid losing by picking first either R or P,,7. If the 
second player occupies root R, then he controls the play. If he occupies P,, ,, 
then he can prevent the first player’s only real threat: P; 9, P;», P;,4, P;,¢6 in suc- 
cession for some i < n (since {P,,, P;.3, Ps, P,,7} is a winning set). So the first 
player has a time-bounded winning strategy, but not a space-bounded winning 
strategy. 

The concept of finite and semi-infinite Positional Games covers game classes 
(2)-(4), but how about class (6) (“Hex”) and class (7) (“Bridge-it”)? Hex and 
Bridge-it are not Positional Games: the winning sets for the two players are not the 
same; in Bridge-it the two players don’t even share the same board: White moves 
in the white lattice and Black moves in the black lattice. 


5. Weak Win: Maker—-Breaker games. A natural way to include Hex and Bridge- 
it is the concept of the Maker—Breaker game, which was introduced in Theorem 1.2. 
We recall the definition: on a finite hypergraph (V, F) we can play the “symmetric” 
Positional Game and also the “one-sided” Maker—Breaker game, where the only 
difference is in the goals: 
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(1) Maker’s goal is to occupy a whole winning set A € F, but not necessarily first, 
and 

(2) Breaker’s goal is simply to stop Maker (Breaker does not want to occupy any 
winning set). The player who achieves his goal is declared the winner — so a 
draw is impossible by definition. Of course, there are two versions: Maker can 
be the first or second player. 


There is a trivial implication: if the first player can force a win in the Positional 
Game on (V, F), then the same play gives him, as Maker, a win in the Maker- 
Breaker game on (V, F). The converse is not true: ordinary Tic-Tac-Toe is a simple 
counter-example. 

We often refer to Maker’s win as a Weak Win (like Weak Winner in Section 1). 
Weak Win is easier than ordinary win in a Positional Game. While playing the 
Positional Game on a hypergraph, both players have their own threats, and either of 
them, fending off the other’s, may build his own winning set. Therefore, a play is a 
delicate balancing between threats and counter-threats and can be of very intricate 
structure even if the hypergraph itself is simple. 

The Maker—Breaker version is usually somewhat simpler. Maker doesn’t have 
to waste valuable moves fending off his opponent’s threats. Maker can simply 
concentrate on his own goal of building, and Breaker can concentrate on blocking 
the opponent (unlike the positional game in which either player has to build and 
block at the same time). Doing one job at a time is definitely simpler. 

For “ordinary win” even the most innocent-looking questions are wide open, 
such as the following “plausible conjecture.” 


Open Problem 5.2 Is it true that, if the n“ Tic-Tac-Toe is a first player win, then 
the n? game, where D > d, is also a win? 


This is again the “curse of the Extra Set Paradox.” In sharp contrast with ordinary 
win, there is no Extra Set Paradox for Weak Win! The Weak Win version of 
Open Problem 5.2 is trivial: Maker simply uses a Weak Win strategy within a 
d-dimensional sub-cube of the n? cube. 

The twin brother of Open Problem 5.2 is the following: 


Open Problem 5.3 Is it true that, if the n4 game is a draw, then the (n+ 1)4 game 
is also a draw? 


Note that Golomb and Hales [2002] proved a weaker result, that we formulate as 
an exercise. 


Exercise 5.1 /f the n“ game is a draw, then the (n+2) game is also a draw. 


The reader is probably wondering: “Why is it easier to go from n to n+2 than from 
n to n+1?’ A good reason is that the n@ board is the “interior” of the (n+2)4 
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4 and 


board. The lack of any similar simple (geometric) relation between the n 
(n+1)@ games raises the possibility of occasional non-monotonicity here. That is, 
it may be, for some n and d, that the n@ game is a draw, the (n+ 1) game is a 
first player win, and the (n+ 2) game is a draw again. 

We believe that in the class of n4 Tic-Tac-Toe non-monotonicity never happens. 
We are convinced (but cannot prove!) that for each given value of d, there is a 
critical value no(d) of n below which the first player can always force a win, while 
at or above this critical value the n@ game is a draw. 


In contrast, monotonicity is totally trivial for Weak Win. 


Weak Win is not easy! As said before, Weak Win is obviously easier than ordinary 
win, because Maker doesn’t have to occupy a winning set first (this is why non- 
monotonicity never happens), but “easier” does not mean “easy.” Absolutely not! 
For example, the notoriously difficult game of Hex is equivalent to a Maker—Breaker 
game, but this fact doesn’t help to find an explicit winning strategy. We prove the 
equivalence: let WeakHex denote the Maker—Breaker game in which the board is 
the n x n Hex board, Maker=White, Breaker=Black, and the winning sets are the 
connecting chains of White. We claim that Hex and WeakHex are equivalent. To 
show the equivalence, first notice that in Hex (and also in WeakHex) a draw is 
impossible. Indeed, in order to prevent the opponent from making a connecting 
chain, we must build a “river” separating the opponent’s sides, and the “river” itself 
must contain a chain connecting the other pair of opposite sides. (This “topological” 
fact seems plausible, but the precise proof is not completely trivial, see Gale [1979].) 
This means that Breaker’s goal in WeakHex (i.e. “blocking’’) is identical to Black’s 
goal in Hex (i.e. “building first”). Here “identical” means that if Breaker has a 
winning strategy in WeakHex, then the same strategy works for Black as a winning 
strategy in Hex, and vice versa. Since a draw play is impossible in either game, 
Hex and WeakHex are equivalent. 

The concept of Maker—Breaker game clearly covers class (1) (“S-building game 
in the plane”) and class (8) (“Multigraph Connectivity Game”); it has just been 
explained why it covers class (6) (“Hex”), and, of course, the same argument 
applies for class (7) (“Bridge-it”), which is covered by class (8) anyway. The 
concept of finite and semi-infinite Positional Games covers classes (2)-(3)-(4); 
but how about class (5): Kaplansky’s n-in-a-line? This is a Shutout Game; we 
can play a Shutout Game on an arbitrary hypergraph (V, F), finite or infinite. 
First we choose a goal integer n(> 1); an n-Shutout Game on (V, F) is similar 
to the Positional Game in the sense that that the players alternate, but the goal is 
different. Instead of “complete occupation” the players want an “n-shutout;” i.e. 
if during a play the first time there is a winning set A € F such that one of the 
players, we call him player P, owns n elements of A and the other player owns 
no element of A, then player P is declared the winner. If V is infinite, the length 
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of the play is < w. If an w-play does not have a winner, the play is declared 
a draw. 

Kaplansky’s n-in-a-line is an n-Shutout Game with hypergraph V =“Euclidean 
plane” and F =“the family of all straight lines in the plane.” 

If F happens to be an n-uniform hypergraph, then the concepts of n-Shutout 
Game and Positional Game become identical. 


6. Why does ordinary win lead to combinatorial chaos? We start with a short 
answer: exponentially long play and non-monotonicity! Next comes the long, 
detailed answer: notice that the three concepts of Positional Game, Maker—Breaker 
Game, and n-Shutout Game are all defined for every finite hypergraph. Let A 
denote the family of all finite hypergraphs; the concept of Positional Game splits 
A into two natural classes. Indeed, for every finite hypergraph F € A there are two 
options: the Positional Game played on F is a (1) first player win, or a (2) draw 
game, that is 


A = Arvin U A tii 


Let A[=> ThreeChrom] denote the sub-family of all finite hypergraphs with chro- 
matic number > 3 (for the definition of the well-known concept of chromatic number 
see the last paragraph before Theorem 6.1 in Section 6). If F ¢ A[=> ThreeChrom], 
then playing the Positional Game on F there is no drawing terminal position, imply- 
ing that the first player (at least) drawing strategy in Theorem 5.1 is automatically 
upgraded to a winning strategy. Formally 


A[= ThreeChrom] c A 


win* 


A fundamental difference between the two classes is that the class A[> 


ThreeChrom] is monotone increasing and the other class A,,;, is non-monotonic. 


Monotone increasing simply means that, if F € A[> ThreeChrom] and F cG, 
then G € A[> ThreeChrom]. This property is clearly violated for A,,,,: the curse 
of the Extra Set Paradox. 

Class A[=> ThreeChrom] is the subject of Ramsey Theory, a higly diffi- 
cult/respected chapter of Combinatorics. The non-monotonicity of class A,,;, 
indicates that understanding ordinary win is far more difficult than Ramsey Theory 
(which is already difficult enough). 

Another good reason why ordinary win is so hard is the size of the Move Number. 
Theorem 1.3 gives an exponential lower bound for the Move Number of several 


games discussed so far: 


(1) n@ hypercube Tic-Tac-Toe; 
(2) Kaplansky’s n-in-a-line game; 
(3) S-building game in the plane (see Sections 1-2). 
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In games (1)-(2) the family of winning sets is Almost Disjoint, and Theorem 1.3 
gives the lower bound > 2“~)/? for the Move Number. Game class (3) defines 
a nearly Almost Disjoint hypergraph, and Theorem 1.3 gives the slightly weaker 
but still exponential lower bound > 29n/ > for the Move Number, where |S| = n. 
Exponential building time is a far cry from economical winners! 

Another example is the class of: 


(4) Clique Games. 


Class (4) differs from (1)-(3) above in the sense that Theorem 1.3 doesn’t work, but 
using Theorem 1.4 (instead of Theorem 1.3) and a simple “embedding trick,” we can 
easily show that it takes at least 2“/? moves to build a K q: Lhe details go as follows: 
the first 24/7 moves give 2-2? edges with at most 4-24 endpoints. It follows 
that the first 2”? moves in every play of the Clique Game can be embedded into 
a play in the canonical board K, with vertex set {1,2,..., N}, where N = 4- 24/7, 
The point is that the Clique Game (Ky, K,) with N = 4-2 is a draw; this easily 
follows from Theorem 1.4. Indeed, the condition of Theorem 1.4 applies if 


(") <2()-! where N=4.24?. (5.1) 
We leave it to the reader to verify that inequality (5.1) holds for all g => 20, proving 
that building a K, takes at least 2“/* moves. 

Note that the mere fact of “exponentially long play” does not necessarily mean 
“combinatorial chaos.” Consider, for example, a biased (2:1) play on a family of 
2" pairwise disjoint n-sets. Maker is the first player and the “topdog.” Maker 
takes 2 points per move; Breaker is the “underdog”: he takes 1 point per move. 
Maker can easily occupy a whole given n-set (how?), but it takes him at least 
2"-? moves to do so (if Breaker plays rationally). This is an exponentially long 
building strategy for an n-set, but no one would call it difficult. It is a “halving” 
strategy which has a transparent self-similar nested structure. The transparency of 
the winning strategy comes from “disjointness.” 

What makes a hypergraph in A,,,,, such a strong candidate for “combinatorial 
chaos” is that for the majority of Positional Games, such as classes (1)-(4) above, 
winning takes at least exponentially many moves, and, at the same time, we face 
non-monotonicity (of course, the hypergraphs in A,,,, are completely different 
from the “disjoint hypergraph” example above!). Exponential time implies that the 
number of relevant positions is (at least) doubly exponential, and non-monotonicity 
indicates a lack of order, unpredictable behavior. The analysis of a Positional Game 
on a hypergraph from class A,,,,, exhibits a “doubly exponential disorder,” or using 
the vague/popular term, “combinatorial chaos.” 

Of course, this was not a rigorous proof, just a naive attempt to understand why 
ordinary win is so hard. (Another good reason is that every finite game of complete 
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information — including Chess and Go — can be simulated by a Positional Game; 
see Appendix C at the end of the book.) 

Now let’s switch from ordinary win to Weak Win: to achieve a Weak Win (i.e. 
to build but not necessarily first) still takes an exponentially long time (at least 
for game classes (1)-(4)), but Weak Win is a monotonic property, which makes 
it so much easier to handle. And, indeed, in the next chapter we will be able to 
describe the exact value of the phase transition from Weak Win to Strong Draw for 
several classes of very interesting games (Clique Games, 2-dimensional arithmetic 
progression games, etc.). These exact solutions are the main results of the book. 

The 2-class decomposition 


A fe Arvin U A drain 


of all finite hypergraphs can be extended into a natural 6-class decomposition in 
the following way. 


7. Classification of All Finite Hypergraphs. Let F be an arbitrary finite hyper- 
graph, and consider the Positional Game played on F (the board V is the union 
set); hypergraph F belongs to one of the following 6 disjoint classes. 


(0) Class 0 (“Trivial win’’): It contains those hypergraphs F for which every play 
is a first player win. 

This is a dull class; we can easily characterize the whole class as follows. 
Let n be the minimum hyperedge size in F and let V be the board; then 
|V| => 2n—1 and every n-element subset of V must be a hyperedge in F. The 
reader is challenged to prove this. 

The next class is much more interesting. 

Class 1 (“Draw is impossible: forced win’’): In this class every play has a 
winner; in other words, a Draw can never occur. 


a 


7 


Every Positional Game in Class | is a first player win. Indeed, first player’s 

(at least) drawing strategy — see Theorem 5.1 — is automatically upgraded to a 

winning strategy (this simple observation is our Theorem 6.1 later). Of course, 

we have no clue how first player actually wins. 

Class 2 (“Forced win but Drawing Position exists: delicate win’’): It contains 

those hypergraphs F which have a Drawing Position, but the first player can 

nevertheless force a win. 

(3) Class 3 (“Delicate Draw’’): It contains those hypergraphs * for which the 
Positional Game is a Draw but the first player can still force a Weak Win (the 
Full Play Convention applies!). 

(4) Class 4 (“Strong Draw’): It contains those hypergraphs F for which the 
second player has a Strong Draw, but there is no Pairing Strategy Draw. 

(5) Class 5 (“Pairing Strategy Draw’’): It contains those hypergraphs F for which 
the second player has a Pairing Strategy Draw (the simplest kind of draw). 


(2 


wma 
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Note that each class contains an example from n“ Tic-Tac-Toe. Indeed, each 24 
Tic-Tac-Toe belongs to the trivial Class 0; 3? Tic-Tac-Toe belongs to Class 1, and, 
in general, for every n > 3 there is a finite threshold dy = dy(n) such that, if d > dp, 
n4 Tic-Tac-Toe belongs to Class | (“Hales—Jewett Theorem”). Both Classes 0 and 
1 contain infinitely many n@ Tic-Tac-Toe games, but the 4? is the only Tic-Tac-Toe 
game in Class 2 that we know. Similarly, the 37 is the only Tic-Tac-Toe game in 
Class 3 that we know. The 4? game belongs to Class 4; then comes a big “gap” in 
our knowledge: the next game we know to be in Class 4 is the 16-dimensional 44!° 
game. By Theorem 3.4 (a) the Point/Line ratio in the n@ Tic-Tac-Toe is 


né 2 


(@+2)4=nA/2~ (14.2) =1 


which in the special case n = 44, d = 16 equals 


2 on a 
(eye Sa ~ 1.0365’ 


a fraction less than 2, proving that 44!° Tic-Tac-Toe cannot have a Pairing Strategy 
Draw. 

The fact that the 44'° game is a Strong Draw is more complicated (see Part D). 
Besides 44!° Tic-Tac-Toe there are infinitely many “high-dimensional” n“ games 
in Class 4; we prove it in Part D. We don’t know any n“@ game in Class 4 between 
dimensions 5 and 15. 

Finally Class 5: it contains all n? games with n > 5 (see Theorem 3.3). 


Open Problem 5.4 [s it true that each hypergraph class contains infinitely many 
n? games? The unknown cases are Class 2 and Class 3. 


What we can prove is that Class 2 and Class 3 together are infinite. For example, 
each n@ Tic-Tac-Toe with d =n? and n sufficiently large belongs to either Class 2 
or Class 3, but we cannot decide which one; for the details, see Section 12. 

Pairing Strategy Draw (see Class 5) is well understood by Matching Theory, and 
Class 1 is basically Ramsey Theory. We cannot distinguish Class 2 from Class 3, 
but we know a lot about Class 4: Class 4 is a central issue of the book. 

We conclude Section 5 with a possible: 


Common generalization of Positional and Maker—Breaker Games. On the same 
finite hypergraph (V, F) we can play the Positional Game (“generalized Tic-Tac- 
Toe”) and the Maker-Breaker game. A common generalization is the concept of 
Two-Hypergraph Game (V, 7,G): Let F an G be two hypergraphs on the same 
board V; the first player wins if he can occupy an A € F before the second player 
occupyies a B € G; the second player wins if he can occupy a B € G before the first 
player occupyies an A € F; otherwise the play ends in a draw. 
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If F and G are different, then it is called an Asymmetric Two-Hypergraph 
Game. Hex is clearly an Asymmetric Two-Hypergraph Game. The symmetric case 
F =G gives back the class of “Positional Games,” and the other special case 
G = Transv(F) gives the class of “Maker—Breaker Games.” We owe the reader the 
definition of the transversal hypergraph: For an arbitrary finite hypergraph F write 


Transv(F) ={SCV(F): SQA for all Ac F}; 


Transv(F) is called the transversal hypergraph of F. 

In the Reverse version of the Two-Hypergraph Game (V, F,G) the player who 
loses is the player who occupies a whole winning set from his own hypergraph 
first; otherwise the play ends in a draw. 

Note that the class of Two-Hypergraph Games is universal(!); every finite game 
of complete information can be simulated by a Two-Hypergraph Game, see the part 
of “Simulation” in Appendix C. 

The class of Two-Hypergraph Games, including the Reverse version, and the 
biased versions, is a very large class that covers most of the games discussed in this 
book, but not all. Some games will go beyond this framework; for example, the (1) 
“Picker—Chooser” and “Chooser—Picker” games, and the (2) “Shutout Games.” 

A last remark about Theorem 5.1: in view of Theorem 5.1 the second player 
cannot have a winning strategy in a Positional Game. If he cannot win, then what 
is the best that the second player can still hope for? This exciting question will 
be addressed at the end of Section 12, see “The second player can always avoid 
a humiliating defeat!” and “Second player’s Moral Victory.” Theorem 12.7 is the 
“moral-victory” result. It has the most difficult proof in the book; this is why we 
have to postpone the long proof to the end of the book, see Section 45. 


Chapter II 


The main result: exact solutions for infinite 
classes of games 


Winning in “who does it first” games seems to be hopeless. We know nothing other 
than exhaustive search, which leads to combinatorial chaos. Weak Win is doable 
by the potential technique, see e.g. Sections 1-2. The potential technique is very 
flexible, but it gives terribly weak upper bounds for the “Move Number” (such 
as < 10° moves for the regular pentagon or < 10'*°°° moves for the 9-element 
3 x 3 Tic-Tac-Toe set S,, see Example 3 in Section 1). It seems that the potential 
technique provides very good qualitative but ridiculous quantitative results. 

The surprising good news is that, under some special circumstances — namely for 
“2-dimensional goal sets in degree-regular hypergraphs” — the potential technique is 
capable of giving excellent quantitative results, even exact solutions! This includes 
many natural positional games, like Cliques Games and sub-lattice games; for them 
we can determine the exact value of the “phase transition” from Strong Draw to 
Weak Win. In fact, we can determine these “game numbers” for infinite classes of 
games. 

The bad news is that the proofs are difficult, and they work only for large values 
of the parameters (when the “error terms” become negligible compared to the “main 
term’). 

As a byproduct of the exact solutions we obtain the unexpected equality 


Achievement Number = Avoidance Number 


which holds for our “Ramseyish” games, but fails, in general, for arbitrary 
hypergraphs. 

Another exciting byproduct of the exact solutions is “second player’s moral 
victory,” see the end of Section 12. 

The Weak Win thresholds in our “Ramseyish” games and the corresponding 
Ramsey Theory thresholds turn out to be (typically) very different. 
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6 
Ramsey Theory and Clique Games 


1. Achievement Games and Avoidance Games. At the end of Section 5 a 
classification of finite hypergraphs (Classes 0-5) was introduced. Everything known 
to the author about Class 1 (“Draw is impossible: forced win”) comes from Ramsey 
Theory. 

The graph version of Ramsey’s well-known theorem says that, for any g, there 
is a (least) finite threshold R(q) such that, for any 2-coloring of the edges of 
the complete graph K, with N = R(q) vertices, there is always a monochromatic 
copy of K,. 

R(q) is called the Ramsey Number. For example, R(3) = 6 (the goal is a 
“triangle”) and R(4) = 18 (the goal is a “‘tetrahedron’’). 

Unfortunately the exact value of the next Ramsey Number R(5) is unknown, 
but we know the close bounds 43 < R(5) < 49; for R(6) we know much less: 
102 < R(6) < 165, and for larger values of g it’s getting much, much worse. For 
example, the current record for K,) is 798 < R(10) < 12677. 

The close connection between Ramsey Theory and games is clearly illustrated by 
the entertaining “Ramseyish” game of Sim, introduced at the end of Section 4. Sim, 
denoted by (K,, K;, —), is in fact a Reverse Positional Game, a Reverse Clique 
Game. The notation is clear: Kg is the board, “—” stands for “Reverse,” and K; is 
the “anti-goal.” The “normal” version (K,, K3) is far too easy: the first player can 
always have a triangle of his own first in his 4th move (or before). 

If the board is K, and the goal is K3, then a draw is impossible. Similarly, if the 
board is K,, and the goal is K,, then again a draw is impossible (18 is the Ramsey 
Number for K,). There are two versions: the normal (Kg, K,) Clique Game and the 
Reverse (K,, K4, —). In the normal (Kg, K,) Clique Game, first player’s (at least) 
drawing strategy in Theorem 5.1 is upgraded to a winning strategy. Can you find 
an explicit one? This was formulated in Open Problem 4.6. How about replacing 
the goal K, with K; or K,? 
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Open Problem 6.1 
(a) Find an explicit first player’s winning strategy in the (Ky), K;) Clique Game. 
(b) Find an explicit first player’s winning strategy in the (K\¢5, K,) Clique Game. 


Both seem to be hopeless. 

Given an arbitrary finite hypergraph, we can, of course, play the Positional 
Game (defined in Section 5), but also we can play the Reverse Positional Game, 
which differs from the ordinary Positional Game in one respect only: in the Reverse 
Positional Game that player loses who occupies a whole winning set first (otherwise 
the play ends in a draw). We already (briefly) mentioned this concept before in 
Theorem 5.2. 

The Reverse Game is a complete mystery. Who wins? How do you win? What 
happens if the anti-goal remains the same, but the board is increasing? 


Open Problem 6.2 Which player has a winning strategy in the Reverse Clique 
Game (Ky , K;, —)? How about the (Ky, K;, —) game with N > 49, where N > 00? 

How about the Reverse Clique Game (K\6;, Ks, —)? How about the (Ky, K,, —) 
game with N > 165, where N — oo? In each case find an explicit winning 
Strategy. 


Since ordinary win (‘doing it first”) looks hopeless, we are forced to change the 
subject and study Weak Win, i.e. the Maker—Breaker version. We have 4 different 
Clique Games: 


(1) the “normal” (Ky, K,) Clique Game; 

(2) the Reverse Clique Game (Ky, K,; —); 

(3) the Maker—Breaker Clique Game [Ky, K,], and its 
(4) Reverse version [Ky, K,, —]. 


Games (1)-(2) are about ordinary win and games (3)-(4) are about Weak Win. We 
distinguish the two win concepts by using “(...)” and “[...].” 

For each one of these 4 Clique Games, the board is Ky, the players alternately 
take new edges, and the goal (or anti-goal) is a copy of K,. 

In the Reverse version of the Maker—Breaker Clique Game [Ky K,], denoted by 
[Ky,K,, —] in (4), the two players are called Avoider (“Anti-Maker”) and Forcer 
(“Anti-Breaker”). Avoider loses if at the end of the play he owns a K,. In other 
words, Forcer’s goal is to force Avoider to occupy a whole K,. If Forcer achieves 
his goal, he wins; if he fails to achieve his goal, he loses. 

In general, for an arbitrary hypergraph, the Reverse of the Maker—Breaker game 
is called the Avoider-Forcer Game. Avoider (“Anti-Maker”) and Forcer (“Anti- 
Breaker’) alternate the usual way, and Forcer wins if he can force Avoider to 
occupy a whole winning set; otherwise, of course, Avoider wins. So a draw is 
impossible by definition. 
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If g = q(N) is “small” in terms of N, then Maker (resp. Forcer) wins; if g = 
q(N) is “large” in terms of N, then Breaker (resp. Avoider) wins. Where is the 
game-theoretic breaking point for Weak Win? 

This may seem to be just another hopeless problem, but very surprisingly (at 
least for large N) we know the exact value of the breaking point! Indeed, consider 
the “lower integral part” 


gq = q(N) = |2log, N — 2 log, log, N + 2log,e— 3], (6.1) 


where log, stands for the base 2 logarithm; then Maker (resp. Forcer) has a winning 
strategy in the Maker—Breaker Clique Game [Ky, K,] (resp. the Avoider—Forcer 
Clique Game [Ky, K,, —]). 

On the other hand, if we take the “upper integral part” 


q= q(N) = [2log, N —2 log, log, N + 2log,e — 3], (6.2) 


then Breaker (resp. Avoider) has a winning strategy. 
(6.1) and (6.2) perfectly complement each other! This is wonderful, but we have 
to admit, for the sake of simplicity, we “cheated” a little bit at two points: 


(1) the method works only for large N, in the range of N > 2!°"; and 

(2) if the logarithmic expression f(N) = 2log, N — 2log, log, N + 2log,e — 3 is 
“very close” to an integer, then that single integer value of g is “undecided”: 
we don’t know who wins the [Ky, K,] (resp. [Ky, K,, —]) game. But for the 
overwhelming majority of Ns the function f(N) is not too close to an integer, 
meaning that we know exactly who wins. 


For example, let N = 2!" (i.e. N is large enough); then 2log, N = 2-10", 
2 log, log, N = 66.4385, and 2 log, e = 2.8854, so 


2log, N —2log, log, N+2log,e—3 = 
= 2-10'° — 66.4385 + 2.8854 — 3 = 19, 999, 999, 933.446. 


Since the fractional part .446 is not too close to an integer, Maker can build a copy 
of K ds with gq) = 19, 999, 999, 933. On the other hand, Breaker can prevent Maker 
from building a one larger clique K,, ,;. 

Similarly, Forcer can force the reluctant Avoider to build a copy of K,, with the 
same gy = 19, 999, 999, 933, but K, atl is “impossible” in the sense that Avoider 
can avoid doing it. 

We find it very surprising that the “straight” Maker—Breaker and the “reverse” 
Avoider—Forcer Clique Games have the same breaking point. We feel this contra- 
dicts common sense. Indeed, it is very tempting to expect that the eager Maker 
can always outperform the reluctant Avoider, a little bit as economists explain the 
superiority of the capitalistic economy over the communist system. With harsh 
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anti-communist over-simplification we can argue that the capitalist system is suc- 
cessful because the people are eager to work (like Maker does), motivated by the 
higher salaries; on the other hand, the communist system fails because the people 
are reluctant to work (like Avoider does) for the very low salaries, and the only 
motivation, the only reason, why the people still keep working is the fear of the 
police (“Forcer’”). 

Well, this “natural” expectation (eager Maker outperforms reluctant Avoider) 
turned out to be plain wrong: eager Maker and reluctant Avoider end up with 
exactly the same clique size! 

We are sure the reader is wondering about the mysterious function 


F(N) = 2log, N — 2 log, log, N + 2log,e—3. 


What is this f(N)? An expert in the theory of Random Graphs must know that 
2 log, N — 2 log, log, N + 2log,e— 1 is the “Clique Number” of the symmetric Ran- 
dom Graph R(Ky, 1/2) (1/2 is the “edge probability”). In other words, f(N) is 2 
less than the Clique Number of the Random Graph. Recall that the Clique Number 
w(G) of a graph G is the number of vertices in the largest complete subgraph of G. 

How to make the somewhat vague statement “f(N) is 2 less than the Clique 
Number of the Random Graph” more precise? First notice that the expected number 
of q-cliques in R(Ky, 1/2) equals 


E(g) = Ey = (* )2®. 


The function E(q) drops under 1 around g = (2+ 0(1)) log, N. The “real solution” 
of the equation E(qg) = 1 is 


g(N) = 2log, N — 2 log, log, N+2log, e—1+0(1), (6.3) 


which is exactly 2 more than the (4) in (6.1)-(6.2). 

Elementary Probability theory — a combination of the first and second moment 
methods — shows that the Clique Number w(R(Ky, 1/2)) of the Random Graph has 
an extremely strong concentration. Typically it is concentrated on a single integer, 
namely on | g(N) | (with probability tending to 1 as N > oo); and even in the worst 
case (which is rare) there are at most two values: | g(V)| and [g(N)]. 

Recovering from the first shock, one has to realize that the strong concentration 
of the Clique Number of the Random Graph is not that terribly surprising after all. 
Indeed, E(q) is a rapidly changing function 

E(q) _ qt+l 

E(q+1) N-@q 

if g = (2+ 0(1)) log, N. On an intuitive level, it is explained by the trivial fact that, 

when q switches to g+1, the goal size (4) switches to (34 = (4) +4, which is a 
“square-root size” increase. 


24 = Nite) 
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We call | g()| (see (6.3)) the Majority-Play Clique Number of board Kj. What 
it refers to is the statistics of all plays with “dumb Maker” and “dumb Breaker” 
(resp. “dumb Avoider” and “dumb Forcer’”). If the “rational” players are replaced 
by two “dumb” random generators, then for the overwhelming majority of all plays 
on board K,,, at the end of the play the largest clique in dumb Maker’s graph (resp. 
dumb Avoider’s graph) is K, with q = |g(N)|. 

With two “rational” players — which is the basic assumption of Game Theory — 
the largest clique that Maker can build (resp. Forcer can force Avoider to build) is 
the 2-less clique K,_,. We refer to this q—2 = | f(N)| as the Clique Achievement 
Number on board K, in the Maker—Breaker Game, and the Clique Avoidance 
Number in the Avoider—Forcer Game. 

Therefore, we can write 


Clique Achievement Number = Clique Avoidance Number 
= Majority Clique Number — 2. 


So far the discussion has been a little bit informal; it is time now to switch to a 
rigorous treatment. First we return to (6.3), and carry out the calculation. 


A routine calculation. We have to show that the real solution of the equation 


N q 
( ) =o) (6.4) 
q 
is 
q = 2log, N — 2log,log,N + 2log,e — 1+ 0(1). (6.5) 


The deduction of (6.5) from (6.4) is completely routine to people working in areas 
such as the Probabilistic Method or Analytic Number Theory, but it may cause 
some headache to others. As an illustration we work out the details of this particular 
calculation. First take gth root of (6.4), and apply Stirling’s formula g! ~ (q/e)?, 
which gives the following equivalent form of (6.5) 


CEN as 2-V/2, 


q 
or equivalently, e- /2-N < q-2%. Taking binary logarithm of both sides, we get 


q = 2log,N — 2log,q+ 2log,e— 1+ (1). (6.6) 


Let gy be the smallest value of q satisfying (6.6); then trivially gy = (2+ 0(1))log,N, 
and taking binary logarithm, log,g) = 1+ o0(1)+log,log,N. Substituting this back 
to (6.6), we get (6.5). 

The rest of the book is full of routine calculations such as this, and in most cases 
we skip the boring details (we hope the reader agrees with this). 
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2. Game-theoretic thresholds. Next we give a precise definition of natural con- 
cepts such as Win Number, Weak Win Number, Achievement Number, and their 
Reverse versions. 

The Win Number is about ordinary win. Consider the “normal” (Ky, K,) Clique 
Game; the Win Number w(K,) denotes the threshold (least integer) such that the 
first player has a winning strategy in the (Ky, K,) Clique Game for all N > w(K,). 

The particular goal graph K, can be replaced by an arbitrary finite graph G: let 
(Ky, G) denote the Positional Game where the board is Ky, the players take edges, 
and the winning sets are the isomorphic copies of G in Ky. For every finite graph 
G, let Win Number w(G) denote the threshold (least integer) such that the first 
player has a winning strategy in the (K,, G) game for all N > w(G). 

The Reverse Win Number w(K,; —) is the least integer such that for all N > 
w(K,; —) one of the players has a winning strategy in the Reverse Clique Game 
(Ky, Kj; —). 

Similarly, for any finite graph G, one can define the Reverse Win Number w(G; —). 

For an arbitrary finite graph G, let R(G) denote the generalized Ramsey Num- 
ber: R(G) is the least N such that any 2-coloring of the edges of Ky yields a 
monochromatic copy of G. 

Observe that w(G) < R(G), and similarly w(G;—) < R(G) (why? see 
Theorem 6.1 below). 


Open Problem 6.3 
(i) Is it true that w(K,) < R(q) for all sufficiently large values of q ? Is it true that 
w(K,) 


RQ) 
(ii) Is it true thatw(K,; —) < R(q) for all sufficiently large values of q ? Is it true that 


w(K,; —) 
R(q) 


— 0 as q> ~~? 


— 0 as q>~? 


Note that for G = K, we have the strict inequality 
w(K;) =5 <6=w(K;; —) = R(3), 
on the other hand, for the 4-cycle C, we have equality 
w(Cy) = w(Cy; —) = R(Cy) = 6. 
The following old problem goes back to Harary [1982]. 
Open Problem 6.4 /s it true that w(K,) < w(K,; —) < 18 = R(4)? 


It is humiliating how little we know about Win Numbers, Reverse Win Numbers, 
and their relation to the Ramsey Numbers. 


98 The main result 


A quantitative version of Ramsey’s graph theorem is the old Erdés—Szekeres 
Theorem from 1935 (still basically the best; no real progress in the last 70 years!). 
The Erdés—Szekeres Theorem states that, given any 2-coloring of the edges of the 
complete graph Ky with N > Ce 
of K,. 

Consider the “straight” (Ky, K,) Clique Game: the board is Ky and the goal is 
to have a copy of K,, first. If 


) vertices, there is always a monochromatic copy 


4c} 

Vmq 

then draw is impossible, so the existing (at least) drawing strategy of the first player 
(see Theorem 5.1) is automatically upgraded to a winning strategy! Unfortunately 
this argument (“Strategy Stealing”) doesn’t say a word about what first player’s 
winning strategy actually looks like. We can generalize Open Problem 6.1 as 
follows: 


2q—2\ _ 
N= (7-7) = a-+0ay 


Open Problem 6.5 Consider the (Ky, K,) Clique Game, and assume that the 
Erd6és—Szekeres bound applies: N => Gare 


Strategy. 


‘8 Find an explicit first player’s winning 


Let us return to Weak Win: another reason why Weak Win is simpler than ordinary 
win is that “strategy stealing” can sometimes be replaced by an explicit strategy, see 
the twin theorems Theorems 6.1 and 6.2 below. The first one is about ordinary win 
and the second one is about Weak Win. In the latter we have an explicit strategy. 

A drawing terminal position in a positional game (V,F) gives a halving 
2-coloring of the board V such that no winning set A € F is monochromatic; 
We call it a Proper Halving 2-Coloring of hypergraph (V, F). Of course, halving 
2-coloring means to have [|V|/2] of one color and ||V|/2]| of the other color. 

A slightly more general concept is when we allow arbitrary 2-colorings, not just 
halving 2-colorings. This leads to the chromatic number. 

The chromatic number x(F) of hypergraph F is the least integer r > 2 such that 
the elements of the board V can be colored with r colors yielding no monochromatic 
A €F. Ramsey Theory is exactly the theory of hypergraphs with chromatic number 
at least 3 (see Graham, Rothschild, and Spencer [1980]). 


Theorem 6.1 (“Win by Ramsey Theory”) Suppose that the board V is finite, and 
the family F of winning sets has the property that there is no Proper Halving 
2-Coloring; this happens, for example, if F has chromatic number at least three. 
Then the first player has a winning strategy in the Positional Game on (V, F). 


We already used this several times before: if a draw is impossible, then first player’s 
(at least) drawing strategy in Theorem 5.1 is automatically upgraded to a winning 
strategy. 
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Theorem 6.1 describes a subclass of Positional Games with the remarkable 
property that we can easily determine the winner without being able to say how 
we win. (In most applications, we will probably never find an explicit winning 
strategy!) 


Why Ramseyish games? Theorem 6.1 is the reason why we focus on “Ramseyish” 
games. Ramsey Theory gives some partial information about ordinary win. We 
have a chance, therefore, to compare what we know about ordinary win with that 
of Weak Win. 

Theorem 6.1 is a “soft” existential criterion about ordinary win. Since the main 
objective of Game Theory is to find an explicit winning or drawing strategy, we 
have to conclude that ordinary win is far more complex than Ramsey Theory! 

For example, it is hugely disappointing that we know only two(!) explicit winning 
strategies in the whole class of nx nx---xn=n" Tic-Tac-Toe games (the 3° 
version, which has an easy winning strategy, and the 4° version, which has an 
extremely complicated winning strategy). 

In sharp contrast, the Maker-Breaker game exhibits an explicit version of 
Theorem 6.1: Weak Win is guaranteed by a simple copycat pairing strategy. 


Theorem 6.2 (“Weak Win by Ramsey Theory”) Let (V, F) be a finite hypergraph 
of chromatic number > 3, and let (V',F') be a point-disjoint copy of (V, F). 
Assume Y contains VUV' and G contains F UF'. Then Maker has an explicit 
Weak Win strategy playing on (Y,G). 


Theorem 6.2 seems to be folklore among Ramsey theorists. An interesting infinite 
version is published in Baumgartner [1973]; perhaps this is the first publication of 
the “copycat strategy” below. 


Proof. Let f: V — V’ be the isomorphism between (V, F) and (V’, F’). We show 
that Maker can force a Weak Win by using the following copycat pairing strategy. If 
the opponent’s last move was x € V or x’ € V’, then Maker’s next move is f(x) € V’ 
or f~!(x’) € V (unless it was already occupied by Maker before; then Maker’s next 
move is arbitrary). Since the chromatic number of (V, F) is at least three, one of 
the two players will completely occupy a winning set. If this player is Maker, we 
are done. If the opponent occupies some A € F, then Maker occupies f(A) € F’, 


and we are done again. O 


2q-2 


For example, if N > 2CE iP then Theorem 6.2 applies to the Maker—Breaker 
Clique Game [Ky K,]: the condition guarantees that the board Ky contains two 
i) (“Erd6s—Szekeres threshold”), and the copycat 
pairing in Theorem 6.2 supplies an explicit Weak Win strategy for either player. 

The Weak Win and Reverse Weak Win Numbers are defined in the following 


natural way. Let ww(K,,) denote the least threshold such that for every N > ww(K,) 


disjoint copies of K,, with m= ( 
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the first player (as Maker) can force a Weak Win in the [Ky, K,] Clique Game 
(“ww” stands for “Weak Win’). 

Similarly, let ww(K,; —) denote the least threshold such that for every N > 
ww(K,; —) one of the players can force the other one to occupy a copy of K, in 
the Reverse Clique Game [Ky, K,; —]. 

Trivially 

ww(K,) < w(K,) < R(q), 


and the same for the Reverse version. It is easily seen that ww(K,) = w(K;) = 
5 <6= R(3). 


Open Problem 6.6 


(a) What is the relation between the Weak Win and Reverse Weak Win Num- 
bers ww(K,) and ww(K,,; —)? Is it true that ww(K,) < ww(K,; —) holds for 
every q? 

(b) Is it true that ww(K,) < w(K,) for all sufficiently large values of q? Is it true 
that 

ww(K,) 
w(K,) 

(c) Is it true that ww(K,; —) < w(K,; —) for all sufficiently large values of q? Is 

it true that 


— 0 as q— oo? 


ww(K,; —) 
—— — 0asq->w? 
w(K,; —) 
(d) Is it true that 
ww(K ww(K_; — 
(Ky) —> 0 and ES) ig a a 
R(q) R(q) 


Theorem 6.2 combined with the Erdés—Szekeres bound gives the upper bound 
ww(K,) < 4‘; that is, if ¢= Slog,N , then the first player (Maker) can occupy a 
copy of K,. 

Besides Theorem 6.2 (“copycat criterion”) we have another Weak Win Criterion: 
the “potential criterion” Theorem 1.2. Let us apply Theorem 1.2. It yields the 
following: if g < const-,/log N, then the first player can occupy a copy of K,. 
Indeed, Theorem 1.2 implies a Weak Win if 


() 20°C) 


For this particular family of winning sets the Max Pair-Degree A, < oe ne Indeed, 
two distinct edges determine at least 3 different vertices. Therefore, we have to 


check 
(7)>2(a)lans) 
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which yields N > 2/2, or, in terms of N, q < ./21log, N. Unfortunately this is a 
very disappointing quantitative result! It is asymptotically much weaker than the 
“Ramsey Theory bound” g = Slog,N ‘ 


3. Separating the Weak Win Numbers from the higher Ramsey Numbers in 
the Clique Games. Theorem 1.2 worked very poorly for ordinary graphs, but it 
still gives a very interesting result for p-graphs with p > 4. We show that the trivial 
implication 


draw play is impossible > winning strategy = Weak Win strategy 


fails to have a converse: the converse is totally false! 

First we define the Clique Game for p-graphs where p > 3 — this corresponds to 
higher Ramsey Numbers, see Appendix A. This means a straightforward general- 
ization of the complete graph, where the board is a complete p-uniform hypergraph 
instead of Ky (and, of course, the players claim p-sets instead of edges). 

For every natural number N write [N] = {1,2,..., N}. If S is a set, let () denote 


the family of all p-element subsets of S. Then (Oy can be interpreted as a complete 
graph with N vertices, i.e. (a) = Ky. 

Let 2 <p <q <N.1I define the (K4, K ?) Clique Game as follows: the board of 
this Positional Game is Ki, = (O), and the family of winning sets consists of all 


ossible copies of K? in K®; i.e. all possible a , where S € (Ml) The family of 
Pp p 7 N p k q y 


winning sets is a (?)-uniform hypergraph of size ( ). 

The general form of the Ramsey Theorem states that for every p > 2 and 
for every q > p, there is a least finite threshold number R,(q) such that the 
family of winning sets of the (Ky, K?) Clique Game has a chromatic num- 
ber of at least 3 if N > R,(q). If N > R,(q), then by Theorem 6.1 the first 
player has an ordinary win in the (K4, K?) Clique Game (but we don’t know 
what the winning strategy looks like), and if N > 2R,,(q), then by Theorem 6.2 
the first player has an explicit “copycat” Weak Win Strategy in the (Ky, K?) 
Clique Game. 

What do we know about the size of the higher Ramsey Numbers R,,(q)? We col- 
lect the relevant results in Appendix A. Let tower,(k) denote the k-fold iteration of 
the exponential function: tower,(1) = 2* and for k > 2, tower, (k) = 2°"), So 
tower,(2) = 2", tower,(3) = 2” , and so on; we call the parameter k in tower,(k) 
the height. 

For graphs (i.e. p = 2), by the Erdés—Szekeres Theorem and by Erdés’s well- 
known lower bound 


24? < R,(q) < 41. 


For p-graphs with p > 3 
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ot 2 Rig) 22>", (6.7) 
rr < R,(q) < yn : (6.8) 

and in general 
tower s-paj6(p — 2) < R,(q) < tower,,(p— 1). (6.9) 


The last two bounds are due to Erdés, Hajnal, and Rado, see Appendix A. 

First let p = 3. If g =, -loglog N, then by (6.7) the first player has an ordinary 
Win in the (K3, K}) Clique Game (but the winning strategy is not known); on 
the other hand, by Theorem 6.2 under the same condition g = c, -loglog N Maker 
has an explicit (copycat) Weak Win strategy. Similarly, if g = c,-logloglog N, 
then by (6.8) the first player has an ordinary Win in the (Ki, Ki) Clique Game 
(strategy is unknown), and, under the same condition, Maker has an explicit Weak 
Win strategy, and so on. 

What happens if we replace Theorem 6.2 with Theorem 1.2? The potential Weak 
Win Criterion (Theorem 1.2) applies to the (KX, K?) Clique Game when 


(0) (0) 


For this particular family of winning sets the Max Pair-Degree A, satisfies the 
obvious inequality A, < Gear indeed, two distinct p-sets cover at least p+ 1 
points. 

This leads to the inequality 


per Geel) 


which means N > 2?”/?', or in terms of N, g < (p! log, N)!/”. Therefore, if 


q = ¢,(log N)"”, 
then Maker has a Weak Win in the (K4, K. ?) Clique Game. This gives: 
Theorem 6.3 Consider the (Ki, K?) Clique Game for p-graphs with p = 4; then 
the Weak Win Number 
ww(K?) < (p! log, N)'/”, (6.10) 

implying that 

ww(K?) 

R,(9) 


That is, the Weak Win Ramsey Criterion (Theorem 6.2) definitely fails to give the 
true order of magnitude of the breaking point for Weak Win, and the same holds 


— 0Oas p > 4 is fixed and g > o. (6.11) 


for the Reverse version. 
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Proof. By (6.9) the Ramsey Theory threshold R,(qg) is greater than the tower 
function tower, )6(p —2) of height p— 2, i.e. the height is linearly increasing 
with p. On the other hand, Maker can force a Weak Win around N = 27”/?', which 
has a constant height independent of p. It is easily seen that tower,2).(p — 2) is 
asymptotically much larger than N = 21"/?' if p > 4; in fact, they have completely 


different asymptotic behaviors. O 


(6.11) solves Open Problem 6.6 (d) for p-graphs with p > 4; the cases p = 2 
(ordinary graph, the original question) and p = 3 remain open. 

Theorem 6.3 is a good illustration of a phenomenon that we call “Weak Win 
beyond Ramsey Theory” (we will show many more examples later in Section 14). 
A weakness of Theorem 6.3 is that (6.10) fails to give the true order of magnitude. 
The good news is that we will be able to determine the true order of magnitude(!), 
see Theorems 6.4 (b)-(c) below. Note that Theorem 1.2 is not good enough; we 
have to develop a new, more powerful potential technique in Chapter V. 

First let’s go back to ordinary graphs. We will prove the following asymptotic 


formula 
2 
ww(K,) = V2 99 (1-4 0(1)). (6.12) 
e 
Notice that (6.12) is a precise form of the somewhat vague (6.1)—(6.2). Indeed, by 
elementary calculations 


2 
N= V2 oar (1+0()) = > q=2log, N —2log, log, N+ 2log,e —3+ o(1). 
e 


(6.13) 
We have the same asymptotic for the Reverse Weak Win Number 
/2 
ww(K,; —) = —q2"” (1+o0(1)); (6.14) 
e 


i.e. the Weak Win and the Reverse Weak Win Numbers are asymptotically equal. 
Can “asymptotically equal” be upgraded to “equal”? Are they equal for every single 
q? Are they equal for all but a finite number of gs? Are they equal for infinitely 
many qs? 


Open Problem 6.7 Is it true that ww(K,) = ww(K,; —) for every q? Is it true 
that ww(K,) = ww(K,; —) for all but a finite number of qs? Is it true that they 
are equal for infinitely many qs? 


(6.12) is even more impressive if we express q in terms of N; i.e. if we take the 
inverse function. Let Ky be the board, and consider the largest value of q such 
that the first player (“Maker”) can build a copy of K,. In view of (6.13), we can 
reformulate (6.12) in terms of the inverse of the Weak Win Number 


ww | (Ky) = |2log, N —2log, log, N+ 2log,e —3+0(1)|, (6.15) 
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where the inverse of the Weak Win Number ww(K,) is formally defined in the 
following natural way 


ww |(Ky) =q if ww(K,) < N< ww(K,,,). (6.16) 


We call ww !(K,) the Achievement Number for Cliques on board K,,, and prefer 
to use the alternative notation 


A(Ky; clique) = ww! (Ky) (6.17) 
(A is for “Achievement’”). In view of this, (6.12) can be restated in a yet another way 
A(Ky; clique) = |2log, N — 2 log, log, N + 2log,e—3+ o(1)| (6.18) 

We can define the inverse of the Reverse Weak Win Number in a similar way 
—). (6.19) 


ww | (Ky; —-) =q if ww(K,; —) <n < ww(K,,;; 


We call ww’ !(K,,; —) the Avoidance Number for Cliques on board K,, and prefer 
to use the alternative notation 


A(Ky; clique; —) = ww! (Ky; —) (6.20) 
(“A” combined with “—” means “Avoidance’’). 
In view of Theorem 6.1 we have the general lower bound 


Clique Achievement Number > inverse of the Ramsey Number. (6.21) 


4. The First Main Result of the book. The advantage of the new notation is that 
the asymptotic equality (6.12) can be restated in the form of an ordinary equality. 


Theorem 6.4 
(a) For ordinary graphs the Clique Achievement Number 


A(Ky; clique) = |2log, N — 2 log, log, N+ 2log,e—3+0(1)|, 
and similarly, the Avoidance Number 
A(Ky; clique; —) = |2log, N — 2 log, log, N + 2log,e—3+0(1)], 

implying the equality A(Ky; clique) = A(Ky; clique; —) for the overwhelming 

majority of Ns. 
(b) For 3-graphs 

A(K;,; clique) = |,/6log, N+ 0(1)], 
and similarly 
A(K},; clique; —) = |./6log, N+ 0(1)]. 
(c) For 4-graphs 
A(Ky; clique) = |(24log, N)'/? + 2/3 + 0(1)], 
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and similarly 
A(Ky; clique; —) = |(24log, N)'/? + 2/3+ 0(1)]. 
In general, for arbitrary p-graphs with p > 3 (p is fixed and N tends to infinity) 


A(Ky; clique) = [(p! log, N)'/?~? + p/2— p/(p—1)+0(1)], 


and similarly 


A(Ky; clique; —) = |(p! log, N)'/") + p/2— p/(p— 1) + 0(1)J. 


Theorem 6.4 is the first exact solution; it is one of the main results of the book. 
The proof is long and difficult, see Sections 24, 25, and 38. The eager reader may 
jump ahead and start reading Section 24. 

Deleting the additive term —p/(p—1) in the last formula above we obtain the 
Majority-Play Clique Number for the complete p-graph. 

An analysis of the proof shows that the “o(1)” in Theorem 6.4 (a) becomes 
negligible in the range N > 2!" We are convinced that the “o(1)” in Theorem 6.4 
(a) is uniformly <3 for all N, including the small Ns. (Our choice of constant 
“3” was accidental; maybe the uniform error is < 2 or perhaps even < 1.) Can the 
reader prove this? 


7 


Arithmetic progressions 


1. Van der Waerden’s Theorem. The well-known motto of Ramsey Theory goes 
as follows: Every “irregular” structure, if it is large enough, contains a “regular” 
substructure of some given size. In Section 6, we discussed the connection between 
Ramsey’s well-known theorem (proved in 1929) and some Clique Games. Ramsey 
Theory was named after Ramsey, but the most influential result of Ramsey The- 
ory is van der Waerden’s Theorem on arithmetic progressions. It is interesting 
to know that van der Waerden’s Theorem was proved in 1927, 2 years before 
Ramsey’s work. (It is a very sad fact that Ramsey died at a very young age 
of 26, shortly after his combinatorial result was published; van der Waerden, 
on the other hand, moved on to Algebra, and never returned to Combinatorics 
again.) 

Van der Waerden’s famous combinatorial theorem, which solved a decade-old 
conjecture of Schur, goes as follows: 


Theorem 7.1 (B. L. van der Waerden [1927]) For all positive integers n and k, 
there exists an integer W such that, if the set of integers {1,2,..., W} is k-colored, 
then there exists a monochromatic n-term arithmetic progression. 


Let W(n, k) be the least such integer; we call it the van der Waerden threshold. 
The size of the van der Waerden threshold turned out to be a central problem in 
Combinatorics. 

Note that van der Waerden’s Theorem was originally classified as a result in 
number theory—-see for example the wonderful book of Khintchine titled Three 
Pearls of Number Theory—and it was only in the last few decades that van der 
Waerden’s theorem, with its several generalizations (such as the Hales—Jewett 
theorem in 1963 and the Szemerédi theorem in 1974), became a cornerstone of 
Combinatorics. 

But what is the connection of van der Waerden’s theorem with our main topic: 
Tic-Tac-Toe games? An obvious connection is that every “winning set” in Tic-Tac- 
Toe (or in any multidimensional version) is an arithmetic progression on a straight 
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line. But there is a much deeper reason: the beautiful Hales—Jewett Theorem, which 
is, roughly speaking, the “combinatorial content” of the van der Waerden’s proof. 

The original van der Waerden’s proof was based on the idea of studying iterated 
arithmetic progressions; i.e. progressions of progressions of progressions of ... 
progressions of arithmetic progressions. This is exactly the combinatorial structure 
of the family of n-in-a-line’s in the d-dimensional n x nx --» x n=n" hypercube. 
This observation is precisely formulated in the Hales—-Jewett Theorem (see later in 
this section). 

We feel that the reader must know at least the intuition behind the original proof 
of van der Waerden, so we included a brief outline. Watch out for the enormous 
constants showing up in the argument! 


2. An outline of the original “double induction” proof of van der Waerden. 
The basic idea is strikingly simple: the proof is a repeated application of the 
pigeonhole principle. First we study the simplest non-trivial case W(3, 2): we show 
that given any 2-coloring (say, red and blue) of the integers {1,2,..., 325} there is 
a monochromatic 3-term arithmetic progression. (Of course, 325 is an “accidental” 
number; the exact value of the threshold is actually known: it is the much smaller 
value of W(3, 2) = 9.) The proof is explained by the following picture 


a...a...b<d—-a...a...b<d— ?...?...? 
a...a...b<d—-a...a...b<d—-?...?...a 
a...a...b<d-a...a...b<d—-?...?...b 


What this picture means is the following. It is easy to see that any block of 5 
consecutive integers contains a 3-term arithmetic progression of the color code 
a...ad...a or a...a...b. The first case is a monochromatic 3-term arithmetic 
progression (A.P.), and we are done. The second case is a 3-term A.P. where the 
first two terms have the same color and the third term has the other color. The 
pigeonhole principle implies that the same ab-triplet shows up twice 


a...a...b a...a...b 


Indeed, divide the {1,...,325} interval into 65 blocks of length 5. Since each 
block has 5 numbers, and we have 2 colors, there are 2> = 32 ways to 2-color a 
5-block. By the pigeonhole principle, among the first 33 blocks there are two which 
are colored in exactly the same way. Assume that the distance between these two 
identically colored 5-blocks is d, and consider the third 5-block such that the blocks 
form a 3-term A.P. 


a...a...b <d-> a...a...b <d-> _ ?...2...? 


There are two possibilities. If the last ? has color a, then a forms a monochromatic 
3-term A.P. 


a...a...b <dd> a...a...b <d-> ?...?...a 
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If the last ? has color b, then b forms a monochromatic 3-term A.P. 
a...a...b <d-> a...a...b <d-> _ ?...2...b 


This completes the proof of the case of 2 colors. Note that 325 = 5(2-2°+ 1). If 
we break up the line 


a...ad...b <d-> a...a...b <d-a> _ ?...2...2 


as follows 
Mee Pev? 
a...a...b 
a...a...b 


then the argument above resembles to a play of Tic-Tac-Toe in which someone 
wins. Notice that this is a Tic-Tac-Toe with seven winning triplets instead of the 
usual eight 


(1, 3) (2, 3) (3, 3) 
(1, 2) (2, 2) (3, 2) 
(1, 1) (2, 1) (3, 1) 


where the diagonal {(1, 3), (2, 2), (3, 1)} does not show up in the argument. 
Next consider the case of 3 colors, and again we want a monochromatic 3-term 
A.P. Repeating the previous argument, we obtain the ab-configuration as before 


a...a...b a...a...b Vtehae? 
This time we are not done yet, since the last ? can have the third color 
a...a...b a...a...b yee aera 6 
However, the pigeonhole principle implies that the same abc-block shows up twice 
a...d...b a...a...b 2...2...€ a...d...b a...a...b 2...2...€ 
Consider the third block such that the 3 blocks form a 3-term A.P. 
a..a..b da.da.b 2..2.¢ a..d.b a.a.b 2..2.¢ Teles DD Tea 


This time there are 3 possibilities. If the last ? has color a, then a forms a 
monochromatic 3-term A.P. 


a..a..b a..a..b  2..2..¢ a..d..b a.a.b  ?..7..9 PaReD RIAD Vea 
If the last ? has color b, then b forms a monochromatic 3-term A.P. 


a.d..b a..a.b 2..2..¢ a..da..b a..a..b  ?..2..¢ Pate Wo 9.22.) 
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And, finally, if the last ? has color c, then ec forms a monochromatic 3-term A.P. 
a..d..b a..a.b 2..2.e a..d..b a..a..b  2..2.e Deh, “ISP SY ADE € 


This is how we can force a monochromatic 3-term A.P. if there are 3 colors. The 
argument gives the upper bound 


WG, 3) S703! £0.39? 4) 230 ™, 


The case of 3 colors resembles to a play of Tic-Tac-Toe on a 3-dimensional 
3 x 3x 3 = 3° board” (instead of the usual 3 x 3 = 3? board) with three players in 
which someone will win. 

If there are 4 colors, then we get the same abc-configuration as before, but the 
last ? can have the 4th color: 


a..da..b d..a..b  2..2..¢ a..d..b a..a..b  2..2..¢ PDD OVD 2D ed 


Again by the pigeonhole principle, the following configuration will defi- 
nitely show up 


a.a.b a.a.b- ?.?.c a.a.b a.a.b ?.2.c 7.9.2 7.9.2 20d 


a.a.b a.a.b- ?.?.c a.a.b a.a.b- 2.2.c 7.9.2 2.9.2 0d 


There are 4 possibilities. If the last ? has color a, then a forms a monochromatic 
3-term A.P.; if the last ? has color b, then b forms a monochromatic 3-term A.P.; 
if the last ? has color c, then ¢ forms a monochromatic 3-term A.P.; and, finally, if 
the last ? has color d, then d forms a monochromatic 3-term A.P. (we replace the 
last ? by e) 


a.a.b a.a.b_ ?.?.c a.a.b a.a.b- ?.2.c 7.2.2 7.9.2 7.90d 


This is how we can force a monochromatic 3-term A.P. if there are 4 colors. The case 
of 4 colors resembles to a play of Tic-Tac-Toe on a 4-dimensional 3 x 3 x 3 x 3 = 34 
board with four players in which someone will win. 

Repeating this argument we get a finite bound for arbitrary number of colors: 
W(3, k) < oo; the bad news is that the upper bound for W(3, k) is basically a tower 
function of height k. But how to get a monochromatic 4-term A.P.? Consider the 
simplest case of two colors. We recall the (very clumsy) upper bound W(3, 2) < 325. 
It follows that 2-coloring any block of 500 consecutive integers, there is always a 
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configuration a...a...a...a or a...a...a...b. In the first case we are done. In 
the second case, we can force the existence of a 3-term A.P. of identical ab-blocks 


a...a...a...b a...a...a...b a...a...a...b 


Indeed, any 500-block has 2° possible 2-colorings, so if we take W(3, 2°°°) consec- 
utive 500-blocks, then we get a 3-term A.P. of identical 500-blocks. (Unfortunately 
the argument above gives an extremely poor upper bound: W(3, 2°”) is less than 
a tower of height 2°°°—a truly ridiculous bound!) Consider the 4th block such that 
the 4 blocks form a 4-term A.P. 


a...a...a...b a...a...a...b a...a...a...b Neat oar ee A 


Now there are two cases. If the last ? has color a, then a forms a monochromatic 
4-term A.P. 


a...a...a...b a...a...a...b a...a...a...b years eae oa 
If the last ? has color b, then b forms a monochromatic 4-term A.P. 
a...a...a...b a...a...a...b a...a...a...bD Po bee DD 


This is how we can force a monochromatic 4-term A.P. if there are two colors. The 
case of 2 colors resembles to a play of Tic-Tac-Toe on a 2-dimensional 4 x 4 = 4” 
board” (2 players) in which someone wins. 

Studying these special cases, it is easy to see how the double induction proof of 
van der Waerden’s Theorem goes in the general case. This completes the outline 
of the proof. 

We challenge the reader to finish van der Waerden’s proof. 


3. Hales—Jewett Theorem. Van der Waerden’s double induction proof was adapted 
by Hales and Jewett [1963] to find monochromatic n-in-a-line’s in an arbitrary 
k-coloring of the d-dimensional n x n x --- x n =n" hypercube (provided d is 
sufficiently large). The Hales-Jewett Theorem has a wonderful application to the 
hypercube Tic-Tac-Toe: it implies that the d-dimensional n@ Tic-Tac-Toe is a first 
player’s win if the dimension d is large enough in terms of the winning size n. 
This is a deep qualitative result; unfortunately, the quantitative aspects are truly 
dreadful! 

Actually the Hales—Jewett proof gives more: it guarantees the existence of a 
monochromatic combinatorial line. A combinatorial line is basically a “1-parameter 
set”; to explain what it means, let [n] = {1,2,...,}. An x-string is a finite word 
d,4)a3°--dq of the symbols a; € [n]U {x}, where at least one symbol a; is x. An 
x-string is denoted by w(x). For every integer i € [n] and x-string w(x), let w(x; i) 
denote the string obtained from w(x) by replacing each x by i. A combinatorial 
line is a set of n strings {w(x; i): 1 € [n]}, where w(x) is an x-string. 


Arithmetic progressions 111 


Every combinatorial line is a geometric line, i.e. n-in-a-line, but the converse 
is not true. Before showing a counter-example note that a geometric line can be 
described as an xx’-string a,a,a,:--a, of the symbols a; € [n]U {x} U {x’}, where 
at least one symbol a; is x or x’. An xx’-string is denoted by w(xx’). For every 
integer i € [n] and xx’-string w(xx’), let w(xx’; i) denote the string obtained from 
w(xx’) by replacing each x by i and each x’ by (n+ 1 -—i). A directed geometric 
line is a sequence w(xx'; 1), w(xx’; 2), W(xx'; 3), ..., W(xx'; 2) of n strings, where 
w(xx’) is an xx'-string. Note that every geometric line has two orientations. 

As we said before, it is not true that every geometric line is a combinatorial 
line. What is more, it is clear from the definition that there are substantially more 
geometric lines than combinatorial lines: in the n“ game there are ((n + 2)4 —n“)/2 
geometric lines and (n+ 1)4—n4 
degree of the family of combinatorial lines is 24 —1, and the maximum is attained 
in the points of the “main diagonal” (j, j,..., 7), where j runs from | to n. 

For example, in ordinary Tic-Tac-Toe 


combinatorial lines. Note that the maximum 


(1,3) (2, 3) (3, 3) 
(1, 2) (2, 2) (3, 2) 
(1, 1) (2, 1) (3, 1) 


the “main diagonal” {(1, 1), (2, 2), (3, 3)} is a combinatorial line defined by the x- 
string xx, {(1, 1), (2, 1), (3, 1)} is another combinatorial line defined by the x-string 
x1, but the “other diagonal” 


{(1, 3), (2, 2), 3, ))} 


is a geometric line defined by the xx’-string xx’. The “other diagonal” is the only 
geometric line of the 3? game which is not a combinatorial line. 

The Hales—Jewett threshold HJ(n, k) is the smallest integer d such that in each 
k-coloring of [n]4 =n‘ there is a monochromatic geometric line. The modified 
Hales—Jewett threshold HJ‘(n,k) is the smallest integer d such that in each k- 
coloring of [n]4 =n“ there is a monochromatic combinatorial line (“c” stands for 
“combinatorial”). Trivially 


HJ(n,k) < HJ°(n, k). 


In the case of “two colors” (k = 2), we write: HJ(n) = HJ(n, 2) and HJ‘(n) = 
HJ°(n, 2); trivially HJ(n) < HJ°(n). 

In 1963 Hales and Jewett made the crucial observation that van der Waer- 
den’s (double-induction) proof can be adapted to the n“ board, and proved 
that HJ‘°(n, k) < oo for all positive integers n and k. This, of course, implies 
HJ(n, k) < for all positive integers n and k. 
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4. Shelah’s new bound. How large is HJ(n) = HJ(n, 2)? This is a famous open 
problem. Unfortunately, in spite of all efforts, our present knowledge on the Hales— 
Jewett threshold number HJ(n) is still rather disappointing. The best-known upper 
bound on HJ(n) was proved by Shelah [1988]. It is a primitive recursive function 
(the supertower function), which is much-much better than the original van der 
Waerden—Hales—Jewett bound. The original “double-induction” argument gave the 
totally ridiculous Ackermann function; the much better Shelah’s bound is still far 
too large for “layman combinatorics.” 

For a precise discussion, we have to introduce the so-called Grzegorczyk hierar- 
chy of primitive recursive functions. In fact, we define the representative function 
for each class. (For a more detailed treatment of primitive recursive functions we 
refer the reader to any monograph of Mathematical Logic.) 


Let g,(”) = 2n, and for i> 1, let g,(n) = 8-1(8-a(. .. gC)... )): where g;_, 
is taken n times. An equivalent definition is g,(n+1)=g,_, (g,(n)). For example, 
g,(n) = 2” is the exponential function and 


g3(n) = 2” 


is the “tower function” of height n. The next function g,(n+ 1) = g; (g4 (n)) is what 
we call the “Shelah’s supertower function” because this is exactly what shows up 
in Shelah’s proof. Note that g,(x) is the representative function of the (k + 1)st 
Grzegorczyk class. 

The original van der Waerden—Hales—Jewett proof proceeded by a double induc- 
tion on n (“length”) and k (“number of colors”), and yielded an extremely 
large upper bound for HJ‘(n,k). Actually, the original argument gave the same 
upper bound U(n,k) for both HJ*(n,k) and W(n, k) (“van der Waerden thresh- 
old”). We define U(n,k) as follows. For n = 3: U(3,2) = 1000 and for k > 2, 
U3, k+1) = (k+ 140, For n= 4: U(4, 2) = U (3, 246) and for k > 2 


U(4,k+1) =U (3, (kK+ DO"), 
In general, for n > 4: let 
U(n, 2) = U (n—1, 2%") 


and for k > 2 
U(n, k+1) =U (n= 1, (kK+1)%). 


It is easy to see that for every n > 3 and k > 2, U(n,k) > g,(k). It easily 
follows that the function U(x, 2) (i.e. the case of two colors) eventually majorizes 
g,(x) for every n (we recall that g,(x) is the representative function of the (n+ 
1)th Grzegorczyk class). It follows that U(x, 2) is not primitive recursive. In fact, 
U(x, 2) behaves like the well-known Ackermann function A(x) = g,(x), the classical 
example of a recursive but not primitive recursive function. In plain language, the 
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original Ackermann function upper bound was ENOOOOORMOUSLY LARGE 
BEYOND IMAGINATION!!! 
In 1988 Shelah proved the following much better upper bound. 


Shelah’s primitive recursive upper bound: For every n> 1 andk>1 


HJ° gi(n+k+2). 


1 
(n,k) < GE DE 


d 


That is, given any k-coloring of the hypercube [n]* =n“ where the dimension 


d> a g4(n+k+2), there is always a monochromatic combinatorial line. 


Consider HJ(n) = HJ(n, 2) and HJ‘(n) = HJ°(n, 2). An easy case study shows 
that HJ(3) = HJ°(3) = 3, but the numerical value of HJ(4) remains a complete 
mystery. We know that it is > 5 (see Golomb and Hales [2002]), and also that it 
is finite, but no one can prove a “reasonable” upper bound such as HJ(4) < 1000 
or even a much weaker bound such as HJ(4) < 10'°°. Shelah’s proof gives the 
explicit upper bound 


HI(4) < HJ°(4) < g,(24)=2” , 


where the “height” of the tower is 24. This upper bound is still absurdly large. It is 
rather disappointing that Ramsey Theory is unable to provide a “reasonable” upper 
bound even for the first “non-trivial” value HJ(4) of the Hales and Jewett function 
HJ(n). 

In general, it is an open problem to decide whether or not HJ(n) is less than the 
“plain” tower function g,(n); perhaps HJ(n) is simply exponential. 

It seems to be highly unlikely that the game-theoretic “phase transition” between 
win and draw for the n“ game is anywhere close to the Hales-Jewett number HJ(n), 
but no method is known for handling this problem. 

We have already introduced the Win Number for Clique Games, now we intro- 
duce it for the n4 game. Let w(n-—line) denote the least threshold such that for 
every d > w(n-line) the n“ game is a first player win (“w” stands for “win’). The- 
orem 6.1 yields the inequality w(n-—line) < HJ(n). By Patashnik’s work we know 
that w(4—line) = 3, so luckily we don’t really need to know the value of the diffi- 
cult threshold HJ(4). On the other hand, we are out of luck with w(5-line), which 
remains a complete mystery. The upper bound w(5-line) < HJ(5) is “useless” in 
the sense that Shelah’s proof gives a totally ridiculous upper bound for HJ(5). 


Open Problem 7.1 /s it true that w(n—line) < HJ(n) for all sufficiently large 
values of n? Is it true that 


w(n-line) 


— 0 as n> ow? 
HJ(n) 
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The winning sets of an n@ Tic-Tac-Toe game are n-term arithmetic progressions in 
the space. This motivates the “Arithmetic Progression Game”: this is a Positional 
Game in which the board is the set of the first N integers [N] = {1,2,3,..., N}, 
and the winning sets are the n-term arithmetic progressions in [N]. We call this 
“Arithmetic Progression Game” the (N, 7) van der Waerden Game. An obvious 
motivation for the name is the van der Waerden’s Theorem: for every n there 
is a (least) threshold W(n) = W(n, 2) such that given any 2-coloring of [N] with 
N = W(n) there is always a monochromatic n-term arithmetic progression. W(n) is 
called the van der Waerden Number. If N > W(n), then Theorem 6.1 applies, and 
yields that the first player has a winning strategy in the (N,) van der Waerden 
Game. Actually, in view of Theorem 6.1, W(n) can be replaced by its halving 
version W, (1). W,/.(n) is defined as the least integer N such that each halving 2- 
coloring of the interval [N] yields a monochromatic n-term arithmetic progression. 
Trivially, W,,.(m) < W(n); is there an n with strict inequality? Unfortunately, we 
don’t know. 

Similarly, let HJ,,.(1) denote the least integer d such that in each halving 2- 
coloring of n@ there is a monochromatic n-in-a-line (i.e. geometric line). We call 
AJ, .(n) the halving version of the Hales—Jewett number. By definition 


AJ, .(n) < HJ(n). 


Is there an n@ game for which strict inequality holds? We don’t know the answer 
to this question, but we do know an “almost n“ game” for which strict inequality 
holds: it is the “3° \ {center} game” in which the center of the 3° cube is removed, 
and also the 13 3-in-a-line’s going through the center are removed. The “3? \ 
{center} game” — a truncated version of the 3° game — has 3° — 1 = 26 points and 
(5° — 33)/2— 13 = 49 — 13 = 36 winning triplets. 


(of G aw _ 
C/o It is impossible 
eg ee to find a Proper 


Halving 2-Coloring 


LS SI of 37 \ { center } 
<a A 
(Vf TY > 
><S\ Df 
a) (<> ae 
SOS 


PROPER 2-COLORING 
OF 33 \ { center } 
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The “33 \ {center} game” has chromatic number two, but every proper 2-coloring 
has the type (12,14) meaning that one color class has 12 points and the other one has 
14 points; Proper Halving 2-Coloring, therefore, does not exist. (By the way, this 
implies, in view of Theorem 6.1, that the “3° \ {center} game” is a first player win.) 

The “33 \ {center} game” was a kind of “natural game” example. In the family of 
all hypergraphs it is easy to find examples distinguishing proper 2-coloring from 
Proper Halving 2-Coloring in a much more dramatic fashion. We don’t even need 
hypergraphs, it suffices to consider graphs: consider the complete bipartite graph 
K,,, (ie. let A and B be disjoint sets where A is a-element and B is b-element, and 
take the ab point-pairs such that one point is from A and the other one is from B). 

Graph K,,, has chromatic number two, and the only proper 2-coloring of the 
(a+b)-element point-set is the (A, B)-coloring. If a= 1 and b is “large,” then the 
proper 2-coloring is very far from a halving 2-coloring. 

The case a = | is the “star.” The “star” easily generalizes to n-uniform hyper- 
graphs as follows. Modify a complete (n — 1)-uniform hypergraph by adding the 
same new vertex vy to every hyperedge. Clearly the resulting n-uniform hypergraph 
has a proper 2-coloring (make vy red and everything else blue), but the color class 
of vg cannot have size >n in a proper 2-coloring. (This construction is due to 
Wesley Pegden.) 

Of course, we can also define the halving version of HJ°(n): HJ{,.(n) is the 
smallest integer d such that in each halving 2-coloring of [n]* =n‘ there is a 
monochromatic combinatorial line. By definition HJ{,,(n) < HJ“(n). 

After this short detour on halving versions let’s return to the van der Waerden 
number; what do we know about W(n) = W(n, 2)? First note that 


Wn, k) < nO, 


Indeed, we can embed the d-dimensional cube [n]‘ into the interval 
{0,1,2,...,n4—1} by the following natural 1-to-1 mapping: given any string 
W = 4,d)°++ dq € [n]*, let 


f(w) = (a, —1)+ (a, — 1)n4+ (a3—1)n? +...4(ag—1)n*". (7.1) 


Observe that f maps any n-in-a-line (“geometric line”) into an n-term arithmetic 
progression. It follows that 
Wn, k) < ne, 


Shelah’s Theorem above immediately gives the following primitive recursive upper 
bound for the van der Waerden threshold: W(n, k) < g,(n+k+3) for all n > 3 and 
k > 2. This is again the supertower function. 


5. Gowers’s bound on W(n). The supertower upper bound was enormously 
improved by a recent breakthrough of Gowers: he pushed W(n) down well below the 
“plain” tower function g,(7) by using analytic techniques instead of combinatorics. 
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In fact, Gowers [2001] proved much more: he proved a quantitative Szemerédi 
theorem, i.e. a quantitative density version of the van der Waerden’s Theorem. 
(Szemerédi’s theorem, which was proved only in 1974, is generally regarded a 
very deep result; its known proofs are much more difficult than that of van der 
Waerden’s Theorem.) To formulate Gowers’s bound we use the arrow-notation 
a* b for a’, with the obvious convention that a t b + c stands for a t (bt c) =a". 
The relevant “two-color” special case (which has game-theoretic consequences) of 
Gowers’s more general theorem goes as follows. 


Gowers’s analytic upper bound: Let 


gnt9 
NS2D*D*DAI}IA (n4$9) = 22 (7.2) 


and let S be an arbitrary subset of {1,2,..., N} of size => N/2. Then S contains an 
n-term arithmetic progression. 


In the general case N/2 is replaced by eN with arbitrary ¢ > 0, and then 1/e shows 
up in the tower expression. 

Of course, (7.2) implies that W(n) = W(n, 2) <24 27272424 (n+9). This 
bound is a huge improvement to Shelah’s supertower function, but, unfortunately, 
this is still far too large for “layman combinatorics” (the best-known lower bound 
is plain exponential, see Section 11). Note that Gowers’s paper is extremely com- 
plicated: it is 128 pages long and uses deep analytic techniques. Shelah’s proof, 
on the other hand, is relatively short and uses only elementary combinatorics (see 
Appendix B). 

Gowers’s Density Theorem implies that, if 


N>E2t2t*2t2At24t (n+9), 


then the first player has a winning strategy in the (N,) van der Waerden Game. 
This is an application of Theorem 6.1, so we have no idea what first player’s 
winning strategy actually looks like. 


Open Problem 7.2 Consider the (N, n) van der Waerden Game where N > W(n); 
for example, let 


NE2F2ZABWPIA2A(N49=d- 
Find an explicit first player’s winning strategy. 


It seems to be highly unlikely that the Hales-Jewett number HJ(7) is anywhere close 
to Shelah’s supertower function. Similarly, it seems highly unlikely that the van der 
Waerden number W() is anywhere close to Gowers’s 5-times iterated exponential 
function. Finally, it seems highly unlikely that the “phase transition” between 
win and draw for the van der Waerden game is anywhere close to the van der 
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Waerden number W(n). The corresponding Win Number is defined as follows. Let 
w(n—term A.P.) denote the least threshold such that for every N > w(n-term A.P.) 
the (NV, 7) van der Waerden game is a first player win. 

Theorem 6.1 implies w(n—term A.P.) < W(n). It is easily seen 


w(3-term A.P.) =5 <9= W(3). 


We don’t know the exact value of w(4-term A.P.) but we know that it is less than 
W(4) = 35, and similarly, w(5-term A.P.) is unknown but it is definitely less than 
W(5) = 178. 


Open Problem 7.3 Is it true that w(n-term A.P.) < W(n) for all sufficiently large 
values of n? Is it true that 


w(n-term A.P.) 
W(n) 


We conclude Section 7 with a picture. 


>Oasn— oo? 


How to visualize a 4-dimensional game: 34 Tic-Tac-Toe 


EFFT FLLT FFF... 
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1. Weak Win: switching to 2-dimensional goal sets. Open Problems 7.1—7.3 
are very depressing. There is no hope of solving them, ever. To gain some self- 
confidence, we do what we did in Section 6: we switch from ordinary win to Weak 
Win. 

Consider the n@ game with d > HJ(n)+ 1, where HJ(n) is the Hales—Jewett 
number. The condition guarantees that the board contains two disjoint copies of 
n) The copycat strategy of Theorem 6.2 supplies an explicit Weak Win strategy 
for either player. Theorem 6.2 solves the Weak Win version of Open Problem 7.2, 
except for the “boundary case” d = HJ(n). 

Next consider the (NV, ) van der Waerden Game, and assume that 


N>E2A*2t2t2t2t (n+9) 


(“Gowers’s upper bound” for W(n); the ¢-notation was defined at the end of 
Section 7). If the first player just wants a Weak Win (i.e. to occupy an n-term 
arithmetic progression, but not necessarily first), then he does not need to follow 
any particular strategy, simply “showing up” is enough. Indeed, at the end of a 
play he will certainly occupy half of [N] (V/2 integers), and by Gowers’s Theorem 
(which is a density theorem, i.e. a quantitative version of Szemerédi’s Theorem), 
he must have an n-term arithmetic progression no matter how he plays. 

By contrast, to achieve a Weak Win in the n@ game is definitely harder, simply 
“showing up” is not enough. The first player must do something special, but 
this “special” is not too difficult; a “copycat” pairing strategy does the trick (see 
Theorem 6.2). 

Weak Win motivates the introduction of the Weak versions of the Win Numbers. 
Note that we already introduced this concept for clique Games in Section 6. Let 
ww(n-line) denote the least threshold such that for every d > ww(n-line) the 
first player can force a Weak Win in the n“ Tic-Tac-Toe game (“ww” stands 
for “Weak Win”). 

The study of ordinary Tic-Tac-Toe yields ww(3-line) = 2 < 3 = w(3-line). 
Patashnik’s well-known computer-assisted study of the 4° game yields 
ww(4-line) = w(4-line) = 3 (see Patashnik [1980]). 
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Open Problem 8.1 


(a) Is it true that ww(n-line) < w(n-line) for all sufficiently large values of n? Is 
it true that 
ww(n-line) 
——— — 0asn->ow? 
w(n-—line) 
(b) Ts it true that 
ww(n-line) 


HJ(n) 


— O0asn- ow? 


Note that Open Problem 8.1 (b) has a positive solution; see Section 12. 

Next consider the van der Waerden game. Let ww(n-term A.P.) denote the least 
threshold such that for every N > ww(n-term A.P.) first player can force a Weak 
Win in the (N, 1) van der Waerden game. 

It is easily seen that 


ww(3-term A.P.) = w(3-term A.P.) =5 <9 = W(3). 
Open Problem 8.2 


(a) Is it true that ww(n-term A.P.) < w(n-term A.P.) for all sufficiently large 
values of n? Is it true that 
ww(n-term A.P.) 
w(n—term A.P.) 


>Oasn— oo? 


(b) Is it true that 
ww(n-term A.P.) 


Wn) 


We summarize the “trivial inequalities” 


>Oasn—> oo? 


ww(n-line) < w(n-line) < HJ,.(n) < HJ(n), 
ww(comb. n—line) < w(comb. n-line) < HJ{,,(n) < HJ“(n), 


and 
ww(n-term A.P.) < w(n—term A.P.) < W,.(n) < Wn). 


The Achievement and Avoidance Numbers for Clique Games were defined 
in Section 6, and we stated the exact values in Theorem 6.4. The Achieve- 
ment and Avoidance Numbers for A.P.s (“Arithmetic Progression”) on the board 
[N] = {1,2,3,..., NW} are defined in the usual way as the inverse of the Weak Win 
and Reverse Weak Win Numbers 


A([A]; A.P.) = 7 if ww(n—term A.P.) < N < ww((n-+ 1)-term A.P.), 
A([A]; A.P.; —) = 7 if ww(n-term A.P.; —) < N < ww((n+ 1)-term A.P.; —). 


What can we prove about these Achievement and Avoidance Numbers? 
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Theorem 8.1 


A([N]; A.P.) = (1+ 0(1)) log, N, (8.1) 
A([N]; A.P.; —) = (1 + 0(1)) log, N. (8.2) 


Unfortunately (8.1)-(8.2) is not nearly as striking as (6.1)-(6.2): Theorem 8.1 is 
just an asymptotic result (by the way, we guess that the phase transition from Weak 
Win to Strong Draw happens at log, N + O(1), i.e. the uncertainty is O(1) instead 
of o(logN), see formula (9.2) later). Theorem 8.1 is an asymptotic result and 
Theorem 6.4 is an exact result — what a big difference! Where does the difference 
come from? By comparing the goal-sets of the Van der Waerden Game with the 
goal-sets of the Clique Game, it is easy to see the difference: K, is a rapidly changing 
“2-dimensional” (or we may call it “quadratic”) configuration, switching g to g+1 
the size () = (2) +q makes a “square-root size increase.” The n-term AP, on 
the other hand, is a slowly changing linear (“1-dimensional’”’) configuration. This is 
where the difference is: K, is a quadratic goal and the n-term AP is a linear goal. 


Two-dimensional Arithmetic Progressions. A natural way to obtain a 
2-dimensional version of an n-term A.P. is to take the Cartesian product (for a 
coherent notation we switch from 7 to q). 


e e e e e e e e e e e e e 
e e e e e e e e e e e e e 
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The Cartesian product of two q-term A.P.s with the same gap is a q x q (aligned) 
Square Lattice; the Cartesian product of two q-term A.P.s with not necessarily the 
same gap is a q x q (aligned) rectangular lattice. 

Let (N x N, gq x q Square Lattice) denote the positional game where the board is 
the N x N chessboard, and the winning sets are the q x q (aligned) Square Lattices. 
Roughly speaking, (NV x N, q x q Square Lattice) is the “Cartesian square” of the 
(N, q) van der Waerden game. The total number of winning sets is (k denotes 
the “gap”’) 
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3 


~~ (N-kqg-Dy= + O(N’). (8.3) 


Isk<(N-1)/(q-1) 2(¢—1) 


Similarly, let (NV x N, q x q rectangle lattice) denote the positional game where 
the board is the N x N chessboard, and the winning sets are the g x q (aligned) 
rectangle lattices. The (N x N,q x q rectangle lattice) game is another type of 
“Cartesian product” of the (NV, q) van der Waerden game. 


e © eeee © & £2: 8. @ 0) oe Re oe. ‘) es 
*“@eeeee @Oeeee Oe e © © Me oe ; 

4x4 Aligned 
eoeeee ec © © © © © © © © © ew Ow Rectangle Lattice 
*“@©@e*eeeQeeee Qe eee @Me «& 
e © eee e © oO 28 oe: 0) ee 8 e © ad 


The total number of winning sets is (j and k denote the “gaps’’) 


4 


3 SE W-Ag—N)W-Kg—-) = 


i + O(N’). 
L<j<(N—D/(q-1) 1sks(N—=D)/(q-1) (q—1) 


(8.4) 

Let A(N x N; Square Lattice) denote the Achievement Number: 

qo = A(N x N; Square Lattice) is the largest value of g such that Maker (as 

the first player) has a Weak Win in the (N x N, q x gq Square Lattice) game. We 
shall prove the exact result 


A(N x N; Square Lattice) = | Vlog, N+ o(1) | ; 
and the same for the Avoidance Number 
A(N x N; Square Lattice; —) = | Vice, N+ o(1) | ; 


What happens if the (aligned) Square Lattice is replaced by the (aligned) rectangle 
lattice? The only difference is an extra factor of /2 


A(N x N; rectangle lattice) = | V2l08; N+ o(1)| , 
A(N x N; rectangle lattice; —) = | V2l08; N+ o(1) | ; 


What happens if the Aligned Square Lattices are replaced by the tilted Square 
Lattices? 
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3x3 tilted 
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The Achievement Numbers are 


A(N x N; tilted Square Lattice) = | V2I08; N+ o(1)| ; 


and the same for the Avoidance Numbers. 
The tilted Square Lattice has 3 kinds of generalizations: (a) the tilted rectangle 
lattice, (b) the rhombus lattice, and, finally, (c) the parallelogram lattice. 


3x3 tilted 
eo 0« © © © © © © © © ew 8 Oe oe rectangle lattice 


3 x 3 rhombus 
oe ee Me e © © © Oe © © © ©  Jattice 


Somewhat surprisingly (a) and (b) have the same threshold as the tilted Square 
Lattice. 
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A(N x N; tilted rectangle lattice) = | V2I08; N+ o(1)| ; 


A(N x N; rhombus lattice) = | v2I08; N+ o(1) | ; 


and the same for the Avoidance Numbers. 
The tilted rectangle lattice and the rhombus lattice are special cases of the class 
of parallelogram lattices. 


e e e e e e e e e e e e e e (0) e 
e e e e e e e e e e e e e e e e 
e e e e e e e e e © e e e e e e 3 x 3 parallelogram 
eee © © © © © © © © ee Oe lattice 
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The corresponding Achievement Number is twice as large as that of the Aligned 
Square Lattice and the same for the Avoidance Number. 


A(N x N; parallelogram lattice) = | Vlog; N+ o(1) | = | 2vioe, N+ o(1) | , 
Area-one lattices: It means the class of parallelogram lattices where the 
fundamental parallelogram has area one. 


6 x 6 area-one 
oe ee parallelogram lattice 
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An infinite area-one lattice is equivalent to ZZ*: it lists every integral lattice 
point. If the integral vectors v = (a, b) and w = (c, d) satisfy ad — bc = +1, and 
u is also integral, then {u+-kv+lw: (k,l) € ZZ*} is an infinite or unrestricted 
area-one lattice in ZZ’, and every unrestricted area-one lattice in ZZ’ can be obtained 
this way. A g x qg (“restricted”) version means 


{utkv+lw: (k,)€2’,0<k<q-1,0<l<q-]}. 


Let (N x N,q x q area-one lattice) denote the positional game where the 
board is the N x N chessboard, and the winning sets are the q x qg area-one 
lattices. 

Let A(N x N; area-one lattice) denote the Achievement Number: gy = A(N x N; 
area-one lattice) is the largest value of g such that Maker (as the first 
player) has a Weak Win in the (N x N,g x q area-one lattice) game. The 
Avoidance Number A(N x N; area-one lattice; —) is defined in the usual way. 
We have 


A(N x N; area-one lattice) = | V2I08; N+ o(1) | ; 
and, of course, the same for the Avoidance Number 
A(N x N; area-one lattice; —) = | Vlog; N+ o(1) | : 


Note that instead of “area one” we can have “area A” with any fixed integer A in 
the range O(N7/log N). Needless to say, this result is “beyond Ramsey Theory”; 
in Ramsey Theory we cannot specify the area. 

We started with the “squares,” and proceeding in small steps we arrived at 
the “parallelograms,” still a close relative. The far side of the spectrum is when 
we get rid of geometry completely, and take the Cartesian product of two arbi- 
trary q-element subsets of [N]: Bx C where BC [N], C Cc [N, |B] = |C| = ¢. 
This leads to the case of Complete Bipartite Graphs: the board is the complete 
bipartite graph Ky y, and the winning sets are the copies of K, ,; this is the Bipar- 
tite version of the (Ky, K,) Clique Game. We call K,, a symmetric bipartite 
clique. 


Not surprisingly, the corresponding Achievement Number is the same as in 
Theorem 6.4 (a) 
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A(Ky,.y; sym. bipartite clique) = |2 log, N — 2 log, log, N + 2log,e—3+o0(1)], 
and, of course, the same for the Avoidance Number. 
2. The Second Main Result of the book. Let me summarize the “lattice results” 


in a single statement. 


Theorem 8.2 Consider the N x N board; the following Achievement Numbers are 
known 


(a) A(N x N; Square Lattice) = | Vlog, N+ o(1) | ; 

(b) A(N x N; rectangle lattice) = | v2 Toe: N+ o(1)| ; 

(c) A(N x N; tilted Square Lattice) = | v2 Toe: N+ o(1) | : 

(d) A(N x N; tilted rectangle lattice) = | v2Tog, N+ o(1) | , 

(e) A(N x N; rhombus lattice) = | v2 Tog, N+ o(1) | , 

(f) A(N x N; parallelogram lattice) = | 2vlog, N+ o(1)| ; 

(g) A(N x N; area one lattice) = | v2T08, N+ o(1)| , 

(h) A(Ky.y3 sym. bipartite clique) = |2log, N —2log, log, N+ 2log,e—3+o0(1)], 


and the same for the corresponding Avoidance Number. 


This book is basically about 2 exact solutions: Theorem 6.4 and Theorem 8.2. 
They are the main results. To see the proof of Theorem 8.2 the eager reader can 
jump ahead to Section 23, and after that to Part D. 


3. Generalizations. To solve these particular games we are going to develop some 
very general hypergraph techniques, which have many more interesting applica- 
tions. We cannot help discussing here an amusing generalization of Theorem 8.2: 
we extend Theorem 8.2 from the “shape of square” to any other “lattice polygon” 
(alternative name: “lattice animal”). What we mean by this is the following: Theo- 
rem 8.2 was about q x q sub-lattices of the N x N board, a q x q Aligned Square 
Lattice (“Case (a)” above) is a homothetic copy of the (q—1)th member of the 
“quadratic sequence” 


square: (k +1)? 
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SEN 


Instead of starting with the “unit square,” we could also start with a “triangle,” or 


triangle: (ks 2) 


a “pentagon,” or a “hexagon,” or an “octagon.” In general, we could start with an 
arbitrary lattice polygon (where each vertex is a lattice point) such as the “arrow,” 
the “duck,” the “fish,” or the “dog” (see the 2 figures below). 

Let S be an arbitrary lattice polygon (for example the “fish’); let S(1) = S. 
How do we define the “quadratic sequence” S(2), S(3), ..., S(k), ...? The figures 
above are rather self-explanatory: let E be an arbitrary edge of the boundary 
of S (edge means that the endpoints of E are consecutive lattice points on a 
straight line). Lattice polygon S(k) arises from S by a magnification of k such 
that every edge of S is divided into k equal parts by k—1 consecutive lattice 
points on a straight line. For example, the second figure below shows the “fish of 
order 3.” 

What is the number of lattice points in the magnified lattice polygon S(k) (the 
boundary is always included)? By using Pick’s well-known theorem, we can easily 
express the answer in terms of the area A of S = S(1) and the number B of lattice 
points on the boundary of S. Indeed, the area of S(k) is k7A, and the number of 
lattice points on the boundary of S(k) is kB, so by Pick’s Theorem the number /(k) 
of lattice points inside S(k) satisfies the equation k7A = I(k) — 1+kB/2. Therefore, 
the number of lattice points in S(k) (“boundary plus inside”) equals the quadratic 
polynomial Ak? + 1+ Bk/2. We call Ak? + 1+ Bk/2 the quadratic polynomial of 
lattice polygon S. 

A note about the lattice-point counting formula Ak? + 1+ Bk/2: the coefficients 
A and B/2 are “half-integers,” so it is not obvious why the polynomial Ak? + 
1+ Bk/2 is in fact integer valued. The equivalent form (via Pick’s Theorem) 
Ak? +1+ Bk/2 = B(S') + (1—1)k° +1 takes care of this “formal problem,” and 
clearly demonstrates that the polynomial is integer valued (here is / is the number 
of lattice points inside S). 


eae 


pentagon 
3k + 3k+1 
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hexagon 
4k? +3k+1 


octagon 
Tk +4k+1 
duck 
6k7 + 5k+1 


77, fish of order 3 o—e—e—+— 


fish 
28k7 4+ 12k+1 
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dog arrow 
61k? +18k+1 6k? +5k+1 


For example, the “triangle,” the “pentagon,” the “hexagon,” the “octagon,” the 
“arrow,” the “duck,” the “fish,” and the “dog” introduced above have quadratic poly- 
nomials” respectively (“$*), 3k? +3k+1, 4k? +3k+1, 7k? +4k+1, 6? +5k+ 1, 
6k? +5k4+1, 28k?+ 12k +1, and 61k? +18k+ 1. Different shapes may have the 
same quadratic polynomial, see e.g. the “arrow” and the “duck” (or notice that each 
“empty triangle” has the same polynomial (OAyh. 

What happens in Theorem 8.2 (a) if the “square” is replaced by an arbitrary 
lattice polygon S with area A and “boundary” B? What is the largest “order” k such 
that by playing on an N x N board the first player can still achieve a homothetic 


copy of S(k)? The largest achievable order k = k(S; N) equals 


1 B 
| Faviogs +01) ; (8.5) 


which is the perfect generalization of Theorem 8.2 (a). 

The similar generalization of Theorem 8.2 (c) (“tilted square”) goes as follows. 
What is the largest “order” k such that playing on an N x N board the first player 
can still achieve a similar copy of S(k)? The largest achievable order k = k(S; N) 
equals 


1 B 
| Fe v2Ioe NF +011), (8.6) 


which is the perfect generalization of Theorem 8.2 (c). 

A similar generalization of Theorem 6.4 (a) and Theorem 8.2 (h) goes as follows. 
Let G be an arbitrary finite graph with V = V(G) vertices and E = E(G) edges. A 
magnification G(q) of order gq means a graph where each vertex of G is replaced 
by a q-element set and each edge is replaced by a g x g complete bipartite graph. 
G(q) has q- V vertices and gq’ - E edges. Playing the usual (1:1) game on Ky, what 
is the largest value of g such that Maker can always build an isomorphic copy 
of G(q)? Here comes the exact answer: let H C G be the subgraph of G with 
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maximum average degree (of course, H = G is allowed), let A = A(H) denote the 
number of vertices of H and let B = B(H) denote the number of edges of H, then 


A A 2 
q= EF (ios N — log, log, N — log, (5) + log, c) a + a(t) | ; (8.7) 


If the “holes” in G(q) are filled up with K,s, then the analogue of (8.7) is 


ca (ee eee ad +1 +1 oe 
= O — log, lo —lo ——— oO _ 
=| ROR CO 82 1082 2 \ 7428 82 ¢ A2 
(8.8) 


Finally, let’s go back to ordinary win. We want to define the analogue of the 
Achievement Number. If the inverse of the Weak Win Number is called the Achieve- 
ment Number, then what do we call the inverse of the Win Number? We suggest 
the name Over-Achievement Number. For example, in the van der Waerden Game 


OA([N]; A.P.) = if w(n—term A.P.) < N< w((n+1)—term AP). 


Unfortunately, we know very little about the Over-Achievement Numbers. For 
example, in the van der Waerden Game the following upper and lower bounds are 
known 


(1+ 0(1)) log, N => OA([A]; A.P.) = log, log, log, log, log, N. 


The huge gap is rather disappointing. 

Unfortunately, the situation is even much worse when the goal sets are 
2-dimensional arithmetic progressions. Then the Over-Achievement Number is a 
total mystery: nobody has the slightest idea of what the true order might be; no one 
dares to come up with any kind of conjecture. This is just one more reason why 
we should cherish the exact solutions of the Achievement (Avoidance) Numbers in 
Theorem 8.2. 

Of course, we can define the Over-Achievement Number for the Clique Games 
as well. For a play on the (ordinary) complete graph Ky let 


OA(Ky; clique) =q if w(K,)<N<w(K,,,), 
and for a play on the complete p-graph K4, with p > 3 let 


OA(Ky; clique) =q if w(K’) <N<w(K{,,). 
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We know the following upper and lower bounds 
1 
2log, N > OA(Ky; clique) > 5 log, N, 


V6 log, N > OA(K;,; clique) > c, log log N, 
(24log, N)'/? > OA(Ky; clique) > c, log log log N, 
(120log, N)'/4 > OA(K>; clique) > c; log log log log N, 


and so on. The upper bounds come from Theorem 1.4 (Erd6s—Selfridge Theorem) 
and the lower bounds come from Ramsey Theory (see (6.7)-(6.9)). Again there is 
a striking contrast between these huge gaps and the exact values in Theorem 6.4. 

We know little about the Ramsey Theory thresholds, we know little about 
the Over-Achievement Numbers, but we know a lot about the Achievement and 
Avoidance Numbers. 
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Explaining the exact solutions: a Meta-Conjecture 


1. What is going on here? Theorems 6.4 and 8.2 described the exact values of 
infinitely many Achievement and Avoidance Numbers. We are sure the reader is 
wondering: “What are these exact values?” “Where did they come from?” The 
answer to these questions is surprisingly simple. 


Simple Answer: In each one of the “exact solution games” (i.e. games with 
quadratic goals) the “phase transition” from Weak Win to Strong Draw happens 
when the winning set size equals the binary logarithm of the Set/Point ratio of 
the hypergraph, formally, log,(|F|/|V|). 

For example, in the (Ky, K,) Clique Game the Se#/Point ratio is (") ea ae and 


Res () -m.((*)(%)") 


gq = q(N) = 2log, N —2 log, log, N+ 2log,e—3+0(1), 


which is exactly (6.1)-(6.2) (the calculations are similar to (6.4)-(6.6)). 
In the Aligned Square Lattice Game on an N x N board, by (8.3) the equation 


ND 
2; =] wo") 
ae Ce D 


q = q(N) = Vlog, N + o(1), 
which is exactly Theorem 8.2 (a). 
In the Aligned Rectangle Lattice Game on an N x N board, by (8.4) the equation 


N¢4 
2] —_ . Nn? 
‘ 06 (a 


q=q(N) = V2 log, N + o(1), 
which is exactly Theorem 8.2 (b). 


has the real solution 


has the real solution 


has the real solution 
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We challenge the reader to double-check my Simple Answer above by carrying 
out the analogous calculations for the rest of the “exact solution games” (such as 
Theorems 6.4 (b)-(c) and 8.2 (c)-(g)). 

An alternative way to formulate the Simple Answer above is to consider the 
sum 


1 -|A 
v1 (=2 | ) (9.1) 


associated with hypergraph (V, F), and to look at (9.1) as a “gauge” for Weak Win: 
if sum (9.1) is “large” (meaning “much larger than one”), then the positional game 
is a Weak Win, and if sum (9.1) is “small” (meaning “much smaller than one”), 
then the positional game is a Strong Draw. 

Perhaps sum (9.1) is too crude, and a more delicate sum such as 


= (x jal.) (9.2) 
IV| AEF 
reflects the “phase transition” from Weak Win to Strong Draw somewhat better. 

For example, consider the following n-uniform hypergraph: the board V is a 
(2n —1)-element set {w, X),%5,°++ 5 X__15 i> Yoo °** » Yn}. The family of winning 
sets consists of all possible n-element subsets A of V with the following two 
properties: (1) w € A, (2) A contains exactly 1 point from each pair {x,, y,}, i= 
1,2,...,2—1. The number of winning sets is 2”~', and the first player can occupy 
a winning set in the fastest possible way in n turns. Notice that for this hypergraph 
sum (9.2) is the “right” gauge to separate Weak Win from Strong Draw. 

Notice that (9.2) is exactly the quantitative form of the intuition explained after 
formula (3) in our informal introduction (“A summary of the book in a nutshell”). 

For the “exact solution hypergraphs” with “quadratic” goal sets, sums (9.1) and 
(9.2) are basically the same: the goal size is either n = (4) or n= q’, and if g 
switches to g+1, then n undergoes a “square-root size increase.” The effect of this 
“square-root size increase” in sum (9.1) is much larger than the effect of the extra 
factor |A| that distinguishes (9.2) from (9.1). 

We should be able to separate (9.2) from (9.1) when the goal sets are “linear.” 
Natural examples are the n-term arithmetic progressions in the (N,n) Van der 
Waerden Game, and the n-in-a-lines’s in the n“ hypercube Tic-Tac-Toe. In the 
(N, n) Van der Waerden Game (9.2) is (basically) equivalent to 


N? —n 


n2 
a ae O(1) =>} n=n(N) = log, N+ O(1). 


Is it true that in the (N, 2) Van der Waerden Game the phase transition from Weak 
Win to Strong Draw happens at n = n(N) = log, N+ O(1)? 
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In the n“ hypercube Tic-Tac-Toe, (9.2) is (basically) equivalent to 


(n+2)4—n4 n2-" 


—4 = O(1) — d=d(n) = 


n@ 


(log 2)n? — nlogn 
2 


+ O(n). 


Is it true that in the n? hypercube Tic-Tac-Toe the phase transition from Weak Win 
to Strong Draw happens at d = d(n) = ((log2)n? — nlogn)/2 + O(n)? 

We believe both questions have a positive answer, but we don’t have a clue how 
to prove such delicate bounds (we can prove weaker results). The second conjecture 
about the n“ Tic-Tac-Toe is particularly risky, because the family of n-in-a-line’s 
in the n@ hypercube is extremely degree irregular: the maximum degree is much 
larger than the average degree (for a degree reduction, see Theorem 12.2; see also 
Theorem 12.5). 

Next consider the general case of arbitrary hypergraphs. Is it true that for every 
uniform hypergraph the “phase transition” from Weak Win to Strong Draw happens 
when the winning set size equals the binary logarithm of the Set/Point ratio of the 
hypergraph? Is sum (9.1) (or sum (9.2)) the right “gauge” to separate Weak Win 
from Strong Draw? A general result like that would settle the whole issue once and 
for all, but of course we are not that lucky: the answer to the general question is 
an easy “no.” This means that the “exact solution hypergraphs” must have some 
special properties. 

What are the “special properties” of the “exact solution hypergraphs”? This is a 
hard question that requires a longer discussion. We start the discussion by showing 
first a large class of hypergraphs for which the Simple Answer above is false in 
the strongest possible sense. This is the class of Strictly Even Hypergraphs. 


Strictly even hypergraph 


The board V of a Strictly Even Hypergraph is an even-size set, say a (2M)- 
element set, representing the inhabitants of a little town: M married couples, M 
husbands, and M wives. The citizens of this little town have a habit of forming 
clubs, small and large. The same citizen may have membership in many different 
clubs at the same time, but there is a rule which is strictly enforced: if a citizen 
is the member of a club, then his/her spouse is automatically a member, too. Each 
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club represents a hyperedge of a Strictly Even Hypergraph (and vice versa). In 
technical terms, a Strictly Even Hypergraph has an underlying “pairing,” and if a 
hyperedge intersects a “pair,” then the hyperedge must contain the whole “pair.” 

Note that in a Strictly even Hypergraph, every winning set has even size, and, 
in general, the intersection of an arbitrary family of winning sets has even size too 
(explaining the name “strictly even’). 

The Positional Game played on an arbitrary Strictly Even Hypergraph is trivial: the 
first player cannot occupy a whole winning set. In fact, the first player cannot even 
achieve a “lead” by one! Indeed, by using a Pairing Strategy, the second player can 
take the exact half from each winning set (preventing any “lead” of the opponent). 

The hypergraph of the (Ky, K,) Clique Game is very different from a Strictly 
Even Hypergraph. One of the many peculiarities of a Strictly Even Hypergraph is 
that its Maximum Pair-Degree equals the Maximum Degree; for the hypergraph of 
the (Ky, K,) Clique Game, on the other hand, the Maximum Pair-Degree is much 
smaller than the Maximum Degree: the hypergraph of the (Ky, K,) Clique Game 
is very “homogeneous.” 


Meta-Conjecture Let F be an n-uniform hypergraph, and let V denote the 
union set. 


(a) Assume that F is “homogeneous,” which vaguely means the “complete opposite 
of Strictly Even Hypergraphs.” Is it true that if n < log, (|F|/|V|)+??, then the 
first player can force a Weak Win? 

(b) Assume that F is “reasonable.” Is it true that if n > log,(|F|/|V|)+2???, then 
the second player can force a Strong Draw? 

(c) How about the Avoider—Forcer version? Is it true that, under the condition of 
(a), ifn <log,(|F|/|V|)+??, then Forcer can force Avoider to occupy a whole 
winning set? 

(d) Is it true that, under the condition of (b), if n > log,(|F|/|V|)+2???, then Avoider 
can avoid occupying a whole winning set? 


The Meta-Conjecture states that the “phase transition” happens at the same time 
for both the Maker—Breaker and the Avoider—Forcer games. In fact, there is a third 
game with exactly the same phase transition (the concept is due to W. Pegden 
[2005]). We call it the: 


Improper—Proper Game: Mr. Improper and Ms. Proper take turns occupying new 
points of a finite hypergraph; Mr. Improper colors his points red and Ms. Proper 
colors her points blue. Ms. Proper wins if and only if at the end of the play they 
produce a proper 2-coloring of the hypergraph (i.e. no hyperedge is monochro- 
matic). Mr. Improper wins if at the end they produce an improper 2-coloring of 
the hypergraph (there is a monochromatic hyperedge), so draw is impossible by 
definition. 
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Notice that this new game has a one-sided connection with both the Maker— 
Breaker and the Avoider—Forcer Games: a Maker’s winning strategy is automat- 
ically a Mr. Improper’s winning strategy (he can force a red hyperedge), and, 
similarly, a Forcer’s winning strategy is automatically a Mr. Improper’s winning 
strategy (he can force a blue hyperedge). 

There is also a fourth game with exactly the same phase transition: the Chooser— 
Picker Game; for the definition see Section 22. 

Let’s return now to the Meta-Conjecture: it is a very vague statement, and the 
reader is justly irritated by its clumsyness. We didn’t define what “homogeneous” 
and “complete opposite of Strictly Even Hypergraphs” mean in (a); we didn’t define 
what “reasonable” means in (b); and, finally, we didn’t specify the meaning of the 
question marks “??” and “???”. 

How can we clarify the annoyingly vague Meta-Conjecture? Let us start with 
(a): the “Weak Win criterion.” Is there a natural class of hypergraphs which is 
a complete opposite of Strictly Even Hypergraphs? The class of Almost Disjoint 
hypergraphs is a good candidate: in an Almost Disjoint hypergraph the Max Pair- 
Degree is 1, i.e. as small as possible; in a Strictly Even Hypergraph, on the other 
hand, the Maximum Pair-Degree equals the Maximum Degree, i.e. as large as 
possible. This suggests that Meta-Conjecture (a) has a good chance of being true 
for Almost Disjoint hypergraphs. And, indeed, Theorem 1.2 is exactly the result 
what we are looking for. 

Therefore, in the special case of Almost Disjoint hypergraphs, Theorem 1.2 yields 
the following clarification of the Meta-Conjecture (a): 


(a) Assume that F is an Almost Disjoint n-uniform hypergraph. If n < 
log,(|F|/|V|) +3, then the first player can force a Weak Win. 


If the hypergraph is “far” from being Almost Disjoint, e.g. the Clique Game 
hypergraph, then the clarification of Meta-Conjecture (a) is much more difficult: 
this is the main subject of Chapter V. 

After this more-or-less successful clarification of Meta-Conjecture (a), we try to 
clarify Meta-Conjecture (b): the “Strong Draw criterion.” We conjecture that the 
vague requirement to be “reasonable” in (b) simply means to be (nearly) degree- 
regular, where degree-regular means that the Maximum Degree is (nearly) equal 
to the Average Degree. Note that if F is an n-uniform hypergraph and V is the 
board, then 


n-|F| = AverDeg(F)-|V], 
implying that the Average Degree equals n-times |F|/|V], i.e. n-times the Set/Point 


ratio. This is how we get back to the Set/Point ratio, the key parameter of the 
Meta-Conjecture. 
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My vague conjecture that reasonable actually means degree-regular has the 
following precise form called the Neighborhood Conjecture (see below). First we 
need to introduce the concept of the Maximum Neighborhood Size of a hypergraph. 
If F is a hypergraph and A € F is a hyperedge, then the F-neighborhood of A 
is Fy, ={BeF: BNAFG}, ie. the set of elements of F which intersect A, 
including A itself. Now the Maximum Neighborhood Size of F is the maximum of 
|F,| = |{BeF: BOAFG}|, where A runs over all elements of F. 

The Maximum Neighborhood Size is very closely related to the Maximum 
Degree. Indeed, if F is n-uniform, its Maximum Degree is D, and its Maximum 
Neighborhood Size is S, then D+1<S<n(D-—1)+1. 


Open Problem 9.1 (“Neighborhood Conjecture”) (a) Assume that F is an n- 
uniform hypergraph, and its Maximum Neighborhood Size is less than 2"~'. Is it 
true that by playing on F the second player has a Strong Draw? 


Notice that a positive solution would imply a far-reaching generalization of the 
Erd6s—Selfridge Theorem. 

Maybe the sharp upper bound < 2”~! is not quite right, and an “accidental” counter- 
example disproves it. The weaker version (b) below would be equally interesting. 


Open Problem 9.1 


(b) If (a) is too difficult (or false), then how about if the upper bound on the 
Maximum Neighborhood Size is replaced by an upper bound 2"~°/n on the 
Maximum Degree, where c is a sufficiently large positive constant? 

(c) If (b) is still too difficult, then how about a polynomially weaker version where 
the upper bound on the Maximum Degree is replaced by n~°-2”", where c > 1 
is a positive absolute constant? 

(d) If (c) is still too difficult, then how about an exponentially weaker version where 
the upper bound on the Maximum Degree is replaced by c", where 2>c > 1 
is an absolute constant? 

(e) How about if we make the extra assumption that the hypergraph is Almost 
Disjoint (which holds for the n‘ Tic-Tac-Toe anyway)? 

(f) How about if we just want a Proper Halving 2-Coloring (i.e. Drawing Terminal 
Position)? 


The Neighborhood Conjecture, which is an elegant clarification of one-half of 
the Meta-Conjecture, is a central issue of the book. A good motivation (but not a 
proof!) for the Neighborhood Conjecture is the “Probabilistic Method,” in particular 
the Erdés—Lovasz 2-Coloring Theorem, see Section 11. 

Note that part (f) is clearly the easiest problem, and there is a partial result: the 
answer is positive if the Maximum Degree is < (3/2 —0(1))”, see the very end of 
Section 11. So the real question in (f) is whether or not 3/2 can be replaced by 2. 


Explaining the exact solutions: a Meta-Conjecture 137 


The board size is (nearly) irrelevant! A good illustration of the Neighborhood 
Conjecture is the following extension of Theorem 8.2. First, we fix a lattice type 
from (a) to (g) (the complete bipartite graph is excluded!); second, we extend 
the board from N x N to a much larger M x M board, but we keep the size of 
the winning lattices unchanged: the winning lattices are the g x q lattices in the 
M x M board that have diameter, say, < 2N. An inspection of the proof of Theo- 
rem 8.2 (a)-(g) shows that the new board size M = M(N) can be as large as N?, 
or N?, or N*, or N'®, or even superpolynomial like N“°:™ with a small constant 
Co= 10‘; if the winning set diameter remains < 2N, then the Lattice Achieve- 
ment and Avoidance Numbers remain unchanged. We refer to this phenomenon 
as the Irrelevance of the Board Size. We return to this issue at the end of 
Section 44. 

Of course, Theorem 6.4 (Clique Game) also has a similar extension. Let M be 
much larger than N, and let K,, denote the clique where the vertex set is the set of 
consecutive integers {1,2,..., M}. A subclique K, C Ky is a winning set if and 
only if the vertex set {7,,i,,...,,} has the Diameter Property that max |i; —i,| < N 
for any two vertices i;, i, of K,. An inspection of the proof of Theorem 6.4 (a) 
shows that the new board size parameter M = M(N) can be as large as N’, or 
N3, or N*, or N'®, or even superpolynomial like N“°?™) with a small positive 
absolute constant cy; if the winning set diameter remains < N, then the Clique 
Achievement and Avoidance Numbers remain unchanged. This is another example 
of the Irrelevance of the Board Size. 

Let us return to Open Problem 9.1. Unfortunately it cannot be solved in general, 
but we can prove some important partial results. This is how we settle the Strong 
Draw parts of the exact solutions; this is the subject of Part D of the book. 

Most success is achieved in the Almost Disjoint case. If hypergraph F is (nearly) 
uniform, (nearly) degree-regular, (nearly) Almost Disjoint, and the global size |F| 
is not extremely large, then the Meta-Conjecture holds. More precisely, we have 
the following: 


Theorem for Almost Disjoint Hypergraphs: Assume that hypergraph F is 
n-uniform and Almost Disjoint; let V denote the union set. 


(a) If the Average Degree is sufficiently large 


F 
AverDeg(F) = _ Sone, 


then the first player can occupy a whole A € F (“Weak Win”). 
(b) If the global size |F| and the Max Degree satisfy the upper bounds 


|F| < 2”"" and MaxDegree(F) < ae 


then the second player can put his mark in every A € F (“Strong Draw”). 
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If the hypergraph is (nearly) degree-regular, then the Average Degree and the Max 
Degree are (nearly) equal, see (a) and (b). Observe that part (a) is just a restating 
of the simple Theorem 1.2; on the other hand, part (b) is the very difficult “third 
ugly theorem,” which will be proved in Chapter VII. 


Breaking the square-root barrier. If we have quadratic goal sets of size n = 
n(q)=¢ or (2); then switching from g to (¢+1) means a (roughly) ./n increase 
in the size. This explains why “breaking the square-root barrier,” i.e. proving the 
error term 0(,/n) in the exponent of 2, is so crucial. Notice that the error term 4n7/° 
in (b) above is clearly o(./n); this is a good indication of why we have a chance 
to find the exact solution of infinitely many games, and also why we need large n. 

Actually this is an over-simplification, because neither of our main games (Clique 
Games or Lattice Games) gives an Almost Disjoint hypergraph. The two Square 
Lattice Games, aligned and tilted, come very close to Almost Disjointness: in both 
cases the Max Pair-Degree A, = A,(F) is “negligible” (a superlogarithmic function 
of the board parameter N). More precisely: 


(1) the Aligned Square Lattice Game on N x N: A, < (3) = O((log N)’); 
(2) the Tilted Square Lattice Game on N x N: A, < (2) = O((log N)’). 


Classes (1)-(2) represent the “easy” lattice games. How about the rest of the lattice 
games, such as the aligned rectangle lattice or the parallelogram lattice games? 
The most general class is the parallelogram lattice game, and even this one shows 
some resemblance to Almost Disjointness: any 3 non-collinear points in the N x N 
board determine < (“) = O((log N)*) g x q parallelogram lattices (i.e. a kind of 
triplet-degree is negligible). 

So why can we find the exact solution for the Lattice Games? Well, a 
short/intuitive explanation is that (1) we have the “Almost Disjoint Theorem,” 
and (2) the corresponding hypergraph for each Lattice Game is “nearly” Almost 
Disjoint. 

Unfortunately, the real explanation — the detailed proof — is very long; this is 
why we made this extra effort to give some intuition. 

Now we more-or-less “understand” the Lattice Games, at least on an intuitive 
level. (Notice that the same intuition doesn’t apply to the Clique Games: the clique 
hypergraph is a far cry from Almost Disjointness.) 


Summary of the main result: If (V, 7) is a “homogeneous” hypergraph, which 
includes the “uniform,” or at least “nearly uniform,” and also the “nearly degree- 
regular,” then a sum such as 
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(see (9.1)) associated with hypergraph (V, F) is the right gauge to describe Weak 
Win: if the sum is larger than one, the Positional Game is expected to be a 
Weak Win; if the sum is smaller than one, the Positional Game is expected to be 
a Strong Draw. 

The same applies for the Reverse (“Avoider—Forcer”) game: if the sum is larger 
than one, then Forcer can force Avoider to occupy an whole hyperedge of 7, and 
if the sum is smaller than 1, then Avoider can avoid accupying any hyperedge. 

This is certainly true for the class of “degree regular Ramsey-type games with 
quadratic goals” (the main subject of the book). It is an exciting research project to 
extend these sporadic results to larger classes of positional games; for more about 
this, see Section 46. 

The Meta-Conjecture is about “local randomness.” A different way to put it is 
the so-called “Phantom Decomposition Hypothesis”; this new viewpoint will be 
discussed at the end of Section 19. 


2. Extensions of the main result. There are two natural ways to generalize the con- 
cept of the Positional Game: one way is the (1) discrepancy version, where Maker 
wants (say) 90% of some hyperedge instead of 100%; another way is the (2) biased 
version like the (1 : 2) play, where (say) Maker claims 1 point per move and Breaker 
claims 2 points per move. 

Neither generalization is a perfect success; the discrepancy version generalizes 
more smoothly; the biased version, unexpectedly, leads to some tormenting(!) 
technical difficulties. We will discuss the details in Chapter VI; here just a summary 
is given. 

In the a-Discrepancy Game, where Maker wants an a-part from some A € F 
(1 > a> 1/2 is a given constant, such as a = .9, meaning that “90% majority 
suffices to win”), it is plausible to replace sum (9.1) with 


— l4l Al saya fase 
IV| (=(=,( k ))2 ~ IVI 2? ; (9.3) 


The Shannon’s entropy H(a) = —alog,a—(1—a)log,(1—a@) comes from 
applying Stirling’s formula to the binomial coefficients. 

The first surprise is that we cannot solve the a-Discrepancy problem for the 
Clique Game, but we succeed for all Lattice Games. To understand why, the reader 
should consult Sections 28-29. 

Next consider the biased version. In the (m:b) play Maker takes m new points 
and Breaker takes b new points per move. The obvious analogue of (9.1) is the sum 


(= (=) "). 0.4) 


Here is a short list of “successes” and “failures” in the biased case. 
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(1) In the (2:1) Avoidance version of all Lattice Games (Forcer is the underdog), 
we have the exact solution, and it is given by formula (9.4). 

(2) In the (2:1) Achievement version of the Aligned Square Lattice Game (Breaker 
is the underdog), formula (9.4) fails to give the truth. 

(3) In the (1:2) Achievement version of the Aligned Square Lattice Game (Maker 
is the underdog), we have the exact solution, and it is given by formula (9.4). 

(4) In the (1:2) Achievement version of the Aligned Rectangle Lattice Game (Maker 
is the underdog), we don’t know the exact solution. 

(5) In the (1:2) Chooser—Picker version (in each turn Picker picks 2 new points 
from the board and offers them to Chooser, Chooser chooses one of them and 
the remaining two go back to Picker; Chooser is the “builder”), we come very 
close to the exact solution for all Clique and Lattice Games, and these solutions 
are given by formula (9.4). 

(6) In the (2:2) and (2:1) Achievement versions, we don’t know the exact solution 
for any class of games, but in many cases we can prove the “building part” (the 
“blocking part” remains open). 


Fact (2) on the list above indicates that the biased version of the Meta-Conjecture 
has to be more complicated than formula (9.4) (at least when Maker is the top- 
dog). At the end of Section 30 a detailed discussion is given of what we believe 
to be the correct form of the Biased Meta-Conjecture. In a nutshell, our conjec- 
ture says that the threshold n = log,(|F|/|V|) in the Meta-Conjecture has to be 
replaced by 


n= logms((FI/IVI) + loa, IVI, (9.5) 


when Maker is the topdog and plays the (m: b) achievement version on (V, F) 
(i.e. m > b> 1). Threshold (9.5) is motivated by the “Random Play plus Cheap 
Building” intuition. 

List (1)-(6) above clearly demonstrates that the biased case is work in progress. 
There are many non-trivial partial results (see Sections 30-33), but we are very far 
from a complete solution. The reader is challenged to participate in this exciting 
research project. 

Two sporadic results are mentioned as a sample. For every a with 1/2 <a <1, 
let A(N x N; Square Lattice; a) denote the largest value of g such that Maker can 
always occupy > @ part of some g x g Aligned Square Lattice in the N x N board. 
We call it the a-Discrepancy Achievement Number. We can similarly define the 
a-Discrepancy Achievement Number for the rest of the Lattice Games, and also 
for the Avoidance version. 


Theorem 9.1 Consider the N x N board; this is what we known about the 
a-Discrepancy Achievement Numbers of the Lattice Games: 
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(a) [ ow + o(1)] = > A(N x N; Square Lattice; a) > | eT —co(a) — o(1) 


(b) [ / cia + o(1) | > A(N x N; rectangle lattice; a) > | 70 — Cy(a) — o(1)| 


(c) | ,/ 22 +0(1) 


(d) [ 2logyN | + 0(1) 


—H(a) | 


A(N x N; tilted square latt.; a) > | Te —cy(a)—o(1) 


A(N x N; tilt. rect. lattice; a) > | ae —c)(a@) — o(1)| 


I 
le 
I 
le 


(e) | ee + o(1) | => A(N x N; rhombus lattice; a) > | ae —C)(a) — o(1) | 


(f) ie 18 +o(1)] = > A(N x N; parall. lattice; a) > |2 a — ey(a) ~ o(1) | 


A(a) 


(g) [ ee + o(1)| > A(N x N; area— onelattice; a) > | ae — (a) — o(1)| 


and the same for the corresponding Avoidance Number. Here the function 
H(a) = —alog, a—(1—a)log,(1 —@) is the Shannon’s entropy, and 


cola) =f BEAU 2) og, (_2_) 


is a constant (depending only on a) which tends to 0 as a — 1. 


If @ is close to 1, then the additive constant cy(q@) is small, so the upper and 
lower bounds coincide. Thus for the majority of the board size N we know the 
exact value of the a-Discrepancy Achievement and Avoidance Numbers; well, at 
least for the Lattice Games (when a is close to 1). 

Next consider the (a:1) Avoidance Game where a > 2; this means Avoider takes 
a points and Forcer takes | point per move. Let A(N x N; Square Lattice; a: 1; —) 
denote the largest value of g such that Forcer can always force Avoider to 
occupy a whole q xq Aligned Square Lattice in the N x N board. This is 
called the Avoidance Number of the biased (a:1) game where Forcer is the 
underdog. 


Theorem 9.2 Consider the N x N board; let a> 2 and consider the (a:1) Avoidance 
Game where Forcer is the underdog. We know the biased Avoidance Numbers: 


(a) A(N x N; Square Lattice; a: 1; —) = | eee +0(1) | ; 


(b) A(N x N; rectangle lattice; a: 1; —) = | TrGEES ae o(1)| ; 


(c) A(N x N; tilted Square Lattice; a: 1; —) = F: ZlogN +0(1) | ; 


log(1+ 7) 
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(d) A(N x N; tilted rectangle lattice; a: 1; —) = i 2logN +0(1) | ; 


log(1++4) 


(e) A(N x N; rhombus lattice; a: 1; —) = | a +0(1) | : 


(f) A(N x N; parallelogram lattice; a: 1; —) = l2 log N o(1) | P 


log(1+1) 


(g) A(N x N; area-one lattice; a: 1; —) = | aes + o(1) |. 
For the proofs of (1)-(6) and Theorems 9.1-9.2, the reader is referred to 
Chapter VI. 


3. Some counter-examples. Let us return to the Meta-Conjecture one more time: 
a surprising byproduct is the unexpected coincidence of the Achievement and 
Avoidance Numbers, at least for “homogeneous” hypergraphs in the usual (1:1) 
play. This is interesting because, for arbitrary hypergraphs, we can distinguish 
the Maker—Breaker game from the Avoider—Forcer version. A hypergraph example 
where Maker can over-perform Avoider is the following 3-uniform hypergraph with 
five 3-sets on a 6-element board: 


winning sets: {1, 2, 3}, 
{1, 2, 4}, {1, 2, 5} 
{1, 3, 5}, {1, 3, 6} 


Here Maker (the first player) has an easy winning strategy. By contrast, in the 
Reverse version, Forcer does not have a winning strategy. Indeed, if Forcer is the 
second player, then Avoider wins by avoiding the “root.” If Forcer is the first 
player, then Avoider can still win — the easy case study is left to the reader. 

This simple construction can be easily “amplified” by taking the Cartesian prod- 
uct. Let us take 2n copies of the 3-uniform hypergraph, and define a 3n-uniform 
hypergraph of (2 y5¢ winning sets as follows: a winning set consists of n 3-sets, 
where the 3-sets are from n distinct copies of the 3-uniform hypergraph. 


1 2n 


2n copies 
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It is clear that Maker can occupy a whole 3n-element winning set (no matter he is 
the first or second player). 

In the Reverse Game, however, Avoider can avoid taking more than 27” elements 
from any winning set (no matter whether he is the first or second player). This 
means Forcer cannot force 66.7% of what Maker can achieve; a big quantitative 
difference between “achievement” and “avoidance.” 

How about the other direction? Can Forcer force more than what Maker can 
achieve? For a long time we couldn’t find any example for this, and started to 
believe that there is a one-sided implication here which is formally expressed as 


Forcer’s win => Maker's win. 


We pretty much believed in the intuition that “the reluctant Avoider can never have 
more than the eager Maker,” which has the following precise form: 


Let F be an arbitrary finite hypergraph, and assume that in the Avoider—Forcer game on 
F Forcer has a winning strategy (i.e. Forcer can force the reluctant Avoider to occupy 
a whole winning set). Is it true that by playing the Maker-—Breaker game on the same 
hypergraph Maker has a winning strategy (i.e. the eager Maker himself can occupy a 
whole winning set)? 


The guess, “yes,” turned out to be wrong. Two students, Narin Dickerson (Princeton) 
and Brian Cornell (Rutgers), independently of each other, came up with two different 
counter-examples. Dickerson’s example is remarkably simple, and goes as follows: 
consider a cycle of length 5, the players take vertices, and the winning sets are 
the five 3-consecutives. It is easy to see that Breaker can prevent Maker from 
occupying 3 consecutive vertices on the 5-cycle; on the other hand, Forcer, as the 
second player, can force Avoider to occupy 3 consecutive vertices on the 5-cycle. 
Again the construction can be “amplified” by taking the Cartesian product. Let 
us take 2n disjoint copies of Dickerson’s 3-uniform hypergraph, and define a 3n- 
uniform hypergraph of C")5" winning sets as follows: a winning set consists of 
n 3-sets, where the 3-sets are from n distinct copies of the 3-uniform hypergraph. 


1 2 2n 


3-consecutive 


2n copies of Dickerson’s construction 
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The point is that in the Reverse Game, Avoider can be forced to be the “first” in at 
least n copies, and so he can be forced to occupy a whole 3n-element winning set 
(no matter whether Avoider is the first or second player). 

In the normal version, however, Maker can be prevented from occupying a 
winning triplet from any copy, so Maker can be prevented from taking more than 
2n elements from any 3n-element winning set (no matter whether Maker is the first 
or second player). This means Forcer can be forced to take a whole winning set, 
but Maker cannot even occupy 66.67% of a winning set; a big quantitative (“factor 
3/2”) difference between “achievement” and “avoidance” in favor of “avoidance.” 

Cornell’s construction is a natural example: it is an arithmetic progression game; 
the board is the set of the first 12 integers [12] = {1,2,..., 12} and the winning 
sets are the 4-term arithmetic progressions in [12]. A rather complicated case 
study shows that Maker cannot occupy a 4-term arithmetic progression (no matter 
whether he is the first or second player); in the Reverse game; however, Avoider, 
as the second player, can be forced to occupy a 4-term arithmetic progression. 
We challenge the reader to double-check this statement. Needless to say, Cornell’s 
construction can be also “amplified” by taking the Cartesian product: it leads to the 
slightly weaker “factor 4/3” (instead of 3/2). 

This is the short list of hypergraphs for which we know that the Maker—Breaker 
and Avoider—Forcer versions differ from each other substantially. Are there other 
examples? Can the “factor 3/2” be pushed up to (say) 100? 

It is important to see that the Maker—Breaker and Avoider—Forcer games exhibit 
very different behavior. The first one is a “hot” game with a possibility for quick 
win by Maker; the second one is a “cold” game where Avoider may lose in the last 
move. A good illustration is the following “binary tree hypergraph”: the full-length 
branches of a binary tree with n levels form an n-uniform family of 2”! winning 
sets (the players occupy vertices of the binary tree). Playing on this hypergraph 
Maker (the first player) can occupy a full branch in n moves (as quick as possible: 
Economical Winner). In the Reverse Game Forcer (the second player) wins (by 
an easy Pairing Strategy), but Avoider can postpone his loss till the last move (by 
taking the “root”), ie. Forcer’s win is as slow as possible. 

The same thing happens for the “triangle” game on a large clique: the first player 
can own a K;, in his 4th move (or before); the Reverse “triangle” game, on the 
other hand, is very slow, see the next exercise. 


Exercise 9.2 Consider Sim on a very large board: the board is a complete graph 

Ky on N vertices, the players alternately claim a previously unoccupied edge per 

move, and that player loses who gets a triangle K3 of his own first. 

(a) Show that either player can avoid losing in less than 7(3) turns (i.e. when less 
than half of the edges are taken). 

(b) Every play must have a loser in (2 +o(1)) (7) turns. 
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Here is another question: We know that Sim, the (K,, K;,—) Clique Game, is a 
second player win. Is it true that the (K,, K,, —) Clique Game remains a second 
player win for every N > 6? 

The many sophisticated counter-examples above make it even more interesting 
that the Achievement and Avoidance Numbers for Cliques and Sublattices are 
equal. More precisely, we can prove that they are equal for the overwhelming 
majority of the vertex size N in Ky. In fact, much more is true: the equality of 
the Achievement and Avoidance Numbers is a typical property. Typical in the 
sense that Ky can be replaced by a typical graph G,, on N vertices, the complete 
3-uniform hypergraph K;, can be replaced by a typical 3-graph G3, C K;,, the N x N 
grid can be replaced by a typical subset; playing on these new boards the equality 
still holds! At the beginning of Section 46 we will return to this far-reaching and 
exciting generalization. 

It is difficult to know how to explain the (typical) equality of the Achievement 
and Avoidance Numbers. All that can be said is that the highly technical and long 
proof of the Achievement case can be easily adapted, like maximum is replaced 
by minimum, to yield exactly the same “boundary” for the Avoidance game. There 
should be a better, shortcut explanation for this coincidence that we happen to 
overlook! Can the reader help out here? 


10 
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1. Perfect play vs. random play. Let us go back to Section 6 and consider the 
Clique Game on board Ky; what is the largest clique that Maker can build? The 
answer is K,, with 


dq, = 1 (N) = |2 log, N — 2 log, log, N + 2log,e—3+ 0(1)], (10.1) 


where log, stands for the base 2 logarithm. In other words, a “perfect” Maker’s best 
achievement is K,, with (10.1). (“Perfect” Maker means God, or at least a world 
champion chess player like Kasparov). 

How about a “random” Maker, who chooses among his options in a random 
way by uniform distribution? More precisely, what happens if both players play 
“randomly,” i.e. if a “random” Maker plays against a “random” Breaker? Then the 
answer is a K,, with 


qo = 4(N) = |2 log, N — 2 log, log, N + 2log,e— 1]. (10.2) 


The two thresholds are strikingly close to each other: g, = gz — 2, i.e. the Clique 
Achievement Number is 2 less than the Majority-Play Clique Number. 

Note that the Majority-Play Number is a much more accessible, much “easier” 
concept than the Achievement Number. Indeed, we can easily simulate a random 
play on a computer, but it is impossible to simulate an optimal play (because of the 
enormous computational complexity). 

We interrupt the discussion with a short detour. There are two more natural com- 
binations that are worth mentioning: (1) a perfect Maker plays against a “random” 
Breaker, and (2) a “random” Maker plays against a perfect Breaker. What is the 
largest clique that Maker can achieve? Case (1) is trivial: Maker just keeps building 
one giant clique, and “random” Breaker will not notice it in the first O(N*/*) moves; 
i.e. Maker can build a polynomial(!) clique of N?/? vertices. 

Case (2) is not trivial, and we simply don’t know what is going on. Perhaps a 
“random” Maker can build a clique of size close to (10.1), but we don’t know how 
to prove it. A “random strategy” may sound simple, but the best that we can expect 
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from a “random strategy” is for it to perform well with probability close to 1, and 
this is not nearly as satisfying as a deterministic optimal strategy that performs well 
all the time. In this book, we always supply an explicit potential strategy. 

For an interesting application of “random strategy” see Section 49: Bednarska— 
Luczak Theorem. 

Even allowing for strong reservations about “random strategies,” it is still quite 
interesting to ask the following: 


Open Problem 10.1 Js it true that the “Maker’s building” results in the book, 
proved by using explicit potentials, can be also achieved by a Random Strategy 
(of course, this means the weaker sense that the strategy works with probability 
tending to 1 as the board size tends to infinity)? 


Let us leave the Clique Games, and switch to the lattice games of Section 8. 
Theorem 8.2 describes the Achievement Numbers, but how about the corresponding 
Majority-Play Numbers? Are they still close to each other? The answer is “no.” 
The negligible additive constant 2 in the Clique Game becomes a substantial 
multiplicative constant factor (larger than 1) for the lattice games! Indeed, the 
“lattices” are quadratic goal sets, so the Majority-Play Number is the solution of 
a simple equation: “the expected number of the monochromatic goal lattices in a 
Random 2-Coloring of the N x N board equals 1.” For different types of lattices, we 
get different equations; each one is simple (because the expected value is linear). 
For example, if the goal is a g x g Aligned Square Lattice, the Achievement Number 
is (see Theorem 8.2 (a)) 


gi = aN) = | viog, N+ 0(1) |. (10.3) 
The corresponding Majority-Play Number is the solution of the equation 
Ne _9@? 
3(q—-1) 
in g = q(N) (see (8.3)), which gives 


g= = (N) = | V3log: N + 0(1) |. (10.4) 


They are not too close: the g,/q, ratio is 4/3. Next consider the case where the goal 
is a q Xx q aligned rectangle lattice. The Achievement Number is (see Theorem 8.2 


(b)) 
a = 4(N) =| V2 log, N + o(1) |. (10.5) 
The corresponding Majority-Play Number is the solution of the equation 
Nt ap 
4(q—1) 
in g = q(N) (see (8.4)), which gives 
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g= 2 = aN) =| 2V/logs N + oft). (10.6) 


This time the ratio is g,/q, = /2, still larger than 1. 

In these examples the Achievement Number is always less than the Majority- 
Play Number: slightly less in the Clique Game and subtantially less in the Lattice 
Games. 

What the Erdés—Selfridge Theorem (see Theorem 1.4) really says is the following: 
the Achievement Number is always less (or equal) than the Majority-Play Number, 
and this is a very general inequality, it holds for every finite hypergraph. 

As far as we know the Erdés—Selfridge Theorem (published in 1973) was the 
first potential criterion for 2-player games. Of course, potentials were widely used 
well before 1973, in both physics and mathematics. First we say a few words about 
potentials in general, and discuss the Erdés—Selfridge Theorem later. 

The origins of the potential technique goes back to physics. Consider for example 
a pendulum, a favorite example of undergraduate Newtonian Mechanics. When a 
pendulum is at the top of its swing, it has a certain potential energy, and it will 
attain a certain speed by the time it reaches the bottom. Unless it receives extra 
energy, it cannot attain more than this speed, and it cannot swing higher than its 
starting point. 

An even more elementary (highschool-level) example is shown in the figure 
below: slightly pushing the ball at the start, it will go up the first hill (we ignore 
friction), it will go up the second hill, but how about the third hill? Can the ball go 
up the third hill? 


3rd Hill 


The answer is an obvious “no”: the third hill is higher than the start, and all that 
matters here is the “height” (we ignore friction and air resistance). Please, don’t 
laugh about this example: this childishly simple argument with the figure is a perfect 
illustration for the core idea of this book! 

Now we leave physics and move to mathematics; first we study puzzles (1-player 
games). The potential technique is very successful in different versions of Peg 
Solitaire. A striking example is Conway’s famous solution of the Solitaire Army. 


2. Positions with limited potential: Solitaire Army. The common feature of the 
Solitaire puzzles is that each one is played with a board and men (pegs), the board 
contains a number of holes each of which can hold | man. Each move consists of 
a jump by | man over | or more other men, the men jumped over being removed 
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Figure 10.1 


from the board. Each move therefore reduces the number of men on the board (for 
more, see Beasley [1992], an excellent little book). 

The Solitaire Army is played on the infinite plane and the holes are in the lattice 
points (see pp. 715-717 in the Winning Ways). The permitted move is to jump a 
man horizontally or vertically but not diagonally. Let us draw a horizontal line 
across the infinite board and start with all men behind this line. Assume this line is 
the horizontal axis, so all men are in the lower half-plane. How many men do we 
need to send one man forward 1, 2, 3, 4, or 5 holes into the upper half-plane? 

Obviously 2 men are needed to send a man forward | hole, and 4 men are needed 
to send a man forward 2 holes. Eight men are enough to send a man forward 3 
holes. Twenty men are enough to send a man forward 4 holes, see Figure 10.1. 

But the really surprising result is the case of 5 holes: it is impossible to send a 
man forward 5 holes into the upper half-plane. This striking result was discovered 
by Conway in 1961. 

The idea behind Conway’s resource count is the following. We assign a weight to 
each hole subject, with the condition that if H1, H2, H3 are any 3 consecutive holes in 
arow or inacolumn, and w(H1), w(H2), w(H3) are the corresponding weights, then 
w(H1) + w(H2) > w(H3). We can evaluate a position by the sum of the weights of 
those holes that are occupied by men — this sum is called the value of the position, 

The meaning of inequality w(H1) + w(H2) > w(H3) is very simple. The effect 
of a move where a man in H11 jumps over another man in H2 and arrives at H3 is 
that we replace men with weights w(H1) and w(H2) by a man with weight w(H3). 
Since w(H1)+ w(H2) > w(H3), this change cannot be an increase in the value of 
the new position. 

Inequality w(H1) + w(H2) > w(H3) guarantees that no play is possible from 
an initial position to a target position if the target position has a higher value. 

Let w be a positive number satisfying w+ w” = 1: w equals the golden section 
ve Now Conway’s resource counting goes as follows. Assume that one succeeded 
in sending a man 5 holes forward into the upper half-plane by starting from a con- 
figuration of a finite number of men in the lower half-plane. Write 1 where the man 
stands 5 holes forward into the upper half-plane, and extend it in the following way: 
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The value of the top line of the lower half-plane is 
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So the value of the whole lower half-plane is 
w(lt+w+w+u+---) Supe = wt =1, 
l-—w w 
which is exactly the value of the target position. So no finite number of men 
in the lower half-plane will suffice to send a man forward 5 holes into the upper 
half-plane. 

We can even show that 8 men are in fact needed to send a man forward 3 holes, 
and, similarly, 20 men are needed to send a man forward 4 holes (i.e. the doubling 
pattern breaks for 4 holes — the first indication of the big surprise in the case of 
“5 holes forward’’). Indeed, the fact that 8 men are necessary can be seen from the 
resource count of Figure 10.2 below, for the target position has value 21 and the 


21 


13 


Figure 10.2 
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highest value that can be achieved with only 7 men below the line is 20. The 2 
possible solutions with 8 men are shown, PP and QQ being alternatives. 

To send a man forward 4 holes requires 20 men (not 16). The two possible 
solutions are shown in Figure 10.1, PP and QQ being alternatives. The proof that 
20 men are necessary is more complicated, and goes as follows. 

The resource count on the left side of Figure 10.3 shows that an 18-men solution 
is impossible and that a 19-men solution, if one exists, must occupy the 16 holes 
marked A in the middle of Figure 10.3 and an additional 3 of the holes marked 
B,C,D,E,F,G,H,LJ. The resource count of the right side of Figure 10.3 now shows 
that hole B must be occupied, for we need a position with a value of at least 55, 
the 16 holes marked A contribute only 48, and no 3 holes from C, D,E,F,G,H,LJ 
can contribute the remaining 7. The same argument shows that hole C must also 
be occupied, so a 19-men-solution must contain the 16 holes marked by A, and 
the 2 holes marked by B and C. Finally, a sophisticated “parity-check” shows 
that there is no way of placing a 19th man to get a solution (see Chapter 4 in 
Beasley [1992]). 


Exercise 10.3 Prove that “to send a man forward 4 holes” does require at least 
20 men. 


Exercise 10.4 We generalize Solitaire Army in such a way that “to jump a man 
diagonally” is permitted. Show that it is impossible to send a man forward 9 holes. 


The Solitaire Army puzzle is a wonderful illustration of a problem that, by using 
a potential technique, can be solved exactly. The subject of this book is 2-player 
games (not puzzles), but the main objective is the same: we try to find exact 
solutions. 


3. The Erdés-Selfridge Theorem: Theorem 1.4. The pioneering application of 
the potential technique for 2-player games is a theorem by Erdés and Selfridge from 
1973. This simple Strong Draw criterion in a 2-page paper made a huge impact on 
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the subject; it completely changed the outlook: it shifted the emphasis from Ramsey 
Theory and Matching Theory to the Probabilistic Method (the meaning of this 
will become quite clear soon). In sharp contrast with the pairing strategy (and 
other local approaches), the Erdés—Selfridge Theorem is a global criterion. We 
have already formulated it at the end of Section 1 as Theorem 1.4; recall the 
statement. 


Theorem 1.4 (“Erdés—Selfridge Theorem”) Let F be an n-uniform hypergraph, 
and assume that |F |+ MaxDeg(F) <2", where MaxDeg(F) denotes the maximum 
degree of hypergraph F. Then playing the positional game on F the second player 
can force a Strong Draw. 


Remark. If the second player can force a Strong Draw in a Positional Game, then 
the first player can also force a Strong Draw (why?). 


Proof. Let F = {A,, A;,..., Ay}. Assume we are at the stage of the play where 
the first player already occupies x,,x,...,x,;, and the second player occupies 
V1, Y2,-++» Y;-1- The question is how to choose second player’s next point y,;. Those 
winning sets which contain at least one y,(j < i—1) are “harmless” — we call 
them “dead sets.” The winning sets which are not “dead” are called “survivors.” 
The “survivors” have a chance to be completely occupied by the first player at 
the end of the play, so they each represent some “danger.” What is the total 
“danger” of the whole position? We evaluate the given position by the following 
expression, called “danger-function”: D; = )°,<527"", where u, is the number of 
unoccupied elements of the “survivor” A, (s € S; = “index-set of the survivors”), 
and index i indicates that we are at the stage of choosing the ith point y, of the 
second player. A natural choice for y, is to minimize the “danger” D,,, at the 
next stage. How to do that? The simple linear structure of the danger-function 
D; gives an easy answer to this question. Let y,; and x,,, denote the next two 
moves. What is the effect of these two points on D,? How do we get D,,, 
from D;? Well, y,; “kills” all the “survivors” A, > y;, which means we have to 
subtract the sum 


a 


seS;: yjeAy 


from D;. On the other hand, x,,, doubles the “danger” of each “survivor” 
A, > X;,;; that is, we have to add the sum }° 2~“s back to D;. Warn- 
ing: if some “survivor” A, contains both y, and x,,,;, then we do not have to 
give the corresponding term 2~“s back because that A, was previously “killed” 


by yj. 


SES; Xj41€As 
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The natural choice for y; is the unoccupied z for which }/,c5.. -<4,2 “* attains its 
maximum. Then what we subtract is at least as large as what we add back 


DueD= So Ves. SS as 


seS;: y;eAy, SES): Xi41€As 
Uy uy 
<D- D/ 2*+ DU 2*=D, 
seS;: yicAg seS;: yjeAys 


In other words, the second player can force the decreasing property D, > D, >--- 
> Digs, Of the danger-function. 

The second player’s ultimate goal is to prevent the first player from completely 
occupying some A; € F, i.e. to avoid uj; = 0. If u;= 0 for some j, then D,,,, = 
2~“i = 1. By hypothesis 


D= YO @wmt- SX 2" < (\F|+MaxDeg(F))2™ <1, 


A: x;€AEF A: x, ¢AEF 


so by the decreasing property of the danger function, D,,,, < 1. This completes the 
5 


proof of the Erdés—Selfridge Theorem. O 


Remarks. 


(1) If F is n-uniform, then multiplying the danger 2~“s of a survivor by 2”, the 
renormalized danger becomes 2”~“s. The exponent, n —u,, is the number of 
the first player’s marks in a survivor (i.e. second player-free) set (u, denotes 
the number of unoccupied points). This means the following Power-of-Two 
Scoring System. A winning set containing an O (second player’s mark) scores 
0, a blank winning set scores 1, a set with a single X (first player’s mark) 
and no O scores 2, a set with two Xs and no O scores 4, a set with three Xs 
and no O scores 8, and so on (i.e. the “values” are integers rather than small 
fractions). Occupying a whole n-element winning set, scores 2”, i.e. due to the 
renormalization, the “target value” becomes 2” (instead of 1). 

It is just a matter of taste which scoring system is prefered: the first one, where 
the “scores” were negative powers of 2 and the “target value” was 1, or the second 
one, where the “scores” were positive powers of 2 and the “target value” was 2”. 

(2) The most frequently applied special case of the Erdés—Selfridge Theorem is the 
following: If F is n-uniform and |F| <2" or <2""', then playing on (V, F) 
the first or second player can force a Strong Draw. 

(3) The proofs of Theorems 1.2-1.3 at the end of Section | are just an adaptation 
of the Erdés—Selfridge proof technique. 

(4) To have a better understanding of what is going on here, it is worth to study the 
randomized game where both players are “random generators.” The calculation 
somewhat simplifies if we study the Random 2-Coloring instead: the points of 


154 


(5) 


(6 


wm 


(7 


4 


(8) 


The main result 


the board are colored (say) red and blue independently of each other with prob- 
ability p = 1/2. (This model is a little bit different from considering the halving 
2-colorings only: the case which corresponds to the randomized game.) Indeed, 
in the Random 2-Coloring model the expected number of monochromatic win- 
ning sets is clearly 2~-"*'|F|, which is less than 1 (by the hypothesis of the 
Erd6és—Selfridge Theorem; the case of the second player). So there must exist 
a terminal position with no monochromatic winning set: a drawing terminal 
position (this is Theorem 11.3 from the next section). 

Now the real meaning of the Erd6s—Selfridge Theorem becomes clear: it 
“upgrades” the existing drawing terminal position to a Drawing Strategy. The 
Erdés—Selfridge proof is a “derandomization,” in fact a pioneering application 
of the method of conditional probabilities, see Alon—Spencer [1992]. 

As we mentioned already at the beginning of this section, the Erdés—Selfridge 
Theorem gives the “majority outcome” in the randomized game where both 
players play randomly. We refer to the “majority outcome” as the Majority- 
Play Number; note that the Majority-Play Number usually differs from the 
Achievement and Avoidance Numbers. 

Theorem 1.4 is tight: the full-length branches of a binary tree with n levels 
form an n-uniform family of 2”~! winning sets such that the first player can 
occupy a full branch in n moves (the players take vertices of the tree). 

The proof of Theorem 1.4 can be easily extended to Shutout Games. We recall 
the concept: we can play a Shutout Game on an arbitrary hypergraph (V, F), 
finite or infinite. First we choose a goal integer n (> 1); an n-Shutout Game on 
(V, F) is similar to the Positional Game in the sense that the players alternate, 
but the goal is different: instead of “complete occupation” the players want an 
“n-shutout,” i.e. if during a play the first time there is a winning set A € F 
such that one of the players, we call him player P, owns n elements of A and 
the other player owns no element of A, then player P is declared the winner. 
If V is infinite, the length of the play is < w; if an w-play does not have a 
winner, the play is declared a draw. By repeating the proof of Theorem 1.4, 
we can easily prove the following shutout result: Let F be a hypergraph with 
|F| + MaxDeg(F) < 2” and max,.,|A| > xn, then, playing on F, the second 
player can prevent the first player from achieving an n-shutout in any A € F. 
The Reverse version of Theorem 1.4 goes as follows: Let F be an n-uniform 
hypergraph with |F|-+ MaxDeg(F) < 2", then, playing on F, Avoider, as the 
first player, can avoid occupying a whole A € F. 

The proof of “Reverse Theorem 1.4” goes exactly the same way as the 
original one, except that Avoider chooses a point of minimum value. The 
duality between maximum and minimum explains the striking equality 


Achievement Number = Avoidance Number 
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for our “Ramseyish” games with quadratic goals. We will return to this 
interesting issue at the end of the book in Section 47. 

Note that “Reverse Theorem 1.4” is also tight. Indeed, consider the 
hypergraph for which the board V is the (2n—1)-element set V = 
{W, X1,¥,>Xo,Yo5--+>X,-1> Yn}, and the winning sets are all possible n- 
element subsets A of V satisfying the following two properties: (1) w € A, 
(2) A contains exactly one element from each pair {x;, y,}, i= 1,2,...,n—1. 
The number of winning sets is exactly 2”-!, and Forcer can force Avoider (the 
first player) to occupy a whole winning set. Forcer’s strategy is very simple: if 
Avoider takes an element from a pair {x;, y;}, then Forcer takes the other one. 

Notice that this example is another extremal system for the original (Maker— 
Breaker) Erdés—Selfridge Theorem: playing on this hypergraph, Maker, as the 
first player, can always win in n moves. 


4. Applications. By using Theorem 1.4 it is easy to give an alternative solution for 
the 4? game (which cannot have a Pairing Strategy Draw, see Theorem 3.2), and 
also the 3-dimensional 8° = 8 x 8 x 8 game, without any case study! 


Theorem 10.1 In both of the 4? and 8° Tic-Tac-Toe games the second player can 
force a Strong Draw. 


Proof. In the 4” game there are 10 winning lines, and the maximum degree is 3. 
Since 3+ 10 < 24= 16, Theorem 1.4 applies, and we are done. 

In the 3-dimensional 8° game there are (10° — 8°)/2 = 244 winning lines, and 
the maximum degree is 2? — 1 = 7 (why?). Since 244+7 < 2° = 256, Theorem 1.4 
applies, and we are done again. 


In the 4? game the Point/Line ratio is less than 2, implying that the 47 game is a draw 
but not a Pairing Strategy Draw. In the 8° game, however, there are more than twice 
as many points (“cells”) as winning lines (indeed, 8° = 512 > 2- (10° — 8°) /2 = 488), 
so there is a chance to find a draw-forcing pairing strategy. And indeed there is one: a 
symmetric pairing (strategy draw), due to S. Golomb, is described on pp. 677-678 of 
Berlekamp, Conway, and Guy [1982] (volume two) or in Golomb and Hales [2002]. 

Unfortunately, we don’t know any similar elegant/short proof for ordinary 37 
Tic-Tac-Toe; the dull case study proof in Section 3 is the only proof we know. 
The situation is much worse for the 3-dimensional n>? games with n = 5, 6, 7: they 
are all conjectured to be draw games, but no proof is known (exhaustive search is 
beyond hope). 

Next comes another quick application. What happens if we generalize the notion 
of cell animal (“polyomino”) in Section 4? We can relax the requirements by which 
the cells are connected: we can define pseudo-animals as edge or corner connected, 
or using chess terminology: “kingwise” connected. 
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For example, the diagonal 3-in-a-row in ordinary Tic-Tac-Toe is a pseudo-animal 


diagonal win in Tic-Tac-Toe 
is a pseudo-animal 


Pseudo-animal Tic-Tac-Toe. There is 1, 1-cell pseudo-animal, there are 2, 2- 
cell pseudo-animals; 5, 3-cell pseudo-animals; and 22, 4-cell pseudo-animals (the 
analogous numbers for ordinary animals are 1,1,2,5). The pseudo-animal kingdom 
is much bigger than the animal kingdom. 

What is the largest pseudo-animal Winner? This is a very difficult question 
(we couldn’t even solve the analogous problem for ordinary animals: the status 
of “Snaky” is undecided yet, see Section 4), but by using the Erdés—Selfridge 
Theorem it is easy to give at least some (weak) upper bound on the order of the 
largest pseudo-animal Winner. 


Theorem 10.2 There are only a finite number of pseudo-animal Winners, and the 
largest order is < 72. 


Remark. The upper bound < 72 is obviously very weak; the truth is probably less 
than 10. 


Proof. We partition the plane into infinitely many pairwise disjoint subboards of 
size 73 x 73. Every pseudo-animal of order 73 is contained in a 73 x 73 “underlying 
square.” This “underlying square” is divided by the disjoint subboards into 4 parts; 
the “largest part” of the pseudo-animal must have order > 19. Either player’s 
strategy is to play on the disjoint subboards independently, and in each subboard 
use the Erdés—Selfridge Theorem to block all possible “largest parts” of the pseudo- 
animal on the subboard. 

The total number of these “largest parts” in a fixed subboard is < 4-73? - 8; 
indeed, 4-73? comes from the number of possibilities for the position of the lower 
left corner of the “underlying square”, and “8” is the number of symmetries of the 
square. The Erdés—Selfridge Theorem applies if 4- 737-8 < 2!°"!, which is really 
true. Theorem 10.2 follows. 


So far we discussed 2 types of blocking: (1) the global Erdés—Selfridge Theorem, 
and (2) the local Pairing Strategy. Next we compare the power of these two very 
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different methods on a simple example: we give 6 different proofs of the amusing 
fact that the Unrestricted n-in-a-row in the plane is a draw game if n is sufficiently 
large (different proofs give different values of n). 


Unrestricted n-in-a-row game on the plane. We recall from Section 4 that Unre- 
stricted means the game is played on an infinite chessboard (infinite in every 
direction). In the Unrestricted 5-in-a-row game the players alternately occupy little 
squares of an infinite chessboard, the first player marks his squares by X, and the 
second player marks his squares by O. That player wins who first gets 5 consecu- 
tive marks of his own in a row horizontally, or vertically, or diagonally (of slope 
1 or —1). Unrestricted n-in-a-row differs in only one aspect: the winning size is n 
instead of 5. 

Unrestricted n-in-a-row on the plane is a semi-infinite game (in fact, a semi- 
infinite positional game): the board is infinite but the winning sets are all finite. 
Since the board is infinite, we have to define the length of the game: we assume the 
length of a play is at most w, where w denotes the first countable ordinal number. 
Semi-infinite positional games are all determined. 

The Unrestricted 4-in-a-row game is an easy first player win. The Unrestricted 
5-in-a-row game is conjectured to be a first player win, too, but I don’t know any 
rigorous proof. 

Does there exist a (finite) n such that the Unrestricted n-in-a-row is a Draw 
game? The answer is “yes.” 


Theorem 10.3 The unrestricted n-in-a-row on the plane is a draw game for all 
sufficiently large n. 


We give 6 proofs: 2 proofs use the Erdés—Selfridge Theorem, 2 proofs use Pairing 
Strategy, and 2 more use a different decomposition technique. 


First Proof: Unrestricted 40-in-a-row is a Strong Draw. It is a straightforward 
application of the Erdés—Selfridge Theorem. We divide the plane into n x n squares, 
where n will be specified later. The second player plays in the n x n squares 
independently of each other: when the first player makes a move in an nxn 
squares, the second player responds in the same large square. Every n-in-a-row on 
the plane intersects some n x n square in a block of length > n/3. 
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The Erdés-Selfridge Theorem applies if 4n? < 2!"/*!-! (note that factor 4 comes 
from the 4 winning directions); the inequality holds for all n > 40, which completes 
the proof. 


Second Proof: Unrestricted 13-in-a-row is a Strong Draw. This is a more 
sophisticated application of the Erdds—Selfridge Theorem. We employ the non- 
uniform version: If 


es 2-14 + max a 2-4l <1, 
aS 


AcF ’ AcF: xeA 


then the second player can block every winning set A € F. 

This time we divide the plane into 9 x 9 squares. Again the second player plays 
in the 9 x 9 squares independently of each other: when the first player makes a 
move in a large square, the second player responds in the same large square. Every 
13-in-a-row on the plane intersects one of the 9 x 9 squares in one of the following 
“winning sets”: 


____ ooo 
ee ——— 
— J __ 
oe od 
ooo ooo 
2s <I __§§ 
oe oo 
ooo ooo 
—— So — 2 


and also for the vertical and the “other diagonal” (of slope —1) directions. 
There are 44 7-sets, 12 6-sets, and 8 5-sets, so 


44 12 8 25 
Drab ==—. 
2 gr 96" 35 39 


AcF 
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On the other hand, we trivially have 


2 #4 3 
max >). 2M4l< sta=a 
ze AEF: xEA 2 2 32 
254+3 28 
Since ae = — <1, we are done. O 
32 32 


Third Proof: Unrestricted 12-in-a-row is a Draw. Similarly to the first two 
solutions we divide the plane into infinitely many non-interacting games, but this 
time we apply a Pairing Strategy for the component games. Each component 
game will be “one-dimensional.” The decomposition goes as follows. Extend the 
following 4 x 4 direction marking periodically over the whole plane 


For each move of the first player, the second player replies by taking a similarly 
marked square in the direction of the mark, by using a straightforward Pairing 


Strategy. The longest possible n-in-a-row occupied by the first player looks like 
this (if it is horizontal): 


3 
Il 
& 


which is an 11-in-a-row. This proves that 12-in-a-row is a draw. 


Fourth Proof: Unrestricted 9-in-a-row is a Strong Draw. We can improve on 
the previous solution by employing the following 8 x 8 matrix instead of the 4 x 4 
(the rest of the proof goes similarly) 


Gapseery iN ee 
--\\s/ 1] 
Soe ey ea ne 

ere oe a eee 

WA VE peed 
yee pee 
ee ae ee ee 
a en es 


What this 8 by 8 matrix represents is a direction-marking of the 4-8 = 32 “torus- 
lines” of the 8 x 8 torus. The direction-marks —, |, \, and / mean (respectively) 
“horizontal,” “vertical,” “diagonal of slope —1,” and “diagonal of slope 1.” Each one 
of the 32 torus-lines contains 2 marks of its own direction. The periodic extension 
of the 8 by 8 matrix over the whole plane gives a Pairing Strategy Draw for the 
unrestricted 9-in-a-row game. Either player responses to the opponent’s last move 
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by taking the nearest similarly marked square in the direction indicated by the mark 
in the opponent’s last move square. 

This solution is taken from the Winning Ways (see p. 677 in vol. 2). What it says 
is that the “8? torus Tic-Tac-Toe game” is a Pairing Strategy Draw (the winning 
sets are the 32 8-element full-length lines on the torus). 


Fifth Proof: Unrestricted 9-in-a-row is a Strong Draw. Tile the plane with H-shaped 
heptominos (‘‘seven-squares’’). The second player plays on these heptominos indepen- 
dently of each other. In each heptomino second player’s goal is to block a 3-in-a-row 
in either diagonal, or the horizontal, or the right vertical, see the figure below. 


4 lines 
to block 


Pe 


It is easy to see that the second player can achieve his “blocking goal” in every 
heptomino, which implies that the first player cannot occupy a 9-in-a-row. This 
elegant solution is due to Pollak and Shannon (1954). 


Sixth Proof: Unrestricted 8-in-a-row is a Strong Draw. This is the best-known 
result, the current record. It is due to a group of Dutch mathematicians, see American 
Mathematic Monthly (1980): 575-576. 


| 


WA 
FLL 

LV. 

VA 


NRX 
= aon i i NINN \ 
SS] NON 
NEN 
NEN 
NEN 


The idea is the same as in the previous solution, but here one tiles the plane 
with congruent zig-zag shaped regions of area 12. Of course, a more complicated 
shape leads to a more complicated case study. Again the second player plays on 
each 1|2-square tile independently: on each tile his goal is to prevent the first player 
from getting 4-in-a-row horizontally, or 3-in-a-row diagonally, or two in a shaded 
column vertically. The forbidden lines are indicated on the figure below. 
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If the second player can achieve his goal on each tile, then the first player 
cannot get more than 7-in-a-row diagonally, 6-in-a-row horizontally, or 6-in-a-row 
vertically, which is more than what we have to prove. 

Our 12-square tile is equivalent to a 3 x 4 rectangle, where the 3 rows, the 4 
columns, and the 2 indicated diagonal pairs are forbidden. 


1 


2 


3 


a b Cc d 


It is easier to explain second player’s strategy on the 3 x 4 rectangle, and it goes 
as follows: If the first player starts: 


(1) in column a, then the second player replies b3; 

(2) in column bp, then the second player replies a2; 

(3) in the right-hand side of the rectangle, then the second player replies 
symmetrically, i.e. by cl or d2. 


Any move which is not a direct threat is answered by taking a point of the 
remaining diagonal pair. This leads to a position which, up to isomorphism, equals 
one of the following two cases: 


X | eto | X x 


‘\ 
J 


‘ 
J 


Vis Mee | 


J 


[ af N ‘| or ‘3 a | 


where columns b and c contain one mark of the second player (X indicates the 
first player). The Pairing Strategy indicated on the picture suffices to stop the first 
player. (Note that the 2 diagonal pairs have been taken care of, and the indicated 
Pairing guarantees that the first player cannot occupy a whole row or column.) 0 


5. Extremal systems of the Erdés—Selfridge Theorem. The simplest form of the 
Erdés—Selfridge Theorem goes as follows: if hypergraph F is n-uniform and has 
fewer than 2”~! winning sets, then Breaker (as the second player) can always win 
the Maker—Breaker game on F. 

An n-uniform hypergraph F is called an Extremal System if |F|=2""! and it is 
a Maker’s win (Maker is the first player). The Erdés—Selfridge Theorem is tight in 
the sense that there exist Extremal Systems. We have already given two examples. 
In the original Erdés—Selfridge construction the board V is the (2n — 1)-element 
set V = {W, X1, V1, X05 Yoo-++>Xn—1> Yas}, and the winning sets are all possible n- 
element subsets A of V satisfying the following two properties: (a) w € A, (b) A 
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contains exactly one element from each pair {x;, y,},i=1,2,...,2—1. The second 
example is my binary tree construction: the full-length branches of a binary tree with 
n levels form an n-uniform family of 2”~' winning sets such that Maker, as the first 
player, can occupy a full branch in n moves (the players take vertices of the tree). 

About 15 years ago we asked the following two questions: (1) Can we describe 
all possible Extremal Systems? Both examples above were Economical Winners, 
so it is natural to ask: (2) Is there an n-uniform Extremal System where Maker (as 
the first player) needs more than n turns to win? 

We can report major progress for the second question. In 2003 my former 
Ph.D. students K. Kruczek and E. Sundberg could construct an n-uniform Extremal 
System where Maker (as the first player) needs at least 2n turns to win (the result 
is part of their Ph.D. thesis). Later A.J. Sanders (Cambridge, UK) came up with 
a startling improvement: there is an n-uniform Extremal System (for every n > 5) 
where Maker (as the first player) needs exponential time; namely at least 2”~* turns 
to win! In fact, the maximum is between 2”~* and 2”~!. For the details of the 
construction we refer the interested reader to Sanders [2004]. 

Unfortunately, the first question remains wide open. At first sight this may 
seem rather surprising since the Erdés—Selfridge Theorem has such an easy, 
short/transparent proof. On the other hand, Sanders’s startling construction is a 
warning: the easy-looking first question is actually very hard. 


6. If a positional game played on a (finite) hypergraph is a draw game, then by 
definition either player can force a draw. If either player uses his draw-forcing 
strategy, the play ends in a drawing position, which is a Proper Halving 2-Coloring. 

We know that the converse is not true: the existence of a Proper Halving 
2-Coloring does not imply that the positional game is a draw game; see for example 
the 4° Tic-Tac-Toe (“Qubic”). Of course, there are many more hypergraph examples 
demonstrating the failure of the converse. Both of the Extremal Systems mentioned 
above are good examples: (1) In the original Erdés—Selfridge construction, where 
the board is the (2n—1)-element set {w, x), 1.2%, Yoo--+>Xn_1>Yn_}> it suffices 
to color a pair {x;, y;} red and another pair {x;, y,} blue; then, independently of the 
coloring of the rest of the board, we obtain a Proper 2-Coloring. (2) In the binary 
tree construction, it suffices to color the root red and the two neighbors of the 
root blue; then, independently of the coloring of the rest of the board, we obtain 
a Proper 2-Coloring. 

Even if the converse is not true, it is still a very good idea to approach the extremely 
complex concept of the Drawing Strategy from the angle of the much more accessible 
concept of Proper 2-Coloring (accessible via the Probabilistic Method). In other words, 
when can we “upgrade” a Proper 2-Coloring (existing via the Probabilistic Method) 
to a Drawing Strategy? This is the question that we are going to study in the second 
half of Section 11 (see Theorems 11.3 and 11.4) and in Section 12. 


11 
Local vs. Global 


The Erdés—Selfridge theorem is a global blocking criterion. The (hypothetical) 
Neighborhood Conjecture — see Open Problem 9.1 — is a far-reaching local gen- 
eralization of the Erdés—Selfridge Theorem: the global condition is reduced to a 
(much weaker) local condition. What supports the Neighborhood Conjecture? We 
can give two good reasons. 


1. Pairing strategy. The Neighborhood Conjecture states, in a quantitative form, 
that when “playing the positional game on a hypergraph the local size is what 
really matters, the global size is completely irrelevant,’ and there is indeed a 
criterion with the same message, though much weaker than the Neighborhood 
Conjecture (see Theorem 11.2 below). This weaker result is about the Pairing 
Strategy Draw. The Pairing Strategy Draw is the simplest possible way to force a 
Strong Draw. 

It is fair to say that the pairing strategy is the most common technique in the 
whole of Game Theory. We have already used the pairing strategy several times in 
the book. For example, the copycat strategy of Theorem 6.2 and Gross’s explicit 
winning strategy in Bridge-it (see Section 4) are both pairing strategies. 

Pairing strategy is a local strategy: it means a decomposition of the board (or 
some part of the board) into disjoint pairs, and when your opponent takes one 
member from a pair, you take the other one. It is applied when the opponent cannot 
achieve the objective (win or draw) without choosing both points of at least 1 pair. 

We recall that a hypergraph is called Almost Disjoint if any two hyperedges have 
at most | point in common. 

If the family of winning sets is Almost Disjoint, then the question “can pairing 
strategy work here” becomes a standard perfect matching problem. Indeed, in 
an Almost Disjoint family two distinct winning sets cannot share the same pair 
of points. So the pairing strategy works if and only if we can find a family of 
disjoint 2-element representatives of the hypergraph of winning sets. But to find 
a family of disjoint 2-element representatives of a given hypergraph is a well- 
characterized, completely solved problem in Matching Theory (“Bigamy version of 
Hall’s Marriage Theorem’’). 
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In general, if the hypergraph of winning sets is not necessarily Almost Disjoint, 
then the existence of a family of disjoint 2-element representatives is a sufficient 
but not necessary condition for the existence of a pairing strategy. The following 
two criterions were (probably) first published in Hales and Jewett [1963] (and 
independently rediscovered later in several other papers). 


Theorem 11.1 (“Pairing Strategy Draw") Consider the Positional Game on 
(V, F), and assume that for every subfamily G CF 


LJA 


AEG 


> 2|G|. 


Then either player can force a Pairing Strategy Draw. 


Theorem 11.2 (“Degree Criterion for Pairing Strategy Draw”) Let F be an 
n-uniform hypergraph, i.e. |A| =n for every A € F. Further assume that the 
Maximum Degree is at most n/2, every x € V is contained in at most n/2 elements 
of F. Then playing the Positional Game on Ff, either player can force a Pairing 
Strategy Draw. 


Notice that the two Pairing Strategy Criterions (Theorems 11.1-11.2) are very 
general. They are Jocal conditions in the sense that they don’t give any restriction 
on the global size of hypergraph F. Both hold for an infinite board as well. 


Proof of Theorem 11.1. The well-known Hall’s Theorem (“Marriage Theorem’’) 
applies here. We can find disjoint 2-element representatives: (A) C A for all Ac F 
with |(A)| = 2, and h(A,)Nh(A,) = 4 whenever A, and A, are different winning 
sets from ¥. There is, however, a little technical twist involved here: we have to 
apply the Marriage Theorem to the “double” of 7, i.e. every A € F is taken in two 
copies. In other words, one applies the Bigamy Corollary of the Marriage Theorem: 
“every man needs two wives.” 


Remark. It is important to know that Matching Theory provides several efficient 
(“polynomial”) algorithms to actually find a family of disjoint 2-element represen- 
tatives. For example, the Augmenting Path Algorithm has running time O(N°”’), 
where WN is the size of the board. 


Proof of Theorem 11.2. For an arbitrary subfamily G C F a standard double- 
counting argument gives 


LJA 


AEG 


nGl<>IAl= Yo Dd 1s 


AGG xeUsegA AcG: xEA 


n 
>’ 


which means that Theorem 11.1 applies here and completes the proof. 
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Theorem 11.2 is a linear local criterion and the hypothetical Neighborhood Conjec- 
ture is an exponential local criterion. Of course there is a major difference between 
“linear” and “exponential,” but still the existence of any kind of local criterion is a 
good reason to believe in the exponential Neighborhood Conjecture. 


2. The Probabilistic Method and the Local Lemma. A second good reason to 
believe in the Neighborhood Conjecture is the Erdés—Lovasz 2-Coloring Theorem 
(see below), which was the original application of the famous Local Lemma (or 
“Lovasz Local Lemma”), a cornerstone of the Probabilistic Method. The Local 
Lemma is an advanced result; it is better to start with the basic result. 

The following old theorem of Erdés can be justly considered the starting point 
of a long line of research, which culminated in the so-called “Probabilistic Method 
in Combinatorics” (see Erdés [1947], [1961], [1963]). 


Theorem 11.3 (“Erdés 1947”) Let F be an n-uniform hypergraph, and assume 
that |F| < 2""'. Then: 


(a) there is a Proper 2-Coloring; and what is somewhat more, 
(b) there also is a Proper Halving 2-Coloring (i.e. Drawing Terminal Position). 


Both (a) and (b) can be proved by a simple “counting argument.” The proof of 
(a) goes as follows. Let N =|V| denote the size of the union set (“board”) V of 
hypergraph F. A simple counting argument shows that under the condition |F| < 
2"-! there exists a Proper 2-Coloring. Indeed, there are 2" 2-colorings of board 
V, and for every single winning set A € F there exists 2"~"*! “bad” 2-colorings 
which are monochromatic on A. By hypothesis 2% — ||2"~"*! > 0, which implies 
throwing out all “bad” 2-colorings, there must remain at least one Proper 2-Coloring 
(i.e. no A € F is monochromatic). 
To prove Theorem 11.3 (b) we have to find a Drawing Terminal Position (i.e. 
a 2-coloring of the board by “colors” X and O such that the 2 color classes have 
the same size, and each winning set contains both marks). For notational simplicity 
assume that N is even. The idea is exactly the same as that of (a), except that 
we restrict ourselves to the (ya) Halving 2-Colorings instead of the 2” (arbitrary) 
2-colorings. The analogue of 2% —|F|2%~-"*! > 0 is the following requirement: 
(a) —2|F Gis) > 0. This holds because 
(uy) _ N/2 (N/2)-1(N/2)-2  (N/2)—nt1 © 


(yy N-1 N-2 N-—n+1 


and (b) follows. 


ey 


The previous argument can be stated in the following slightly different form: the 
average number (“expected value” or “first moment”) of winning sets completely 
occupied by either player is precisely 
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(ya) 
(ja) 
Since the minimum is less or equal to the average, and the average is less than 
J, there must exist a Drawing Terminal Position (i.e. no player owns a whole 
winning set). 

This kind of “counting argument,” discovered and systematically developed by 
Erdés, is in the same category as Euclid’s proof of the existence of infinitely many 
primes, or Pythagoras’s proof of the irrationality of /2: they are astonishingly 
simple and fundamentally important at the same time. 

Here is a simple application: a lower bound to the van der Waerden number 
W(n). Since the number of n-term arithmetic progressions in an interval [N] = 


{1,2,..., N} is about o> Theorem 11.3 yields the exponential lower bound 


W(n) = W,.(n) = (1+ 0(1))Vn2". (11.1) 


2|F| which is less than 1. 


Erdés’s “counting argument” (Theorem 11.3) was later developed in two very 
different ways: first by Wolfgang M. Schmidt [1962], and later in a joint work by 
Erdés and Lovasz [1975]. 

Notice that the family of winning sets in the n? game has the important additional 
feature that the winning sets are on straight lines, and any 2 straight lines have at 
most | point in common. A hypergraph with the intersection property that any two 
hyperedges have at most one point in common is called Almost Disjoint. 

Schmidt’s work can be summarized in the following theorem (that we mention 
without proof): part (a) is a general hypergraph result; part (b) is the special case of 
“arithmetic progressions”; Schmidt’s main goal was to improve on (11.1); Schmidt 
basically squared the lower bound in (11.1). 


Schmidt’s Theorem [1962]: 


(a) Let F be an n-uniform Almost Disjoint hypergraph. Assume that the Maximum 
Degree of F is less than 2”°V'""°8" and the size |F| of the hypergraph is less 
than 8"; then F has chromatic number two, i.e. the hypergraph has a Proper 
2-Coloring. 

(b) W(n) = W(n, 2) > 2” °v 718", (11.2) 


Note that part (b) is not a corollary of part (a); the family of n-term arithmetic 
progressions in an interval [N] = {1, 2, ..., N} is not Almost Disjoint, but it is “close 
enough” in the sense that the proof of (a) can be adapted to prove (b). Schmidt’s 
method motivated our “game-theoretic decomposition technique” in Part D. 

The following result is more general: it is about arbitrary hypergraphs (not just 
Almost Disjoint or “nearly” Almost Disjoint Hypergraphs), see Erd6s and Lovasz 
[1975]. 
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Theorem 11.4 (“Erd6s—Lovasz 2-Coloring Theorem”) If F is an n-uniform hyper- 
graph, and its Maximum Neighborhood Size is at most 2"~*, then the hypergraph 
has a Proper 2-Coloring (i.e. the points can be colored by two colors so that no 
hyperedge A € F is monochromatic.) In particular, if the Maximum Degree is at 
most 2"~3/n, then the hypergraph has a Proper 2-Coloring. 


Remark. The very surprising message of the Erdés—Lovasz Theorem is that the 
“global size” of hypergraph F is irrelevant — it can even be infinite! — all what 
matters is the “local size.” 

The proof of Theorem 11.4 is strikingly short. 


Proof of Theorem 11.4. The usual proof uses the Local Lemma; here we give a 
more direct “counting argument” the proof. It can be considered as a sophisticated 
generalization of the proof of Theorem 11.3. 


Let |F | = M, let F = {A,, A,,..., Ay}, let V denote the board, and let |V| = N. 
Let C denote the set of all 2" possible 2-colorings of V. Let J c [M] be an arbitrary 
index-set where [M] = {1,2,..., M}; then C(/: proper) CC denotes the set of 
2-colorings of the board V such that no A;,i € J becomes monochromatic. For 
arbitrary J Cc [M] and j € [M] with j Z/, let CU: proper A j: mono) denote the 
set of 2-colorings of the board V such that no A;, i € J becomes monochromatic 
but A; is monochromatic. 

We actually prove a stronger statement; it is often easier to prove a stronger 
statement by induction. The proof of Theorem 11.4 is an excellent example of the 
principle that “to prove more may be less trouble.” 


Proposition: Let I c [M] and j € [M] with j ¢1. Then 
ICU: proper Aj: mono)| 


<2. Q-m1 . 
|C(Z: proper)| - 


Remark. Note that 2~"*! is the probability that in a Random 2-Coloring a given 
n-set becomes monochromatic. 


Proof of the Proposition. We prove this stronger Proposition by induction on |/]. 
If |Z| = 0 (ie. J is the empty set), then the Proposition reduces to the following 
triviality: 

IC(j: mono)| 


= Q-m1 Zep. got, 
IC| 


Next assume that index-set J is not empty. For notational convenience write 
I= {1,2,...,i}, and among the elements of J let 1,2,...,d (d < i) denote the 
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neighbors of A; (i.e. A;,..., Ag intersect A;, but Ay,,,...,A; do not intersect A). 
By hypothesis, d < 2”~>. Since A,,,,..., A; are disjoint from A; 


IC({d+1,d+2,...,i}: proper j: mono)| 


= 2, 11.3 
IC{d+1,d+2,...,i}: proper)| or) 


Furthermore 


C({1,2,...,i}: proper) = 


d 
C({d+1,d+2,..., i}: proper) \JC({d+1,d+2,...,i}: properAk: mono), 


k=1 


(11.4) 
and by the induction hypothesis 
IC({d+1,d+2,..., i}: PrOnenARs mono)| <2", (11.5) 
IC({d+1,d+2,...,i}: proper)| 
Since d-2-2-"t! < 2"-3.2.2-"+! = 1/2, by (11.4) and (11.5) we obtain 
1 
IC({1, 2,..., i}: proper)| > zeta + 1,d+2,...,i}: proper)|. (11.6) 


Now the proof of the Proposition is straightforward: by (11.3) and (11.6) 

_ |C({d+1,d+2,...,i}: proper A j: mono)| a 

~ IC({d+1,d+2,...,i}: proper)| ~ 

IC({1,2,...i}: properA j: mono)| _ |C(/: proper A j: mono)| 
2|C({1, 2, ...i}: proper)| 7 2|CU: proper)| 


gon 


which is exactly the Proposition. 
The deduction of Theorem 11.4 from the Proposition is obvious: indeed, by an 
iterated application of the Proposition 


IC({1, 2,...M}: proper)| Ss 


ic (ere 20 


which proves the existence of a Proper 2-Coloring of hypergraph F. Since |C| = 2%, 
the total number of Proper 2-Colorings is at least 


DN o tay sot eee (11.7) 


This completes the proof of Theorem 11.4. 


Local vs. global 169 


3. Concluding remarks 
(i) Finding a needle in a haystack! 

The proof of the Erdés-Lovasz 2-Coloring Theorem is an existence argument. 
The only way to find the existing Proper 2-Coloring is to try out all possible 
2% 2-colorings of the board, where N is the board size. This is very similar to the 
“combinatorial chaos” that we face dealing with the Strategy Stealing argument. 
Indeed, to find a winning or drawing strategy guaranteed by the Strategy Stealing 
argument, we have to perform a case study of size O(N3") where N is the board 
size. (A systematic way to perform this “case study” is the “backward labeling of 
the position graph” — see Appendix C.) 

In both cases, we have the same fundamental problem: can the exponential 
case study be replaced by a polynomial one? Observe that the proof of the Erdés— 
Lovasz 2-Coloring Theorem does not even provide a randomized algorithm. Indeed, 
in view of (11.7), the probability that a Random 2-Coloring provides a Proper 
2-Coloring is 


Sg ie. (11.8) 


and because in the applications of the Erdés—Lovasz 2-Coloring Theorem the 
hypergraph-size |F| is much larger than 2”~7, (11.8) is (usually) extremely small! 
The Erdés—Lovasz 2-Coloring Theorem implies the lower bound 


n 


W(n) = W(n, 2) = = (11.9) 


which is somewhat better than Schmidt’s lower bound, but it is still in the same 
range W(n) > (2+ 0(1))”. The elegant/short proof of the Erd6s—Lovasz 2-Coloring 
Theorem was “non-constructive”’: it was a pure existence argument, in some 
sense similar to Strategy Stealing; Schmidt’s proof, on the other hand, is more 
constructive. 

We improved on the van der Waerden number (lower bound) for the second 
time, but the best-known result belongs to the hard-core constructivists. We start 
with an example: the inequality W(4) > 35 is established by the following explicit 
2-coloring of the interval J = {0,1,2,...,33}: the first color-class consists of 0, 
11, and the quadratic non-residues (mod 11) in J 


0, 2, 6, 7, 8, 10, 11, 13, 17, 18, 19, 21, 24, 28, 29, 30, 32, 
and, of course, the other color-class is the complement set 
1,3,4,5,8, 12, 14, 15, 16, 20, 22, 23, 25, 26, 27, 31, 33. 


It is easy to see that no class contains a 4-term arithmetic progression. This algebraic 
construction is due to J. Folkman (the inequality is actually an equality: W(4) = 35). 
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(ii) Berlekamp’s algebraic construction 
A similar but more sophisticated explicit finite field construction was discovered 
by Berlekamp in 1968; it gives the lower bound 


Wn) > (n—1)2""' if (n—1)is a prime. (11.10) 


Berlekamp’s construction, just like Folkman’s example above, is a Proper Halving 
2-Coloring (see Berlekamp [1968]). It follows that W,,.(n) > (n—1)2""! if n—1 
is a prime, and because there is always a prime between n and n—n7’? if n is large 
enough, Berlekamp’s construction implies the lower bound W,/,(n) > (2+ 0(1))" 
for every n. 


(iii) What is the Local Lemma? 

Let us return to Theorem 11.4: it was the motivation and the original application 
of the general Local Lemma, see Erdés and Lovdsz [1975]. The Local Lemma 
(or Lovadsz Local Lemma) is a remarkable probabilistic sieve argument to prove 
the existence of certain very complicated structures that we are unable to construct 
directly. To be precise, let E,, E,,..., E, denote events in a probability space. In 
the applications, the E,s are “bad” events, and we want to avoid all of them, i.e. we 
wish to show that Prob (Us_,E;) < 1. A trivial way to guarantee this is to assume 
>-)_, Prob(E;) < 1. A completely different way to guarantee Prob (U}_,E;) < 1 is to 
assume that E,, E,,..., £, are mutually independent and all Prob(E;) < 1. Indeed, 
we then have Prob(U%_,E,;) = 1—J]j_,(1 — Prob(E,)) < 1. The Local Lemma 
applies in the very important case when we don’t have mutual independence, but 
“independence dominates” in the sense that each event is independent of all but a 
small number of other events. 


Local Lemma: Let E,, E,,..., E, be events in a probability space. If Prob(E;) < 
Pp <1 holds uniformly for all i, and each event is independent of all but at most ie 
other events, then Prob (U‘_,E;) <1. 
Theorem 11.4 is an easy corollary of the Local Lemma: for every A; € F let E; 
be the event “A; is monochromatic in a Random 2-Coloring of the points of the 
n-uniform hypergraph F”; then the Local Lemma applies with p = 27"*1. 

On the other hand, the proof of Theorem 11.4 (a special case of the Local Lemma) 
can be easily adapted to prove the general result itself. 


Exercise 11.1 Prove the Local Lemma. 


(iv) More than two colors 
We conclude this section with two generalizations of Theorem 11.4, where the 
number of colors is more than 2. 


(a) Let k > 2 be an integer, and let F be an n-uniform hypergraph with Maximum 
Degree of at most k”~"!/4. Then the chromatic number of F is < k, i.e. there 


(b) 


(c) 


(d) 
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is a Proper k-Coloring of the vertex-set (meaning that no A € F becomes 
monochromatic). 
Let k > 2 be an integer, and let F be an n-uniform hypergraph with Maximum 
Degree of at most x (4): Then there is a Rainbow k-Coloring of hypergraph 
F. A Rainbow k-Coloring means that each hyperedge A € F contains all k 
colors. 

Both (a) and (b) are easy corollaries of the Local Lemma (note that we can 
also adapt the counting proof of Theorem 11.4). 

The concepts of Proper k-Coloring and Rainbow k-Coloring are identical 
for k = 2, but they become very different for k > 3. 

Finally, an almost trivial, but useful observation: 
Let F be an arbitrary finite hypergraph. If F has a Rainbow 3-Coloring, then it 
also has a Proper Halving 2-Coloring (i.e. the 2 color classes have equal size). 
Indeed, let C,;, C,, C, be the 3 color classes of the vertex-set in a Rainbow 
3-Coloring of hypergraph F, and assume that |C,| <|C,| < |C3|. Since C; is 
the largest color class, we can always divide it into 2 parts C3; = C;,UC;, 
such that the 2 sums |C,|+|C;,,;| and |C,|+|C3,.| become equal (or differ by 
at most 1). Coloring C, UC; red and C,UC;, blue gives a Proper Halving 
2-Coloring of hypergraph F: 
Combining (b) and (c), we obtain: 
Let F be an n-uniform hypergraph with Maximum Degree at most + 3)’; 
then there is a Proper Halving 2-Coloring of hypergraph ¥. 


12 
Ramsey Theory and Hypercube Tic-Tac-Toe 


1. The Hales—Jewett Number. In Section 11, we discussed three different lower 
bounds for the van der Waerden number W(n) (see (11.2) and (11.9)-(11.10)); 
the arguments were completely different, but they gave basically the same order 
of magnitude (around 2”). Unfortunately, there remains an enormous gap between 
the plain exponential lower bound and Gowers’s 5-times iterated exponential upper 
bound (see (7.2)). 

Next we switch from the van der Waerden number W(n) to the Hales—Jewett 
Number HJ(n), where the gap between the best-known upper and lower bounds is 
even much larger. The best-known upper bound is Shelah’s super-tower function; 
what is the best-known lower bound for HJ(n)? We begin with the first result: 
in their pioneering paper Hales and Jewett [1963] proved the linear lower bound 
HJ(n) = n by an explicit construction. 


Theorem 12.1 (“Hales—Jewett linear lower bound”) The Hales—Jewett Number 
satisfies the linear lower bound HJ(n) > n. 


Proof. We can assume that n > 5. Indeed, every “reasonable” play of Tic-Tac-Toe 
leads to a drawing terminal position (which solves the case n = 3), and even if the 
43 game is a first player win, it nevertheless does have a drawing terminal position, 
which settles the case n = 4. 

For n > 5 we are going to define a Proper 2-Coloring of the n’~' hypergraph by 
using an elegant explicit algebraic construction. The idea of Hales and Jewett is to 
add up (n—1) 1-dimensional 2-colorings (i.e. 2-colorings of [n] = {1,2,...,7}), 
where the addition is taken (mod 2). 

Let v,,...,V;= (Uj 1,---Ujn)>+-+» Vg be d n-dimensional 0-1 vectors, i.e. v; ; € 
{0,1} for all 1 <i<d,1<j<n. Each v, can be viewed as a 2-coloring of 
[n] = {1,2,...,}. Now the vector sequence v,,...,Vv, defines a 2-coloring f: 
[n]4 — {0, 1} of the board of the n“ game as follows: for every (j;,.-., ja) € [n]4 let 


Give ida) S big tag ee; (mod 2), (12.1) 
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Which vector sequence v,,...,V, defines a Proper 2-Coloring of the n“ hyper- 
graph? To answer this question, consider an arbitrary winning line L. Line LZ can 
be parametrized by an “x-vector’ as follows. The first coordinate of the “x-vector” 
is either a constant c,, or x, or (n+ 1 — x); similarly, the second coordinate of the 
“x-vector” is either a constant c,, or x, or (n+ 1—x), and so on. 


L: (either constantc, orx or(n+1—~x),..., either constantc, or x or (n+1-—x)), 
(12.2) 


and the kth point P, on line L is obtained by the substitution x = k in “x-vector” 
(12.2) (k =1,2,...,d). What is the f-color — see (12.1) — of point P,? To answer 
this question, for every i= 1, 2,...,d write 


0, if the ith coordinate in (12.2) is a constant c;; 
&;= (12.3) 
1, otherwise. 


For an arbitrary n-dimensional vector a = (a), a),...,d,,) define the “reverse” 
al) = (a,, a, 15+++, 4): (12.4) 


It follows from (12.1)—(12.4) that the f-color of the kth point P, on line L is 


d 
fPJI= DY ve + (in coordinate of Sem) (mod 2), (12.5) 


l<i<d: &;=0 i=l 


where 
V;; if the ith coordinate in (12.2) is x; 
w= (rev) : : ‘. ‘ (12.6) 
v; , if the ith coordinate in (12.2) is(n+1—x). 
It follows from (12.5)—(12.6) that line L is monochromatic if and only if 
d 
>> e;w, = either 0=(0,...,0) or 1=(1,...,1) (mod 2). 
i=l 
It suffices therefore to find (n—1) n-dimensional 0-1 vectors v,,...,V,—1 


(rev) 


such that for each choice of w; € {v,,v;  }, ¢; € {0,1}, 1 < i<n-—1, where 
(€),.--,€,-1) #9, the vector 


€\W, + &Ww,+...+¢&,_,W,—; (mod 2) is neither 0 nor 1. (12.7) 
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We give the following explicit construction: For n > 5 let (watch out for the Is) 


(1, 0, 0, 0, 0, 0, ......... 90, eedecees , 0, 0, 0, 0, 0, 0) 
(0, 1, 0, 0, 0, 0, ........ Osis iets , 0, 0, 0, 0, 0, 0) 
(0,0, 1,0, 0, 0, ........ Fat renee , 0, 0, 0, 0, 0, 0) 
(0, 0, 0, 1, 0, 0, ......... Oy ssiies , 0,0, 0, 0, 0, 0) 
(0,0, 0,0, 1, 0, ......... fOsscereece , 0, 0, 0, 0, 0, 0) 


(0, 0,0, 0, 1,0, ......... 10, ssessce. ,0, 1, 0,0, 0, 0) 
(0, 0, 0, 1,0, 0, ......... ji Oscrsscsecs ,0, 0, 1,0, 0, 0) 
(0,0, 1,0, 0, 0, ......... £Oysteeee. ,0, 0,0, 1, 0, 0) 
(0, 1, 0, 0, 0, 0, ......... 5 Onesies ez ,0, 0,0, 0, 1, 0) 
(1, 0, 0, 0, 0, 0, ......... Opssessees , 0, 0,0, 0,0, 1) 


That is, the first |/2] n-dimensional vectors are e; = (0,...,0,1,0,...,0) such 
that the only non-zero coordinate is 1 at the ith place, 1 <i < |n/2], the 
rest are symmetric “self-reversed” vectors, and in each vector the [(m+1)/2]th 
coordinate is 0. 

It remains to show that this construction satisfies the requirement (see (12.7)). 
First we show that the vector 


€\;W, +&)W,+...+¢6,_,W,_, (mod 2) 


in (12.7) is 41=(1,..., 1). Indeed, the [(m+1)/2]th coordinate of vector (12.7) 
is always 0. 

So assume that vector (12.7) equals 0 = (0,...,0). Then from the first and nth 
coordinates we see that: 


either €, +¢,_, =€&,_; =0 (mod 2), 
or €;+6&,_; = &, =0 (mod 2). 


In both cases we obtain that ¢, = ¢,_, = 0. Similarly, we have e, =e, _, =0, 
€3 = &,_; =0, and so on. We conclude that all coefficients must be 0: ¢,; = €, = 
+++= &€,_, =0, which is impossible. This completes the proof of Theorem 12.1. 


2. Improving the linear bound. A natural idea to improve Theorem 12.1 is to apply 
the Erdés—Lovasz 2-Coloring Theorem. The direct application doesn’t work because 
the n“ hypergraph is very far from being Degree-Regular. The n@ hypergraph is in 
fact extremely irregular: the Average Degree of the family of winning sets in n“ is 


n-familysize 1 ((n poe = n‘) /2 on ( 2d/n 1) 
— ~ e si 
2 


AverageDegree(n“) = hoardeize nd 
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This is much smaller than the Maximum Degree (34 — 1)/2 (n odd) and 24-1 
(n even), namely about (roughly speaking) the nth root of the Maximum Degree. 
It is natural therefore to ask the following: 


Question A: Can we reduce the Maximum Degree of an arbitrary n-uniform 
hypergraph close to the order of the Average Degree? 

The answer is an easy yes if we are allowed to throw out whole winning sets. But 
throwing out a whole winning set means that Breaker loses control over that set, 
and Maker might completely occupy it. So we cannot throw out whole sets, but 
we may throw out a few points from each winning set. In other words, we can 
partially truncate the winning sets, but we cannot throw them out entirely. So the 
right question is: 

Question B: Can we reduce the Maximum Degree of an arbitrary n-uniform hyper- 
graph, by partially truncating the winning sets, close to the order of the Average 
Degree? 

The answer to Question B is no for general n-uniform hypergraphs (we leave it 
to the reader to construct an example), but it is yes for the special case of the 
n@ hypergraphs. 


Theorem 12.2 (“Degree Reduction by Partial Truncation") 


(a) Let F,,, denote the family of n-in-a-lines (i.e. geometric lines) in the né 
board; F,,4 is an n-uniform Almost Disjoint hypergraph. Let 0 < a < 1/2 
be an arbitrary real number. Then for each geometric line L € F,, q there is a 
2|(4 —a@)n]-element subset LCL such that the truncated family Fi ={L: 
LeF,, 4} has Maximum Degree 


MaxDegree (Fa) <d+qidal-l 


(b) Let Fy, denote the family of combinatorial lines in the n* board; F¢ a san 
n-uniform Almost Disjoint hypergraph. Let 0 < B <1 be an arbitrary real 
number. Then for each combinatorial line L € Frat there is a |(1—B)n|- 
element subset L C L such that the truncated family Fe d= ={L: Le Fy j} has 
Maximum Degree 


MaxDegree (Fi,) <d+ qid/bnl-! 


Remarks. 

(1) Let a > cg > 0, i.e. let a be “separated from 0.” Then the upper bound d Od) 
of the Maximum Degree of F.. _a is not that far from the order of magnitude 
of the Average Degree 4 (e*“/"— 1) of F,, ;. Indeed, what really matters is the 
exponent, and the 2 exponents const-d/n and 2d/n are the same, apart from a 
constant factor. 
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(2) In the applications of (a), we always need that (5 —a)n > 1, or equivalently 


a< 5 _ i, since otherwise the “pseudo-line” L becomes empty. 


Proof of Theorem 12.2. 


Case (a): We recall that the maximum degree of the family of winning lines 
is (37—1)/2 if n is odd, and 24—1 if n is even. The maximum is achieved 
for the center (n is odd), and for the points (c,,c),...,¢ 7) such that there is a 
cé{l,...,n} with Ge {c,n+1-—c} for every j=1,2,...,d (n is even). This 
motivates our basic idea: we define L C L by throwing out the points with “large 
coordinate-repetition.” 

Let P = (a), a5, 4;,..., 44), a; € {1,2,...,n}, 1 <i<d be an arbitrary point 
of the board of the n¢ game. We study the coordinate-repetitions of P. Let £= 
[(n+1)/2], and write [€] = {1,2,..., 2}. Let b € [€] be arbitrary. Consider the 
multiplicity of b and (n+ 1—b) in P: let 


m(P, b) = |M(P, b)|, where M(P, b) = {1 <i<d: a,;=bor (n+1—b)} 
= M(P,n+1-—b). 


Observe that in the definition of multiplicity we identify b and (n+1—b). 
For example, let 


P = (3,7,3, 5, 1,3, 5,4, 3, 1, 5, 3, 3,5, 5, 1,4, 2, 6, 5, 2, 7) € [7]; 


then m(P, 1) =5, m(P, 2) = 3, m(P, 3) = 12, m(P, 4) =2. 

For every n-line L of the n’ game we choose one of the two orientations. An 
orientation can be described by an x-vector v = v(L) = (u,, Uj, U3,..., Ug), Where 
the ith coordinate v; is either a constant c;, or variable x, or variable (n+ 1— x), 
1 <i<d, and for at least one index i, v; is x or (n+1—x). 

For example, in the ordinary 3* Tic-Tac-Toe 


(1, 3) (2, 3) (3, 3) 
(1, 2) (2, 2) (3, 2) 
(1, 1) (2, 1) (3, 1) 


{(1, 1), (2,2), (3,3)} is a winning line defined by the x-vector xx, 
{(1, 2), (2,2), (3,2)} is another winning line defined by the x-vector x2, and 
finally {(1, 3), (2,2), (3, 1)} is a winning line defined by the x-vector xx’ where 
x’ =(n+1—x). 

The kth point P, (1 < k <n) of line L is obtained by putting x = k in the x-vector 
v= v(L) of the line. The sequence (P,, P,,..., P,,) gives an orientation of line L. 
The second (i.e. reversed) orientation comes from x-vector v*, which is obtained 
from v = v(L) by switching coordinates x and (n+ 1 —x) that are variables. 
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Let b € [€] (€ = |(n+1)/2]) be arbitrary, and consider the multiplicity of b and 
(n+1-—b) in x-vector v= v(L) 


m(L, b) =|M(v(L), b)|, where M(v(L), b) = {1 <i<d: v;=bor (n+1—b))}. 
Similarly, consider the multiplicity of x and (n+ 1— x) in x-vector v = v(L) 
m(L, x) =|M(v(L), x)|, where M(v(L), x) = {1 <i<d: v;=x or (n+1—x)}. 


It follows that m(P,, k) = m(L, k)+m(L, x), and m(P,, b) = m(L, b) if k ¢ {b, n+ 
1—b}, where P, is the kth point of line L in the orientation v = v(L), and be [£]. 
Let my = [d/an]. For every line L define the “index-set” 


B, = {ke [€]: m(L,k) < mo}. 
Then 
d> i m(L,b)> D> m(L,b)> YO my =m (l—|B,)), 
befe] be[é]\B, be[e]\B, 
and so d 
|B,| > €— — = |[(n+1)/2| —an, 
Mo 


which implies that 
1 
|B, | = | Gai] + {1 or 0} 
depending on the parity of n (1 if n is odd, and 0 if n is even). Let 
Br ={k: k eB, or (n+1—k) € B;}; 
then clearly 


Jai) = 2|G-amn|+ {1 or 0} 


depending on the parity of n. For every line L, the “index-set” B7 defines a subset 
L CL (we call L a pseudo-line) as follows: let L = {P,: k € By} if n is even, and 
L={P,: ke By \ {€}} if n is odd (i.e. we throw out the “mid-point” when there 
is one). Here P, is the kth point of line L in the chosen orientation. 

The above-mentioned definition of the pseudo-line has one trivial formal problem: 
L may have too many points, and this indeed happens for lines like the “main 
diagonal’; then it is sufficient to throw out arbitrary points to get to the desired size 
2|(£-a)n]. 

Now fix an arbitrary point P = (c;,c,,...,C,) of the n‘’-board. We have to 
estimate the number of pseudo-lines through P. To find a line L such that P = P, 
for some k € B; (i.e. P is the kth point of line L) we must choose a subset 
Y of M(P,k) of size y < my and for ie M(P,k)\ Y change c; =k to x and 
c¢;=n+1—k ton+1-—x (here we use that k 4 (n+ 1—k); indeed, this follows 
from k 4 €= |(n+1)/2| when n is odd). 
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Let K = {k € [€]: m(P, k) £0}. Then clearly 
|K| < )) m(P,k) <d. 
kek 
Thus the number of pseudo-lines through P is at most 
mo—l P.k mo—l P.k 
ae S (é ) <|K|+ > ae ’) sag, 
y=0 keK y y=1 y 
which completes the proof of Theorem 12.2 (a). 


Case (b): Combinatorial lines. This case is even simpler than that of case (a); we 
leave the details to the reader. 


Now we are ready to improve the Hales—Jewett linear lower bound HJ(n) > n of 
the Hales—Jewett number. The improvement comes from combining Theorem 12.2 
(a) with the Erdés—Lovasz 2-Coloring Theorem. 

Applying the Erdés—Lovasz Theorem to the truncated hypergraph Fog we get 
a Proper 2-Coloring of the n‘-hypergraph if 0 < cy < a < c, < 1/2 and 


qa/an < g(1-2a)n+ O(log n) 


Taking logarithms we obtain the requirement dlog,d/an < (1—2a)n+ O(logn), 
which is equivalent to dlog,d < a(1 —2a)n7(1 + o(1)). Since a(1 — 2a) attains 
its maximum at a = 1/4, we conclude that dlog,d < n?(1+0(1))/8, which is 
equivalent to d < (* + o(1))n?/logn. 

How about combinatorial lines? Repeating the same calculations for FE a we 
obtain the similar inequality dlog,d < B(1 — B)n?(1+0(1)). Since B(1 — B) attains 
its maximum at B = 1/2, we conclude that dlog,d < n?(1+0(1))/4, which is 
equivalent to d < (*2* + o(1))n?/logn. 

This gives the following better lower bounds for the two Hales—Jewett Numbers. 


Theorem 12.3 We have the nearly quadratic lower bounds 


log2 2 
Ha(n) > (24 001)) = 
16 logn 


Z log2 
HJ‘(n) => (“2 +0(1)) 


where the o(1) in either case is in fact O(log log n/ log n). 


’ 


logn 


Unlike the proof of the linear lower bound HJ(n) => n, which was an explicit alge- 
braic construction, here we cannot provide an explicit Proper 2-Coloring. Indeed, 
the proof of the Erdés—Lovasz 2-Coloring Theorem was an existence argument: 
the proof didn’t say a word how to find the existing Proper 2-Coloring. To try out 
all possible 2" 2-colorings of the board (where N is the board-size) is intractable. 
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A much more efficient “polynomial time algorithmization” was developed in Beck 
[1991], but we pay a price for it: the local condition (2+ 0(1))” of the Erdés—Lovasz 
Theorem is replaced by some c”, where 1 < c < 2 is a smaller constant. 

Is the (nearly) quadratic lower bound in Theorem 12.3 the best that we know? 
The answer is no: a shockingly simple argument (“lifting colorings”) leads to 
exponential lower bounds! 


3. Separating the Weak Win Numbers from the Hales—Jewett Numbers. We 
show that in hypercube Tic-Tac-Toe the converse of the trivial implication 


draw play is impossible = Winning Strategy = weak win strategy 


is totally false! 

We start the discussion with HJ‘(n) (“combinatorial lines”), which is less inter- 
esting from our game-theoretic/geometric viewpoint, but more natural from a purely 
combinatorial viewpoint. At the end of Section 7 we applied the one-to-one mapping 


(see (7.1)) 
f(w) = (a, —1)+ (a, —1)n+ (a3 —1)n? +... + (ag—1)n*", (12.8) 


where w = (a), d,--- , dq) € [n]“. Notice that f maps any n-in-a-line (“geometric 
line”) into an n-term arithmetic progression; it follows that 
Wn, k) < nO, (12.9) 
in particular, W(n) < n!™, 
Here comes the surprise: we don’t really need a one-to-one mapping like (12.8), 
the simpler “coordinate-sum” 


s(w) = (4, -D+@—-DYD+@—-)+...-+(aa-Y (12.10) 
leads to the new inequality 


W(n, k) —1 
at 


n 


< HJ°(n,k), (12.11) 


which turns out to be much more efficient than (12.9). 

First we prove inequality (12.11). Let W = HJ°(n,k)-(n—1), and let y 
be an arbitrary k-coloring of the interval [0, W] = {0,1,2,...,W}; we want to 
show that there is a monochromatic n-term arithmetic progression in [0, W]. 
Consider the d-dimensional hypercube [n]¢ with d = HJ°(n), where, as usual, 
[n] = {1,2,---,n}. Let w= (a), a),---,a,) € [n]@ be an arbitrary point in the 
hypercube. We can define a color of point w as the y-color of the coordinate-sum 
(see (12.10)) 


g(w) = (a, —1) + (@—-1)+(@—-1)+..-+(aa— 1); 
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We refer to this particular k-coloring of hypercube [n]@ as the “lift-up of y.” Since 
the dimension of the hypercube is d = HJ“(n), there is a monochromatic combina- 
torial line in [n]4 (monochromatic in the “lift-up of ”). Thus the coordinate sums 
of the n points on the line form a y-monochromatic n-term arithmetic progression 
in [0, W]. This completes the proof of (12.11). 

If n is a prime, then Berlekamp’s bound W(n) > (n—1)2’"! (see (11.10), 
combined with (12.11), gives 


HI aye on (12.12’) 


and, in general, for arbitrary n, the Erd6s—Lovasz bound W(n) > 2”~3/n (see (11.9)) 
implies 


n—-3 


HJ°(n) > (12.12”) 


n2 


Lower bounds ((12.12’))-((12.12’)) represent a big improvement on Theorem 12.3. 
How about HJ(n)? Can we prove a similar exponential lower bound? The answer 
is yes, and we are going to employ the quadratic coordinate sum 


O(w) = (a, — 1)? + (a, — 1)? + (a3— 1)? +... + (ag — 1)’, (12.13) 


where w = (d,, 45, -- , dy) € [n]*. Notice that the old linear function g (see (12.10)) 
has a handicap: it may map a whole n-in-a-line (geometric line) into a single 
integer (as a “degenerate n-term arithmetic progression”). The quadratic function 
Q in (12.13) basically solves this kind of problem, but it leads to a minor technical 
difficulty: the Q-image of a geometric line is a quadratic progression (instead of 
an arithmetic progression). We pay a small price for this change: the set of n-term 
arithmetic progressions is a 2-parameter family, but the set of n-term quadratic 
progressions is a 3-parameter family. Also an n-term quadratic progression is a 
multiset with maximum multiplicity 2 (since a quadratic equation has 2 roots), 
representing at least n/2 distinct integers (another loss of a factor of 2). After this 
outline, we can easily work out the details as follows. 

Any geometric line can be encoded as a string of length d over the alphabet 
A= {1,2,---,n,x, x*} (where x* represents “reverse x”) with at least one x or 
x*. The n points P,, P,,..., P,, constituting a geometric line can be obtained by 
substituting x = 1,2,...,n and x* =n+1—x=n,n—1,..., 1. If the encoding of 
a geometric line L contains a occurences of symbol x and b occurences of symbol 
x*, and L = {P,, P,,...,P,} where P,; arises by the choice x = i, the sequence 


QO(P,), O(P>), O(P3),-.-, O(P,,) (see (12.13)) has the form 


a(x—1)°+b(n—x)’+c¢=(a+b)x*—2(a+bn)x+(c+a+bn’) as x=1,2,...,n. 
(12.14) 
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Let W = HJ(n)-(n—1)*; the quadratic sequence (12.14) falls into the interval 
[0, W]. A quadratic sequence Ax?+ Bx+C with x =1,2,...,” is called a n-term 
non-degenerate quadratic progression if A, B, C are integers and A 4 0. 

Motivated by van der Waerden’s Theorem, we define W,() to be the least inte- 
ger such that any 2-coloring of [0, W,(7) — 1] = {0,1,2,...,W,(m) — 1} yields 
a monochromatic n-term non-degenerate quadratic progression. We prove the 
following inequality (an analogue of (12.11)) 


WADE) < HJ(n). (12.15) 

pele 

In order to prove (12.15), let W = W,(n)—1 and let x be an arbitrary 2- 

coloring of the interval [0, W] = {0,1,2,..., W}. We want to show that there is 

a monochromatic n-term non-degenerate quadratic progression in [0, W]. Consider 

the d-dimensional hypercube [n]¢ with d = HJ(n), where [n] = {1,2,--- , n}. Let 

w = (a,, @,--- , ay) € [n]* be an arbitrary point in the hypercube. We can define 
a color of point w as the x-color of the quadratic coordinate sum (see (12.13)) 


Q(w) = (a, — 17+ (a,- 1) +(a;- 1)? +...+ (ay- 1)’; 


We refer to this particular 2-coloring of hypercube [n]‘ as the “lift-up of y.” Since 
the dimension of the hypercube is d = HJ(n), there is a monochromatic geometric 
line in [n]“ (monochromatic in the “lift-up of y”). Thus the quadratic coordinate 
sums of the n points on the line form a y-monochromatic n-term non-degenerate 
quadratic progression in [0, W]. This completes the proof of (12.15). 

Next we need a lower bound for W, (7); the following simple bound suffices for 
our purposes 

n/4 


3n2- 


W,(n) = (12.16) 
Lower bound (12.16) is an easy application of Theorem 11.4 (“Erdés-Lovasz 
2-Coloring Theorem’). Indeed, first note that an n-term non-degenerate quadratic 
progression Ax” + Bx-+ C represents at least n/2 different integers (since a quadratic 
polynomial has at most 2 real roots). Three different terms ‘“‘almost” determine 
an n-term quadratic progression; they determine less than n? n-term quadratic 
progressions. Thus, any n-term non-degenerate quadratic progression contained in 
[1, W], where W = W,(n), intersects fewer than n*. W? other n-term non-degenerate 
quadratic progressions in [1, W]. It follows that 


8n*. W? > 2"; (12.17) 


indeed, otherwise Theorem 11.4 applies, and yields the existence of a 2-coloring of 
[1, W] with no monochromatic n-term non-degenerate quadratic progression, which 
contradicts the choice W = W, (7). (12.17) implies (12.6). 
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Combining (12.15) and (12.16) we obtain 


n/4 


As(n) > —. 
(2 3n4* 


(12.18) is somewhat weaker than (12.12), but it is still exponential, representing a 
big improvement on Theorem 12.3. 


(12.18) 


Remark. 

Inequality (12.11) (using the linear mapping (12.10)) is a short lemma in Shelah’s 
paper (is it folklore in Ramsey Theory?). The similar but more complicated (12.15)— 
(12.17) (using the quadratic mapping (12.13)) seems to be a new result; it is an 
unpublished observation due to me and my Ph.D. student Sujith Vijay (Rutgers 
University). 


Note that Berlekamp’s explicit algebraic construction — W(n) > (n—1)2""! 
if n is a prime — was a Proper Halving 2-Coloring. The proof of the Erdés— 
Lovasz 2-Coloring Theorem, on the other hand, does not provide a Proper Halving 
2-Coloring (and it is not clear at all how to modify the original proof to get a 
Proper Halving 2-Coloring). This raises the following natural question. Is it true 
that HJ,,.(7) (involving halving 2-colorings) is also (at least) exponentially large? 
The answer is, once again, “yes.” One possible way to prove it is to repeat the proofs 
of (12.12) and (12.18) with rainbow 3-colorings instead of proper 2-colorings, and 
to apply the following (almost trivial) general fact (see Remark (c) after the Local 
Lemma at the end of Section 11): 


Rainbow Fact: \f F is an arbitrary finite hypergraph such that it has a rainbow 
3-coloring, then it also has a Proper Halving 2-Coloring (i.e. the two color classes 
have equal size). 

Another (more direct) way to prove an exponential lower bound for the halving 
Hales—Jewett number is to apply the following inequality 


HJ, )(n) > HJ(n—2). (12.19) 


Inequality (12.19), due to W. Pegden, is “hypercube-specific”; it does not extend 
to a general hypergraph result like the Rainbow Fact above. 
In fact, the following slightly stronger version of (12.19) holds 


HJ;)(n) > HI(n—2), (12.20) 


where HJ i2(n) is the largest dimension dy such that for any d < dy the n“ hypercube 
has a Proper Halving 2-Coloring (proper means that there is no monochromatic 
geometric line). We recall that HJ, ,.(m) denotes the least integer d such that in each 
halving 2-coloring of n“@ there is a monochromatic geometric line (i.e. n-in-a-line). 
Trivially, HJ,,.(n) => HJj).(n), and we cannot exclude the possibility of a strict 
inequality HJ,,.(n) > HJ¥/.(n) for some n. This means the halving Hales—Jewett 
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number is possibly(!) a “fuzzy threshold,” unlike the ordinary Hales-Jewett number 
HJ(n) (where there is a critical dimension dy such that for every 2-coloring of n4 
with d > d, there is always a monochromatic geometric line, and for every n@ with 
d < dy there is a 2-coloring with no monochromatic geometric line; in the halving 
case we cannot prove the existence of such a critical dimension). 

By adding the trivial upper bound to (12.19)-(12.20) we have 


AJ(n) = AJ, 2(n) = AS{(n) = HI(n—2). (12.21) 


Here is Pegden’s strikingly simple proof of (12.20). The idea is to divide the 
n'—-2)-1 hypercube into subcubes of the form (n—2)/, j < HJ(n—2)—1, and 
color them independently. We make use of the Hales—Jewett linear lower bound 
(see Theorem 12.1) 


HJ(n) =n. (12.22) 


The “large dimension” (see (12.22)) guarantees that most of the volume of the 
hypercube n-2)-! lies on the “boundary”; this is why we can combine the 
proper 2-colorings of the subcubes (n —2)/, j < HJ(n—2)— 1 to obtain a Proper 
Halving 2-Coloring of the whole. 

The exact details go as follows. Let H = [n]¢ where d = HJ(n—2)—1 and 
[n] = {1,2,..., 2}; so there is a Proper 2-Coloring for the “center” (n—2)4 C H. 
We need to show that there is a Proper Halving 2-Coloring of H. We divide H into 
subcubes of the form (n —2)/, 0 < j < d: for each “formal vector” 


V=(v,, Vy,..-,U,) € {l, ¢, n}4 


(here ‘“‘c’” stands for “center”) we define the sub-hypercube H, as the set of of all 
(a), 45,...,4,) €H satisfying the following two requirements: 


(1) a; = 1 if and only if v; = 1; 
(2) a; =n if and only if v; =n. 


Then H, is of size (n —2)/, where the dimension j = dim(H,) is the number of 
coordinates of v equal to c, and the H,s form a partition of H by mimicking the 
binomial formula 


d d 
n? = ((n—2) +2)? = (n—2)¢ + ({). (n—2)7 14 (5) (n—2)07 4...42%, 
(12.23) 
2Colring 
Call H, degenerate if its dimension j = 0; these are the 24 “corners” of 
hypercube H. 
The following fact is readily apparent. 
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Simple proposition: For any geometric line L (n-in-a-line) in H = n“, there is 
some non-degenerate subhypercube H, C H such that the intersection LH, is a 
geometric line ((n — 2)-in-a-line) in H, (considering H, as an (n—2)/ hypercube). 
The Simple Proposition implies that any 2-coloring of H which is improper (i.e. 
there is a monochromatic line) must be improper in its restriction to a non-degenerate 
sub-hypercube Hy. 

As we said before, the “center” H,..., C H has a Proper 2-Coloring; we use 
the colors X and O (like in an ordinary Tic-Tac-Toe play). Let the proportion of 
Xs in the coloring be aj; we can assume that ay > 1/2. Considering all (d—1)- 
dimensional “slices” of the “center” H(...), the average proportion of Xs is Q, 
so the maximum proportion of Xs, denoted by a,, is greater or equal to ap. It 
follows that the (n—2)‘~! sub-hypercubes of H can be properly 2-colored with an 
a, fraction of Xs (or Os; we can always flip a coloring!). Thus, inductively, we 
find a non-decreasing sequence 


1/2<a,<a,<...<a,=1 


of “proportions” so that for 0 < j < d, each (n—2)/ sub-hypercube can be properly 
2-colored with an a,_; fraction of Xs. For each (n — 2)/ sub-hypercube we have 
two options: either we keep this proper 2-coloring or we flip. By using this freedom, 


ae 


Halving 2-Coloring of H as follows. Let 


ApS. i). SA 
dim(H, )=>d—k 
By induction on k (as k =0,1,2,...,d), we give a 2-coloring v of H, which is 
proper on each of the subhypercubes H, C A, and 


disc(x, A,) < (2a, —1)-(n—2)**, (12.24) 


where disc(x, A;,) denotes the discrepancy, i.e. the absolute value of the difference 
between the sizes of the color classes. Notice that 2a,—1=a,—(1—a,) and 
(n—2) is the volume of a j-dimensional H,. 

At the end, when k = d, coloring x will be a Proper Halving 2-Coloring (indeed, 
the color classes on all of H will differ by at most (2a, —1)-(n—2)4~4 = 1). 
above-mentioned proper 2-coloring of the “center” with X-fraction ap. 

Next comes the general induction step: let (12.24) be satisfied for some (k — 1) > 
0. The number N,_, of sub-hypercubes H, of dimension (d—k) is (2)28 (binomial 
theorem: see (12.23)), so by d= HJ(n—2)—1 and (12.22), Nj_, > 2d >n-—2. 
Thus since a, > a,_;, we have 


Nyx: (2a, —1)-(n—2)** > (2a,_, —1)-(n—2)7 © = dise(y, Ay_1). (12.25) 
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In view of inequality (12.25) we have room enough to extend y from A,_, to A, by 
coloring a suitable number of the H, of dimension (d—k) with an a,-fraction of 
Xs, and the rest with an @,-fraction of Os (‘‘we flip the coloring”). This completes 
the induction proof of (12.24), and (12.20) follows. 

We summarize these results in a single theorem (see (12.18) and (12.20). 


Theorem 12.4 We have 


(n-2)/4 
HJ(n) = AJ, (n) = HJ},,(n) = HI(n— 2) = ant (12.26) 
n 
The line in (12.26) can be extended by the “game numbers” 
HJ(n) = HJ, (n) = AJ{)(n) = w(n-line) = ww(n-line). (12.27) 


(12.27) is trivial, because a Strong Draw strategy of the second player — in fact, 
any drawing strategy! — yields the existence of a drawing terminal position, i.e. a 
Proper Halving 2-Coloring (indeed, the first player can “steal” the second player’s 
strategy). 

Here comes the surprise: a trivial application of Theorem 1.2 (Weak Win 
criterion) gives the upper bound 

oe 9? > ww(n-line) (12.28) 

(We challenge the reader to prove this; we give the details at the beginning of 
Section 13), so comparing (12.26) and (12.28) we have (assuming n is large) 
eae > meee > ww(n-line), (12.29) 
3nt* 2 
i.e. asymptotically the Ramsey threshold HJ{,,(1) is (at least) exponential and the 
Weak Win threshold ww(n-line) is (at most) quadratic. Roughly speaking, Ramsey 
Theory has nothing to do with Weak Win! 

Inequality (12.29) leads to some extremely interesting problems; the first one 
was already briefly mentioned at the end of Section 5. 
Delicate win or delicate draw? A wonderful question! In Section 5, we intro- 
duced a classification of the family of all finite hypergraphs: we defined Classes 
0-5. Perhaps the two most interesting classes are 


AJ} /.(n) = 


Class 2 (“Forced win but Drawing Position exists: delicate win’’): It contains 
those hypergraphs F which have a Drawing Position, but the first player 
can nevertheless force a win. 

Class 3 (“Delicate Draw’’): It contains those hypergraphs F for which the Posi- 
tional Game is a Draw but the first player can still force a Weak Win (the 
Full Play Convention applies!). 
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The 4° Tic-Tac-Toe (“Cubic”) is the only n“ game in Class 2 that we know, and 
the ordinary 3? Tic-Tac-Toe is the only n“ game in Class 3 that we know. Are there 
other examples? This is exactly Open Problem 5.4: 

Is it true that each hypergraph class contains infinitely many n‘ games? The 
unknown cases are Class 2 and Class 3. 


What (12.29) implies is that the union of Class 2 and Class 3 is infinite. Indeed, 
each n@ Tic-Tac-Toe with dimension 


HJ},.(n) > d > ww(n-line) (12.30) 


belongs to either Class 2 or Class 3: if it is a first player win, the game belongs to 
Class 2; if it is a draw game, then it goes to Class 3. Of course, (12.29) implies 
that the range (12.30) is non-empty; in fact, it is a very large range (if n is large). 
Unfortunately, we cannot decide which class (Class 2 or Class 3) for any single 
game in the range (12.30); this is a wonderful open problem! 
By (12.27) 
AJ; /)(n) = w(n-line) > ww(n-line), 


and by (12.29) the Ramsey threshold HJ*,,(m) is (at least) exponential and the 
Weak Win threshold ww(n-line) is (at most) quadratic. Where does the ordinary 
win threshold w(n-line) fall? Is it (at least) exponential or polynomial? We don’t 
have a clue; this is another totally hopeless question. 


Open Problem 12.1 


(a) Which order is the right order of magnitude for w(n-—line): (at least) exponential 
or polynomial? 

(b) For every n@ Tic-Tac-Toe, where the dimension d= d(n) falls into range 
(12.30), decide whether it belongs to Class 2 or Class 3. 


4. The 3 basic categories of the book: Ramsey Theory, Game Theory (Weak 
Win), and Random Structures. Let’s leave inequality (12.29), and compare The- 
orems 12.3 and 12.4: the reader is justly wondering: “why did we bother to prove 
Theorem 12.3 when Theorem 12.4 (and (12.12) for combinatorial lines) is so much 
stronger?” Well, the reason is that the proof of Theorem 12.3 can be adapted to the 
Weak Win threshold ww(n-line), and it gives a nearly best possible game-theoretic 
result! Theorem 12.5 below is the game-theoretic analogue of Theorem 12.3 (the 
lower bounds). 


Theorem 12.5 We have: 


(a) "Sn? > ww(n-tine) > ($2 + o(1)) gee) 


(b) (log2)n* => ww(comb. n-line) > (24 + 0(1)) ae, 


logn 
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Theorem 12.5 could not determine the true order of magnitude of the “phase 
transition” from Weak Win to Strong Draw, but it came pretty close to that: we 
proved an inequality where the upper and lower bounds differ by a mere factor of 
logn. 


Open Problem 12.2 Which order of magnitude is closer to the truth in 
Theorem 12.5, n?/logn (“the lower bound”) or n? (“the upper bound”)? 


We believe that the upper bound is closer to the truth. In fact, we guess that in the 
n hypercube Tic-Tac-Toe the phase transition from Weak Win to Strong Draw 
happens at d = d(n) = ((log2)n? — nlogn)/2 + O(n) (see formula (9.2), and its 
application after that). 

Now let’s return to (12.26): the exponential lower bound 

. Q(n-2)/4 
AJ) (n) = a 
means that the dimension d = d(n) can be exponentially large (in terms of n) 
and it is still possible to have a Draw Play in n@ Tic-Tac-Toe (if the two players 
cooperate). 

On the other hand, by Theorem 12.5 Weak Win can be forced when the dimension 
d= d(n) is roughly quadratic. If a player has a Weak Win strategy, then of course 
he can prevent a Draw (he can always occupy a winning set: if he does it first, he 
has an ordinary win; if the opponent does it first, the opponent has an ordinary win). 

The third natural category is the majority outcome: what happens in the over- 
whelming majority of the n? Tic-Tac-Toe plays? A very good approximation of the 
random play is the Random 2-Coloring. The expected number of monochromatic 
n-in-a-lines in a Random 2-Coloring of the n@ board is exactly 


3 (n+2)¢—n4 (1\" 
2 Dep 


which undergoes a rapid change from “much less than 1” to “much larger than 1” 
in the sharp range d = (1+ 0(1))n/log, n. Since a “reasonable” random variable 
is “close” to its expected value, it is easy to prove precisely that in the range 
d > (1+0(1))n/log, n the overwhelming majority of n? Tic-Tac-Toe plays have a 
winner, and in the range d < (1 — 0(1))n/ log, n the overwhelming majority of n@ 
Tic-Tac-Toe plays end in a draw. 

This gives us a clear-cut separation of the 3 basic categories of the book: Ramsey 
Theory, Game Theory (Weak Win), and Random Structures. In n@ Tic-Tac-Toe 


(1) the Ramsey threshold is (at least) exponential; 
(2) the Weak Win threshold is roughly quadratic; and, finally, 
(3) the phase transition for the Majority Outcome happens in a sublinear range. 
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The bottom line is that Weak Win and the Majority Outcome are closely related 
but different, and Ramsey Theory has nothing to do with Weak Win. How about 
ordinary win? Is ordinary win more related to Ramsey Theory? No one knows! 

Let’s return to Theorem 12.5 one more time. Switching to the inverse function, 
inequality (12.5) can be expressed in terms of the corresponding Achievement 
Number as follows 


/2/log2Vd < A(d—dim. cube; line) < (1+ 0(1))./32/log2,/dlogd, (12.32) 


and exactly the same bounds for the Avoidance Number A(d—dim. cube; line; -). 


5. Winning planes. Inequality (12.32) is not too elegant, certainly not as elegant 
as the exact results Theorem 6.4 and Theorem 8.2 about “quadratic” goal-sets. 
What is the quadratic version of a “winning line”? Of course, a “winning plane’! 
First switch from the n“ hypercube to the n@ Torus — because we want a degree- 
regular hypergraph! — and define the concept of a combinatorial plane, which is 
the simplest kind of a “plane.” Intuitively a combinatorial plane, or Comb-Plane 
for short, is a “2-parameter set.” 

A Comb-Plane S in the n@ Torus is formally defined by a point P € S and two 
non-zero vectors Vv = (d,,...,d,) and w= (b,,...,b,), where each coordinate is 
either 0 or 1, and a,b; = 0 for i= 1,..., d (i.e. the non-zero coordinates in v and w 
form two disjoint non-empty sets); the n? points of Comb-Plane S are P+ kv + lw, 
where k and / independently run through 0, 1,...,n—1. 

In other words, every Comb-Plane S in the n“ Torus can be described by a single 


vector u = (u,,...,4u,), Where each u,; is either a constant c;, or c; +x, or c;+y, 
and the last two cases both occur — x and y are the two defining parameters, which 
independently run through 0, 1,...,—1, and the “addition” is modulo n (“torus”). 


For example, the (3 + x)14(2+ y)2511(2+.x) Comb-Plane in the 5° Torus means 
the following 5 x 5 lattice, where in each string the single “asterisk” «* means 14 
and the “double star” *«* means 2511: 
3x2ex2 3%344%2 34442 35442 3x 1a x2 
4x23 43443 4 4u43 4x5 u43 4x 1a 03 
S264 SH 34x44 SH4 a4 Sa5xx4 Sa laa4 
Le2e«5 Lx 3n%5  Le4aeS LxSax5 La bad 
2e2exl 2Zx3nnl Ze4nal Zx5nnl Zxlexl 

If P =(c,,...,Cq) is an arbitrary point of the n“ Torus, then the number of 


Comb-Planes S containing point P equals half of the number of all {0, x, y}- 
strings of length d where both parameters x and y show up (“half because the 


Ramsey Theory and hypercube Tic-Tac-Toe 189 


substitution x = y doesn’t change the plane). A simple application of the Inclusion— 
Exclusion principle gives the answer: (34 —24*!+1)/2. Since the Maximum Degree 
is (34 — 24+! + 1)/2, the total number of Comb-Planes in the n@ Torus is clearly 
(34 _ atl + 1)n*? /2. 

Given a fixed dimension d, what is the largest value of n such that Maker can 
occupy a whole n x n Comb-Plane in the n@ Torus? The largest value of n is, of 
course, the Achievement Number A(d—dim. torus; comb. plane), and A(d—dim. 
torus; comb. plane; —) is the Avoidance Number. 


Theorem 12.6 We have 
A(d—dim. torus; comb. plane) = | Vlog, 3Vd+ 0(1) | ; 
and the same for the Avoidance Number. 


This is another exact result. 

Let me return to ordinary win one more time. We gave up on this concept as 
completely hopeless (see Sections 3-5, a collection of hopeless open problems), 
and switched to Weak Win. The Meta-Conjecture — the main issue of the book — is 
about Weak Win. Nevertheless here we discuss a new concept that is about halfway 
between ordinary win and Weak Win; we call it second player’s moral victory. 
To motivate this new concept, we give first a quick application of Theorem 5.1 
(“Strategy Stealing”); this simple but elegant application is the joint effort of my 
graduate class (the main credit goes to W. Pegden). 


6. The second player can always avoid a humiliating defeat! A soccer score of 
5-4 reflects a good, exciting match, but a score of 7—2 indicates a one-sided match, 
where one team was much better than the other (“humiliating defeat”). The score of 
n-(n— 2) (or an even bigger gap) motivates the following concept. For simplicity, 
assume that F is an n-uniform hypergraph, and the two players are playing the 
usual alternating (1:1) game. We say that the first player has a Humiliating Victory 
Strategy if he can always occupy a whole n-element winning set in such a way that, 
in the moment of complete occupation, the opponent has at most (m — 2) marks in 
any other winning set. Let Str denote a first player’s Humiliating Victory Strategy 
on a finite n-uniform hypergraph F with board set V; we are going to derive a 
contradiction as follows. 

Let x, be the optimal opening move of the first player by using strategy Str. 
Let F \ {x,} be the truncated subhypergraph with points V \ {x,} and winning sets 
A\ {x,}, where A € F. Notice that if the first player has a Humiliating Victory 
Strategy on F, then he has an ordinary winning strategy in the positional game 
on F \ {x,} as a second player, which contradicts Theorem 5.1. This contradiction 
proves that strategy Str cannot exist. 

As usual with Theorem 5.1, the argument above does not say a word about how 
to avoid a humiliating defeat. 
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Now we are ready to discuss the new concept which is much more than merely 
avoiding a humiliating defeat. 


7. Second player’s moral-victory. To be concrete, consider an (N,) Van der 
Waerden Game. In view of Theorem 6.1 the second player has no chance to occupy 
an n-term A.P. first (if the first player plays rationally); similarly, the second player 
has no chance to occupy a /onger A.P. than his opponent (hint: Strategy Stealing), so 
the natural question arises: “What is the best that the second player can hope for?” A 
suggestion for the “best” is the following concept of moral-victory: we say that the 
second player has a moral-victory in an (N, n) Van der Waerden Game if (1) he can 
occupy an n-term A.P. and at the same time (2) he can prevent the first player from 
occupying an (n+ 1)-term A.P. For example, in the (5,2) Van der Waerden Game 
the second player does not have a moral-victory, but he does have one in the (4, 2) 
Van der Waerden Game. Are there infinitely many examples for moral-victory? 
Unfortunately we don’t know the answer; this is another hopeless/depressing open 
problem. 


Open Problem 12.3 Are there infinitely many pairs (N,n) for which the (N,n) 
Van der Waerden Game is a second player’s moral-victory? 


How come the Ramsey Theory doesn’t help here? For simplicity assume that N 
is even, and also assume that the second player uses the following “reflection” 
pairing strategy: if first player’s last move was i, then the second player replies by 
(N + 1-1) (the board is, as usual, [N] = {1,2,..., N}). This way at the end of the 
play the longest A.P. of the first player and the longest A.P. of the second player 
have the same length (reflected copies!); but what guarantees that this common 
length is the given n? Unfortunately, nothing guarantees that; the second player has 
no control over the play, since he is just a copycat. 

The reader was promised a non-trivial result, and here it is; we can solve the 
2-dimensional analogue of Open Problem 12.3. The 2-dimensional (N x N,n x n) 
Van der Waerden Game is defined as follows: the board is an N x WN lattice; the 
most natural choice is to take the subset 


[N] x [N] = {(a,b) € ZZ’: 1<a<N,1<b<M 


of the integer lattice points ZZ’; the winning sets are the n x n Aligned Square 
Lattices in N x N, so the game is the “Cartesian square” of the (N,n) Van der 
Waerden Game. 

Second player’s moral-victory in the 2-dimensional (N x N, n x n) Van der Waerden 
Game means that (1) the second player can occupy an n xn Aligned Square 
Lattice, and at the same time (2) he can prevent the first player from occupying an 
(n+1) x (n+1) Aligned Square Lattice. 
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Theorem 12.7 Let 
n= | Vice, N+ o(1) | and n, = | Vlog, N+ o(1) | 


where the two “error terms” o(1) in n, and n, both tend to 0 as N > oo (the 
two o(1)s are not the same!). Playing on an N x N board, the second player can 
occupy an n, Xx n, Aligned Square Lattice, and at the same time he can prevent the 
first player from occupying an ny X n, Aligned Square Lattice. 


Notice that second player’s strategy in Theorem 12.7 is a moral-victory (i.e. n, and 
Ny are consecutive integers), unless ,/log, N is “very close to an integer,” so close 
that, due to the effect of the two different o(1)s, n, and n, are not consecutive. But 
this is very rare; for the overwhelming majority of Ns, the (N x N,n xn) Van der 
Waerden Game is a second player’s moral-victory! 

A big bonus is that the proof of Theorem 12.7 supplies an explicit strategy. It 
is a potential strategy, not some kind of a “soft” (strategy stealing type) existential 
argument. 

A byproduct of Theorem 12.7 is that the second player can always prevent the first 
player from occupying a larger lattice. This part alone is easy, and goes exactly like 
the 1-dimensional case: by using reflection. The handicap of the reflection strategy 
is that it says very little about the size, nothing beyond Ramsey Theory. Of course, 
Ramsey Theory never guarantees equality; it just gives an inequality. Unfortu- 
nately the quantitative bounds that we currently know about the 2-dimensional van 
der Waerden Numbers are ridiculously weak (much worse than Gowers’s 5-times 
iterated exponential bound in the 1-dimensional case). 


8. Summary. Finally, we summarize what we have done so far. The objective 
of Chapter II was to formulate the main results of the book. We concentrated on 
three “Ramseyish” games: the Clique Game, n“ Tic-Tac-Toe, and the Arithmetic 
Progression Game. They are the “natural examples” motivated by Ramsey Theory. 
The main results fall into 3 groups: 


(1) the exact solutions: Theorem 6.4 (“Clique Games”), Theorem 8.2 (“Lat- 
tice Games’), Theorem 12.6 (“winning planes”), and Theorem 12.7 (“second 
player’s moral victory”’); 

(2) the asymptotic Theorem 8.1 (“arithmetic progression game”); and 

(3) the “nearly asymptotic” Theorem 12.5 (“‘n* Tic-Tac-Toe”). 


In addition, in Chapters IV and VI, we will discuss the discrepancy and biased 
versions of these theorems. We will derive all of these concrete results from gen- 
eral hypergraph theorems. These general hypergraph theorems (“ugly but useful 
criterions”) represent my best efforts toward the Meta-Conjecture. 


Part B 


Basic potential technique — game-theoretic 
first and second moments 


Part B is a practice session for the potential technique, demonstrating the enormous 
flexibility of this technique. 

We look at about a dozen amusing “little” games (similar to the S-building 
game in Section 1). There is a large variety of results, starting with straightforward 
applications of Theorem 1.2 (“building”) and Theorem 1.4 (“blocking’’), and ending 
with sophisticated proofs like the 6-page-long proof of Theorem 20.3 (“Hamiltonian 
cycle game”) and the 10-page-long proof of Theorem 15.1 (““Kaplansky’s Game’). 

The core idea is the mysterious connection between games and randomness. 
By using the terms “game-theoretic first moment” and “game-theoretic second 
moment,” we tried to emphasize this connection. 

The point is to collect a lot of “easy” proofs. To get a “feel” for the subject 
the reader is advised to go through a lot of easy stuff. Reading Part B is an ideal 
warmup for the much harder Parts C—D. 

A reader in a big rush focusing on the exact solutions may skip Part B entirely, 
and jump ahead to Sections 23-24 (where the “hard stuff” begins). 


Chapter II 


Simple applications 


The results formulated in the previous chapter (Chapter II) will be proved in 
Chapters V-IX, that is, we will need 5 chapters, more than 250 pages! Chapter III 
plays an intermediate role: it is a preparation for the main task, and also it answers 
some of the questions raised in Section 4. For example, in Section 15 we discuss 
an interesting result related to Kaplansky’s n-in-a-line game. 

The main goal of Chapter III is to demonstrate the amazing flexibility of the 
potential technique on a wide range of simple applications. 
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13 
Easy building via Theorem 1.2 


Some of the statements formulated in Chapter II have easy proofs. So far we proved 
two potential criterions, both simple: (1) the Weak Win criterion Theorem 1.2, and 
(2) the Strong Draw criterion Theorem 1.4 (“Erdés—Selfridge”). In a few lucky 
cases a direct reference to Theorem 1.2 supplies the optimal result. 


1. Weak Win in the Van der Waerden Game. A particularly simple example is 
the upper bound in Theorem 8.1 (“arithmetic progression game”). We recall the 
(N, n) Van der Waerden Game: the board is [N] = {1,2,..., N} and the winning 
sets are the n-term A.P.s (“arithmetic progressions”) in [N]. The Weak Win part 
of Theorem 8.1 is a straightforward application of Theorem 1.2. Indeed, the Max 
Pair-Degree A, of the hypergraph is clearly < Gis the size of the hypergraph is 
(1/2+0(1))N?/(n— 1), so if 
1 N? 
=+o(1)) 
(5 ( )) n-1 > n Die (13.1) 
N 2 
then Theorem 1.2 applies, and yields a first player’s Weak Win. Inequality (13.1) 
is equivalent to 
N> (1+0(1)) 73-2”, (13.2) 
which proves the upper bound in Theorem 8.1. 


2. Weak Win in hypercube Tic-Tac-Toe. Another straightforward application is 
the n“ hypercube Tic-Tac-Toe. By Theorem 1.2 and Theorem 3.4, the first player 


has a Weak Win if 
(n+ 2)4—n4 


2. 


> 21? 
which is equivalent to 


2 d 
(1 + -) Se ee | (13.3) 
n 


Inequality (13.3) holds if d > + (log 2) - n°. This proves the upper bound in 
Theorem 12.5 (a). 
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Consider small values of n. Inequality (13.3) holds for the 3°, 4*, 5’, 6'°, 7", 
81°, 9, 1031, ... games, so in these games the first player can force a Weak Win. 
Note that 3° and 4* on the list can be replaced by 3? and 4°. Indeed, ordinary 
Tic-Tac-Toe has an easy Weak Win, and in view of Patashnik’s computer-assisted 
work, the 4° game has an ordinary Win (see Patashnik [1980]). 

The list of small Weak Win n@ games: 3”, 4°, 5’, 6'°, 7'4, 8!°, ... is complemented 
by the following list of known small Strong Draw games: 4’, 8°, 144, 20°, 24°, 267, 
.... There is a big gap between the two lists, proving that our knowledge of the 
small n“ games is very unsatisfactory. 

The case of combinatorial lines goes similarly; the proof of the upper bound in 
Theorem 12.5 (b) is left to the reader. 


3. Torus Tic-Tac-Toe. A major difficulty of studying the n* hypercube Tic- 
Tac-Toe comes from a technical difficulty: from the highly irregular nature of 
the n‘-hypergraph. The Average Degree of the n“-hypergraph is about (very 
roughly) the nth root of the Maximum Degree. This huge difference between 
the Average Degree and the Maximum Degree explains why we needed so desper- 
ately Theorem 12.2 (“Degree Reduction by Partial Truncation”). Unfortunately the 
application of Theorem 12.2 has an unpleasant byproduct: it leads to an “error 
factor” of logn that we cannot get rid of. 

If we switch to the n* Torus, and consider the family of all “Torus-Lines” 
instead of all “geometric lines” in the n’ Hypercube, then we obtain a Degree- 
Regular hypergraph, and there is no need for any (“wasteful”) degree reduction. 
The Degree-Regular family of “Torus-Lines” forms the family of winning sets of 
the n4 Torus Tic-Tac-Toe. The 8” Torus Tic-Tac-Toe is particularly interesting 
because it yields the amusing fact that the Unrestricted 9-in-a-row on the plane is 
a draw game (see the beginning of Section 4 and the end of Section 10). This was 
the “Fourth Proof’ of Theorem 10.1; we employed the following 8 x 8 matrix 


Chae Tb ey 
Sa) he OF 
Ppa 8 

PERV ON Tot eee fp 
PA fee 
Lf fh Ae 
bf Sl Ge. 


This 8 by 8 matrix represents is a direction-marking of the 4-8 = 32 “torus-lines” of 
the 8 x 8 torus. The direction-marks —, |, \, and / mean (respectively) “horizontal,” 
“vertical,” “diagonal of slope —1,” and “diagonal of slope 1.” Each one of the 32 
torus-lines contains 2 marks of its own direction. The periodic extension of the 8 
by 8 matrix over the whole plane (see the picture at the beginning of Section 4) 
gives a Pairing Strategy Draw for the unrestricted 9-in-a-row game. Either player 
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replies to the opponent’s last move by taking the nearest similarly marked square 
in the direction indicated by the mark in the opponent’s last move square. 

Let us return to the general case. The n@ Torus is an abelian group, implying that 
the n“ Torus-hypergraph is translation-invariant: all points look alike. The n@ torus- 
hypergraph is, therefore, degree-regular where every point has degree (37 — 1)/2 — 
which is, by the way, the same as the degree of the center in the n“ hypergraph when 
n is odd. So the total number of winning sets (“Torus-Lines”) is (37 — 1)n?~!/2. 
Of course, the board size remains n“. 

We owe the reader a formal definition of the concept of “Torus-Line”. A Torus- 
Line L is formally defined by a point P € L and a vector v = (a,,...,@,), where 
each coordinate a; is either 0, or +1, or —1 (1 <i < d). The n points of line L are 
P+kv (mod n), where k=0,1,...,n—1. 

The combinatorial line version goes as follows: A Comb-Torus-Line L is formally 
defined by a point P € L and a vector v = (a,,..., a4), where each coordinate a; 
is either 0 or +1 (1 <i <d). The n points of line L are P+ kv (mod n), where 
k=0,1,...,n—1. 

The n“ Comb-Torus-Hypergraph is degree-regular: every point has degree 2¢ — 1 
(which is, by the way, the same as the maximum degree of the family of all 
combinatorial lines in the n“ hypercube). So the total number of winning sets 
(“Comb-Torus-Lines”) is (24 — 1)n*!. 

A peculiarity of this new “line-concept” is that two different Torus-Lines may 
have more than one point in common! The figure below shows two different 
Torus-Lines with two common points in the 47 torus game. 


x O 
& 
O x 
® 


We prove that this “pair-intersection” cannot happen when n is odd, and if n is 
even, then it can happen only under very special circumstances. 
For Comb-Torus-Lines, however, there is no surprise. 


Lemma on Torus-Lines 


(a) Any two different Torus-Lines have at most one common point if n is odd, and 
at most two common points if n is even. In the second case the distance between 
the two common points along either Torus-Line containing both is always n/2. 
(b) Any two different Comb-Torus-Lines have at most one common point. 
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The proof of (a) goes as follows. Let L, and L, be two different Torus-Lines 
with (at least) two common points P and Q. Then there exist k,/,v,w with 1 < 


k,l<n—1,v=(q,,...,a;),W=(b,,...,b;) (where a; and b; are either 0, or +1, 
or —1 (1 <i<d)), v4 £w, such thatQ=P+kv=P+/w (mod n). It follows that 
kv = lw (mod n), or equivalently, ka; = /b; (mod n) for every i=1,2,..., d. Since 


a; and b, are either 0, or +1, or —1 (1 <i < d)), the only solution is k = /]=n/2 
(no solution if 1 is odd). 
We leave the proof of (b) to the reader. 


What can we say about the two-dimensional n* torus game? Well, we know a lot; 
we just demonstrated that the 8” torus game is a Pairing Strategy Draw, and this is a 
sharp result (since the Point/Line ratio of the 7” torus is 49/28 = 7/4; i.e. less than 2). 

The Erdés—Selfridge Theorem applies if 4n-+4 < 2”, which gives that the n? 
torus game is a Strong Draw for every n > 5. The 4” torus game is also a draw 
(mid-size “case study’), but I don’t know any elegant proof. On the other hand, the 
3? Torus Game is an easy first player’s win. 

Next consider the three-dimensional n? Torus Game. The Erdés—Selfridge Theo- 
rem applies if 13n?+ 13 <2", which gives that the n> torus game is a Strong Draw 
for every n > 11. We are convinced that the 10? Torus Game is also a draw, but 
we don’t know how to prove it. 

We have the following torus version of Theorem 12.5: 


Theorem 13.1 We have: 


log3 
(b) ww(comb. n—line in torus) = (1+ o0(1))n, 


(a) ww(n— line in torus) = (23 + o(1)) n, 


A quantitative form of lower bound (a) is ww(n-—line in torus) > (23) n— 
og3 


O(,/nlogn), and the same error term for (b). This is complemented by the quanti- 


tative upper bound ww(n—line in torus) > ( 2) n+ O(logn), and the same error 


Tog3 
term for (b). 

The upper bounds (“Weak Win’) in (a) with odd n and (b) immediately follow 
from Theorem 1.2 (using “Almost Disjointness”’). 

In sharp contrast, the remaining case “(a) with even n” is far less easy! Not only 
that the n¢-Torus-hypergraph is not Almost Disjoint, but the Max Pair-Degree of this 
hypergraph is exponentially large (namely 24~'), which makes Theorem 1.2 simply 
useless for this case. Indeed, let P be an arbitrary point of the n@ Torus, and let Q 
be another point such that the coordinates of P are all shifted by n/2 (modulo n, 
of course): Q = P+n/2 (mod n), where n/2 = (n/2, n/2,...,n/2); then there are 
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exactly 2~' Torus-Lines containing both P and Q. This 2¢~! is in fact the Max Pair- 
Degree. An application of Theorem 1.2 gives that, if |F|/|V| =34"!/n > 2"-3-24-1, 
then the first player can force a Weak Win; that is 


log2 
d>(—=~ 4. (1))n 
log3 —log2 


suffices for Weak Win. This bound is clearly weaker than what we stated in (a); 
Theorem 1.2 is grossly insufficient. 


4. Advanced Weak Win Criterion with applications. Instead of Theorem 1.2 
we need to apply a much more complicated criterion (Beck [2002c]), see below. 
We need some new notation. Let F be an arbitrary finite hypergraph; for arbitrary 
integer p > 2 define the “big hypergraph” 7) as follows 
: | | 


P 


(Ai 


i=1 


FF 
Fy = UAL (aide ( ). 
i=l P 


Ay 
A; 


Ay 


Teas a hyperedge 


iS 
in Fy 


In other words, F} is the family of all union sets )_, A;, where {A,,..., A,} 
runs over all unordered p-tuples of distinct elements of F having at least 2 points 
in common. Note that even if F is an ordinary uniform hypergraph, i.e. a set 
has multiplicity 0 or 1 only, and every set has the same size, F? may become a 
non-uniform multi-hypergraph (i.e. a “big set” may have arbitrary multiplicity, not 
just 0 and 1, and the “big hypergraph” fails to remain uniform). More precisely, if 
{A,,...,A,} is an unordered p-tuple of distinct elements of F and {Aj,..., Aj} is 
another unordered p-tuple of distinct elements of F, |(_, A;| = 2, | a A’| = 2, 
and Uf_, A; = Uj, Aj, ie. Ui, A; and U%_, Aj are equal as sets, then they still 
represent distinct hyperedges of the “big hypergraph” F?. 

For an arbitrary hypergraph (V, 7) write 

TH) = >. 2, 
AcH 
If a set has multiplicity (say) M, then, of course, it shows up M times in the 
summation. 
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Advanced Weak Win Criterion. /f there exists a positive integer p > 2 such that 
F I/p 
ah > p+4p(T(F2)) 


then in the Positional Game on hypergraph (V,F) the first player can force a 
Weak Win. 

At first sight this criterion is completely “out of the blue,” without any motivation 
(“deus ex machina’’), hopelessly incomprehensible. The reader is justly wondering: 


(i) Where did this criterion come from? 

(ii) What was the motivation to conjecture it in the first place? 
(iii) How do you prove it? 
(iv) Why is this complicated criterion so useful? 


One thing is clear though, which gives at least a partial answer to question (ii): 
the lower index “2” in F} is responsible for “controlling the Max Pair-Degree,” and 
the hypothesis of the criterion means that a kind of “generalized Max Pair-Degree” 
is subtantially less than the Average Degree. This explains why the Advanced Weak 
Win Criterion is a kind of “more sophisticated” version of Theorem 1.2. 

To get a satisfying answer to questions (i)-(iii) above the reader is referred to 
Chapter V; here we answer one question only, namely question (iv), by showing 
an application. We apply the Advanced Weak Win Criterion to the the n%-torus- 
hypergraph; we denote this hypergraph by F(t; n, d) (n is even). Trivially 


34-1 
T(F(t; n, d)) = oe -n@!.2-" and |V| =n". 


To estimate the more complicated sum T (F (t; n, d))5), where p > 2, we begin 
with a simple observation (we recommend the reader to study the proof of the 
“Lemma on Torus-Lines” again). 


Observation: Let P and Q be two arbitrary points of the n@ Torus, and let k denote 
the number of coordinates of P— Q (mod n), which are different from zero. If these 
k coordinates are all equal to n/2, then the number of Torus-Lines containing both 
P and Q is exactly 2‘~'; otherwise there is at most one Torus-Lines containing both 
P and Q. 


It follows from this Observation that 


T ((F(t;n, d))f) <n! (x (<) (7, en) E 


k=1 


nt ¢ d né 3P4 yd 
—_——_ pyk \ _ p\d 
< Qpn—p? o ({) (2 ) = pnp? (1+2 ) < OD) (13.4) 
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Let dy be the least integer such that 3“ > n?2"*!; this means dy = (log2/log3)n+ 
O(log n). By choosing p = py = (2/log3) logn+ O(1) and d = dp, in view of (13.4) 
we obtain that both inequalities below 


T(F (t; n, d)) s 


v1 > (13.5) 


and 
d/p 
1/ 3n 

(T (Fen, dy)" s F<! (13.6) 
hold at the same time. (13.5) and (13.6) together imply that the Advanced Weak 
Win Criterion applies, and guarantees a first player’s Weak Win in the n® Torus 
game. Finally note that, if d > do, then the application of the Advanced Weak 
Win Criterion is even simpler; the trivial calculations we left to the reader. This 
completes the proof of the upper bound in Theorem 13.1 “(a) with even n.” 


Square Lattice Games. Next consider the Weak Win part of Theorem 8.2 in the 
special cases (a) and (c): “aligned” and “tilted” Square Lattices. These two cases 
are exceptionally easy: we don’t need the Advanced Weak Win Criterion, the much 
simpler Theorem 1.2 suffices. Indeed, the Max Pair-Degree A, of the family of g x qg 
Aligned Square Lattices in an N x N board has the easy upper bound A, < (7) < a 
which is independent of N. So Theorem 1.2 and (16.3) imply a Weak Win if 


3 


SE eS IT AS 
3(q—-1)~ ; 
which follows from 


NS2e 13g. (13.7) 


Similarly, the Max Pair-Degree A, of the family of gq x q tilted Square Lattices 
on an N x N board is less than q* (“independent of N”). To apply Theorem 1.2 we 
need a lower bound on the number of g x q tilted Square Lattices on N x N 


yt 
as oo 
RNs 
NXN board 


al= 
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N\’ 1(/N/4\?_ NA 
4) 2\q-1) ~~ 2%(q—1) 
is trivial from the picture. So Theorem 1.2 applies if 


Nt 2.997-3, 4 2 9q°-3 
P= 27 .@q >N 27". A,, 


which is guaranteed by the inequality 


Nagar. (13.8) 


the lower bound 


14 
Games beyond Ramsey Theory 


We show more applications of Theorem 1.2. Previously we have discussed the 
connections and similarities between Ramsey Theory and games such as Tic-Tac- 
Toe. Here the differences are studied. One possible interpretation of “games beyond 
Ramsey Theory” is to show games for which the Weak Win Number is much smaller 
than the corresponding Ramsey Number; we have already done this in Theorem 6.3. 
Another possibility, and this is what we are going to do here, is to show games for 
which Ramsey Theory fails to give anything, i.e. there is no Ramsey phenomenon 
whatsoever, but Theorem 1.2 (or its adaptation) still gives very interesting results. 
In other words, we demonstrate that the Weak Win world goes far beyond the 
Ramsey world. 


oe ec «© «© © © © © © © © © © © a 4—consecutive 
e e e e e e 
e e e e e e 
e e e e e e 
e e e e e e 
e e e e e e 
e e e e e e 
e e e e e e 


1. n-in-a-row with arbitrary slopes. The game of Unrestricted n-in-a-row on 
the plane was introduced in Section 4, and was discussed in detail at the end of 
Section 10; here we consider the following modification: the players occupy lattice 
points instead of “little squares,” and n-in-a-row means n consecutive lattice points 
on an arbitrary straight line; the novelty is that every rational slope is allowed, 
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“cc 


not just the four Tic-Tac-Toe directions. To prevent confusion “n consecutive 
lattice points on an arbitrary straight line” will be called n-consecutive (instead of 
n-in-a-row). 


First, the reader is challenged to solve the following: 


Exercise 14.1 Show that there is no Ramsey phenomenon for n consecutives: it is 
possible to 2-color the set of integer lattice points in the plane in such a way that 
every 100 consecutive contains both colors. 


Of course, “100” is just an accidental large constant. The correct value is actually 
known: it is 4; this elegant result is due to Dumitrescu and Radoicic [2004], but it 
is easier to solve the exercise with a large constant like 100. 

Even if “Ramsey phenomenon” fails here, we can still prove a “game theorem”: 
playing on an N x N board Maker can have a whole n-consecutive with arbitrar- 
ily large n up to n = (2—o(1))log,N. The proof is a straightforward application 
of Theorem 1.2. Indeed, for simplicity assume that the lower-left corner of the 
Nx N board is the origin. The set {(k + ja,1+ jb) € Z@ : j =0,1,2,...,n—1} 
gives n consecutive lattice points on a line inside the N x N square if a and 
b are coprime, 0 < k < N/2, 0<1< N/2, l<a<, and 1<b<,; we 
call this n-set a (k, 1; a, b)-set. Let F denote the family of all (k, J; a, b)-sets 
defined above. F is an n-uniform hypergraph; the board size |V| = N?; and 
because the hyperedges are “intervals,” the Max Pair-Degree A, = A,(F) is 
exactly 2(n — 2). (Indeed, two “intervals” on the same line may intersect at more 
than one point.) To estimate the size |F| of the hypergraph, we recall a well- 
known number-theoretic result: Theorem 331 from Hardy—Wright [1979], which 
states that the number of fractions r/s with 1 <r <s<m, where r and s are 
coprime, is approximately 37~?m? (“asymptotic number of Farey fractions’). It 
follows that 


i= (F) 2-400 (2) =a+o0g es. 


so Theorem 1.2 applies if 
3N* 2 n—3 2 n—3 
which is equivalent to 


4 2 
N2> = -W(n—2)-2", (14.2) 


Inequality (14.2) is guaranteed by the choice 
n= 2log,N — O(log log N), (14.3) 


which completes the Weak Win part of the following: 
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Theorem 14.1 Consider the Maker—Breaker game on the N x N board, where 
Maker’s goal is to occupy n consecutive lattice points on a line (“n-consecutive ”). 
The phase transition from Weak Win to Strong Draw happens at n = (2+ o(1))log,N. 


The missing Strong Draw part of Theorem 14.1 can be proved by a minor mod- 
ification of the proof technique of Theorem 34.1 (see Section 36); we leave it to 
the reader as an exercise. (The reason why we need to slightly modify the proof- 
technique of Theorem 34.1 is that the corresponding hypergraph is not Almost 
Disjoint: two n-consecutive’s on the same line may intersect in more than one point.) 

The two Ramsey Criterions (Theorems 6.1 and 6.2) prove that the “Weak Win 
world” is at least as large as the “Ramsey world.” The Unrestricted n-in-a-row with 
Arbitrary Slopes was the first example to demonstrate that the “Weak Win world” 
is strictly bigger than the “Ramsey world.” Many more examples come from: 


2. Games with two-colored goals. Let us begin with two-colored arithmetic pro- 
gressions (A.P.s). First a simple observation: let N > W(n), where W(n) is the van 
der Waerden number for n-term A.P.s, and consider a play in the twice as long 
interval [2N] = {1,2,...,2N}. If the second player follows the “copycat strategy”: 
for first player’s x he replies by 2N + 1 — x, then of course at the end of the play 
the second player will occupy an n-term A.P., and also the first player will occupy 
an n-term A.P. In other words, if the second player is Mr. Red, and the first player 
is Mr. Blue, then Mr. Red can force the appearance of both a monochromatic red 
and a monochromatic blue n-term A.P. This was trivial; next comes a non-trivial 
question. 

How about if Mr. Red’s goal is an arbitrary 2-colored n-term A.P.? Of course, 
Ramsey Theory cannot help here, but the Potential Technique works very well. 

The precise definition of the “2-Colored Goal Game” goes as follows. First fix 
an arbitrary Red—Blue sequence of length 100: (say) R, B, R, R, R, B, B,R, B,...; 
we call it the “goal sequence.” Mr. Red and Mr. Blue alternately take new integers 
from the interval [N] = {1,2,..., N}, and color them with their own colors. Mr. 
Red wins if at the end of the play there is a 100-term arithmetic progression which 
is colored exactly like the given Red—Blue “goal sequence”; otherwise Mr. Blue 
wins. We call this the Goal Sequence Game. Is it true that Mr. Red has a winning 
strategy in the Goal Sequence Game if N is sufficiently large? 

The answer is “yes”; of course, 100 can be replaced by any natural number. 


Theorem 14.2 Fix an arbitrary Red-Blue “goal sequence” S of length n, and 
consider the Goal Sequence Game on the interval [N] = {1,2,..., N}, where the 
“goal sequence” is S; the two players are Mr. Red and Mr. Blue. If N > n° -2"~?, 
then at the end of the play Mr. Red can force the appearance of an n-term arithmetic 
progression which is colored exactly the same way as the given Red-Blue “goal 
sequence” S goes. 
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Proof. For simplicity assume that Mr. Red is the first player. Assume that we are 
in the middle of a play: so far Mr. Red colored integers x,, x,,..., x; (“red points’) 
and Mr. Blue colored integers y,, y,,..., y, (“blue points”). This defines a Partial 
2-Coloring of [A]. 

Let F = F(N,n) be the family of all n-term A.P.s in [N]; clearly |F| > N?/ 
4(n—1). The Partial 2-Coloring of [N] defines a Partial 2-Coloring of every n-term 
A.P. Ae F. We introduce the following natural adaptation of the Power-of-Two 
Scoring System: if the Partial 2-Coloring of an n-term A.P. A € F contradicts 
the given “goal sequence” S, then A has zero value, and we call it a “dead set”. 
The rest of the elements of F are called “survivors”; the Partial 2-Coloring of a 
“survivor” A € F has to be consistent with the given “goal sequence” S. The value 
of a “survivor” A € F is 2/ if there are j points of A which got color in the Partial 
2-Coloring. 

We define the “winning chance function” in the standard way 


C; = >= value;(A). 


AcF 


As usual, we study how the consecutive moves x;,, and y,,, affect the “chance 
function.” 

For an arbitrary n-term A.P. A € F, 2-color the elements of A copying the given 
“goal sequence” S. Then let red,(A) denote the set of red elements of A, and let 
blues(A) denote the set of blue elements of A. 

We have 


Cip=C+ Do value(A)-— >> value,(A) 


AcF: AcF: 
Xi41€reds(A) Xj41€blues(A) 
+ >> value(A)- >> value,(A) 
AcF: ACF: 
is €blues (A) Vir €reds(A) 
- be value;(A) — ee value; (A) 
AcF: AcFf: 
(xi41 Nig }ereds(A) (x41 Yit1 }eblues(A) 
+ >> value(A)+ >> value,(A). 
Acf: AceFf: 
Xj41€reds(A) Xj41€blues(A) 
Yi4.1 blues (A) Yiz1€reds(A) 


How should Mr. Red choose his next move x,,,? Well, Mr. Red’s optimal move is 
to compute the numerical value of the function 


flu)y= >> value(A)— >> value,(A) 


AcF: Acf: 
ucreds(A) ucblues(A) 
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for every unoccupied integer u € [N], and to choose that u = x,,, for which the 
maximum is attained. This choice implies 


c.,>cC,—(")2" 
1 io & ) : 


Indeed, there are at most (5) n-term arithmetic progressions containing both x;,, 


and y;,,. Therefore 
N (n\,,-9 
Cena ps Csrart = 2 9) 2 ‘ 


Since Cyan = Cy = |F| = N*/4(n— 1), it suffices to guarantee the inequality 


N? N 
ae n hese 
4(n—1)~ 2\2 


which is equivalent to N> n(n—1)*-2"-*. Under this condition C,,,; > 0; that is, at 
the end of the play there must exist an n-term A.P., which is 2-colored by Mr. Red 
and Mr. Blue exactly the same way as the “goal sequence” S goes. Theorem 14.2 
follows. 


We leave the “clique version” of Theorem 14.2 to the reader as an exercise. 


Theorem 14.3 Fix an arbitrary 2-colored clique Ko9(red; blue) of 100 vertices 
(“2-colored goal-graph”). Consider the following game: Mr. Red and Mr. Blue 
alternately take edges of a complete graph K,, on n vertices, and color them with 
their own colors. Mr. Red wins if at the end of the play there is an isomorphic copy 
Of Koo (red; blue); otherwise Mr. Blue wins. If n is sufficiently large, then Mr. Red 
has a winning strategy. 


3. A highly degree-irregular hypergraph: the All-Subset Game. Here the two 
players alternately take arbitrary subsets of a ground set. More precisely, there are 
two players, Maker and Breaker, who alternately take previously unselected subsets 
of the n-element set [n] = {1,2,...,}. Maker (the first player) wins if he has 
all 2! subsets of some 100-element subset of [n]; otherwise Breaker (the second 
player) wins. 

Can Maker win if n is sufficiently large? One thing is clear: Maker’s opening 
move has to be the “empty set” (otherwise he loses immediately). 

Observe that there is no Ramsey phenomenon here. Indeed, color the subsets 
depending on the parity of the size: “even” means red and “odd” means blue. This 
particular 2-coloring kills any chance for an “all-subset Ramsey theorem.” But there 
is a “game theorem”: We show that Maker (first player) has a winning strategy if 
n is sufficiently large. 

How to prove the game theorem? It seems a natural idea to use Theorem 1.2. 
Unfortunately a direct application does not work. Indeed, |F| = tc) is actually 


less than |V| = (%) + (7) + (5) +---+(,3,), so Theorem 1.2 cannot give anything. 


Games beyond Ramsey Theory 209 


To get around this difficulty we use a technical trick. The following is proved: 


Stronger Statement: There is a 101-element subset S of [n| such that Maker (first 
player) can have all (< 100)-element subsets of S, assuming n is sufficiently large. 

In fact, we can prove it for arbitrary k (not just for 100), and then the Stronger 
Statement goes as follows: There is a (k+1)-element subset S of [n] such that Maker 
(first player) can have all (< k)-element subsets of S, assuming n is sufficiently 
large depending on k. 


The reason why we switch to the Stronger Statement is that now |F| = (7) 


is roughly n-times greater than |V| = (5) + (()+ (6) +-+-+(,0,)- This makes it 
possible to repeat the whole proof of Theorem 1.2. Note that a direct application of 
the theorem cannot work for the simple reason that the corresponding hypergraph 
is “very degree-irregular,” and it is “bad” to work with the same Max Pair-Degree 
during the whole course of the play. 

The proof of the Stronger Statement goes as follows. As usual, in each move 
Maker makes the “best choice”: he chooses a subset of “maximum value,” using 
the usual power-of-two scoring system, and if there are two comparable subsets, 
say, U and W with U C W, having the same “absolute maximum,” then Maker 
always chooses the smaller set, i.e. U instead of W. (Note that if U C W, then the 
“value” of U is always at least as large as the “value” of W.) Maker’s opening 
move is, of course, the “empty set.” Let U be an arbitrary move of Maker: U is 
an i-element subset (0 < i < k). Let W be Breaker’s next move right after U. We 
know that W cannot be a subset of U‘-indeed, otherwise Maker would prefer W 
instead of U-so |U UW| >i+1. There are at most ai een) (k + 1)-element 
subsets S containing both U and W: this is the “actual Max Pair-Degree.” Note 
that for i=0,1,2,...,k Maker chooses an i-element set at most (") times, so by 
repeating the proof of Theorem 1.2 we obtain 


: n n k+1 
Crast = C first — ee 
last — ™ first Gad pags) 


where C; is the “Chance Function” at the jth turn of the play. Clearly C},,., = Cy = 


(t1) 80 
n bs n n k+1 
Circ = _ Ores 
Gy) eee) 


A trivial calculation shows that 


n k n n k+1 k+1 
3 Gt n> (EDI. 
(Ae sa) Be ae asa 


It follows that 
Chast > O if n> (K+1)!27". 
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If the “Chance Function” is not zero at the end of a play, then Breaker could not 
block every “winning set,” so there must exist a “winning set” completely occupied 
by Maker. In other words, there must exist a (k+1)-element subset S of [n] such 
that Maker occupied all at-most-k-element subsets of S. This proves the Stronger 
Statement. 

The last step is trivial: throwing out an arbitrary integer from S we obtain a 
k-element subset S’ of [n] such that Maker occupied all 2* subsets of S’. This 
solves the “All-Subset Game.” 

Notice that inequality 


n> (k+1)!122" 
holds if k = (1+ 0(1))log,log,n. 

In the other direction, we show that with a different o(1) the choice k = (1+ 
o(1))log,log,n is impossible. Indeed, the Erdés—Selfridge criterion applies if 


i <2! 
k F 


This also holds for k = (1+ 0(1))log,log,n, and we obtain (see Beck [2005]): 


Theorem 14.4 The breaking point for Weak Win in the All-Subset Game on 
{1,2,...,n} is the iterated binary logarithm of n: (1 + 0(1))log,log,n. 


Notice that the Power-Set, the goal of the All-Subset Game, is a “very rapidly 
changing configuration”: 2”*! = 2 x 2”. Changing the value of n by we double the 
size of the Power-Set. This is why such a crude approach-the simplest form of the 
Erd6s—Selfridge technique—can still give an asymptotically satisfactory answer. 


4. Applying the Biased Weak Win Criterion to a Fair Game. Recall the biased 
Weak Win criterion Theorem 2.2: If 


Al 
(PEt) ae ota ALF) VPI 
AcF 

where A,(F) is the Max Pair-Degree of hypergraph F, and V(F) is the board, 
then the first player can occupy a whole winning set A € F in the biased (p: q) 
play on F (the first player takes p new points and the second player takes q new 
points per move). 


We show a rather surprising application of the Biased Weak Win criterion: it is 
applied to a fair game; in fact, to a fair tournament game. Recall that a tournament 
means a “directed complete graph” such that every edge of a complete graph is 
directed by one of the two possible orientations; it represents a tennis tournament 
where any two players played with each other, and an arrow points from the winner 
to the loser. 
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Fix an arbitrary goal tournament T, on k vertices. The two players are Red and 
Blue, who alternately take new edges of a complete graph K,, and for each new 
edge choose one of the two possible orientations (“arrow”). Either player colors 
his arrow with his own color. At the end of a play, the players create a 2-colored 
tournament on n vertices. Red wins if there is a red copy of T,; otherwise Blue 
wins. Is it true that, if n is sufficiently large compared to k, then Red always has a 
winning strategy? 
The answer is “yes.” 


Theorem 14.5 Given an arbitrary goal tournament T,, Maker can build a copy of 
T, from his own arrows if the board clique K,, is large enough. 


Proof. It is a simple application of the Biased Weak Win Criterion. The idea 
is to associate with the Fair Tournament Game a biased (1:3) hypergraph game! 
To understand the application, the reader is recommended to study the following 
picture 


O O e) 
O O 
Red Blue Red Blue 


The board V = V(F) of the biased (1 : 3) hypergraph game is the set of 2(°) 
arrows of K,(t{), where K,,(¢{) means that every edge of the complete graph 
K,, shows up twice with the two orientations. The winning sets A € F are 
the arrow-sets of all possible copies of T, in K,(t)). So F is a (5)-uniform 
hypergraph, and trivially |F| > C): If the mth move of Red and Blue are, respec- 
tively, i, > j, and i, > j,, then these two moves (arrows) automatically exclude 
the extra arrows j, > i, and j, > i, from K,(tJ) for the rest of the play. 
(There may be some coincidence among i,, j,i, jo, but it does not make any 
difference.) This means 1 arrow for Maker, and 3 arrows for Breaker in the 
hypergraph game on F, which explains how the biased (1:3) play enters the 


story. 


212 Simple applications 


All what is left is to apply the biased criterion to the (1:3) hypergraph game on 
F iif 
Os 2 -a(F)-IMP Il 
AcF 
where A,(F) is the Max Pair-Degree and V(F) is the board, then Red can force a 
win in the Tournament Game. We have the trivial equality |V(F)| = 20); and the 
less trivial inequality |A,(F)| < Cs) -k!. Indeed, a tournament 7, cannot contain 
parallel arrows (i.e., both orientations of an edge), so a pair of red and blue arrows 
contained by a copy of 7, must span at least 3 vertices, and there are at most 
(Ce) -k! ways to extend an unparallel arrow-pair to a copy of T,. 

Combining these facts, it suffices to check that 


(1) S a4 (73) 42(8). 


This inequality is trivial if n > cy-k**3-4@). The threshold n,(k) = cy -k**3 -4@) 
works uniformly for all goal-tournaments T, on k vertices. 


Next we switch from biased building to biased blocking. 


5. Biased version of the Unrestricted n-in-a-row on the plane. Let us start with 
the (2:1) version: First Player claims 2 little squares and Second Player claims 
1 little square per move. Unlike the Fair (1:1) case where Second Player can 
block every 8-in-a-row (see the “Sixth Proof” of Theorem 10.2), in the Biased 
case Second Player cannot block. Indeed, First Player can easily occupy n-in- 
a-row for arbitrarily large n as follows. In his first 2"-' moves First Player 
marks 2” distinct rows. Second Player can block at most half of the rows, 
so at least 2”~! rows remain Second Player-free. In his next 2"-? moves first 
player can achieve 2”! distinct rows with 2 consecutive marks in each. Second 
Player can block at most half of them, so there are at least 2"-2 rows which 
are all: 


(1) Second Player-free, and 
(2) contain 2 consecutive marks of First Player. 


Repeating this argument, at the end there is at least one row which is: 


(1) Second Player-free, and 
(2) contains n consecutive marks of First Player. 


In this strategy First Player may be forced to place his 2 points per move “very 
far” from each other (as far as 2”). To make up for First Player’s (2:1) advantage, 
we can make First Player’s job harder by implementing the following Distance 
Condition: during the whole play First Player’s 2 marks per move must have a 
distance at most (say) 1000. What happens under this Distance Condition? We 
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show that in this case First Player cannot have n-in-a-row for arbitrarily large n. In 
other words, the Distance Condition can successfully neutralize First Player’s (2:1) 
advantage. 


(k, 1) lattice 


In general, consider the Biased (p: 1) version of the Unrestricted n-in-a-row on 
the plane with the following Distance Condition: First Player’s p(> 2) marks per 
move are always in a circle of radius r(> 2). It doesn’t make any difference if the 
players mark integer lattice points instead of little squares, so we work with the 
lattice point model. 

We give two proofs. The first one, due to P. Csorba, uses the concept of the 
tilted infinite Square Lattice, see the picture above. We call the lattice on the picture 
above a (k, 1)-lattice. We can direction-mark the vertices of the (k, 1)-lattice by 
the 4 x 4 matrix used in the Third Proof of Theorem 10.2. We need the following 
simple Lemma: 


Lattice Lemma: /f k is even, then the (k, 1)-lattice intersects every horizontal, 
vertical, and diagonal (of slopes +1) lattice-line. The intersection is of course 


an infinite arithmetic progression, and the gap between consecutive points is 
always < k?. 


Exercise 14.2 Prove the Lattice Lemma. 


By using the Lattice Lemma, we can repeat the “Third proof’ of Theorem 10.2, 
and obtain the following statement: Jn the Biased (p: 1) version of the Unrestricted 
n-in-a-row with Distance Condition r, Second Player can block every n-in-a-row 
if n> cor? where co is an absolute constant. 


This proof has an interesting special feature: the value of the bias parameter p is 
irrelevant. Since a circle of radius r can contain no more than zr? + O(r) lattice 
points, we clearly have p < mr? + O(r). 

If the value of p is much smaller than r’, then the following alternative proof 
gives a much better value for n (this was my original proof). 
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Alternative proof using potentials. We shall employ the following biased (p : 1) 
version of the Erdés—Selfridge Theorem (see Beck [1982]): If 


1 
y 2p <1, or <=, 
AcF 2 
then First Player (or Second Player) can block every winning set A € F in the 
biased (1: p) (or (p: 1)) play on F. (The (f : s) play means that First Player takes 
f points and Second Player takes s points per move.) 


This is a special case of a more general result — Theorem 20.1 — which will be 
proved at the end of Section 20. 

For the application we divide the plane into m x m squares, where m > 2r. First 
we discuss the following: 


Special Case: Assume that during the whole course of the play, in every single 
move, the p marks of First Player are always completely inside of some m x m 
square. 


Then we can repeat the “First Proof’ of Theorem 10.2 as follows. Since the p 
points per move are always completely inside of some m x m square, Second 
Player replies in the same m x m square by using the Biased (p: 1) version of the 
Erd6s—Selfridge Theorem. If m > n, then every n-in-a-row intersects some m x m 
square in an “interval-piece” of length > n/3. We use the Biased Erd6és—Selfridge 
Theorem for the (p: 1) game: it applies if 


31n/3\/p 
4m’ < a where m > max{2r, n}. (14.4) 


If m = max{2r,n} and n =c,-p-logr, then (14.4) holds for a sufficiently large 
absolute constant c,. It follows that Second Player can block every n-in-a-row with 
n=c,-p-logr. This solves the Special Case. 

In the General Case, the p points (of First Player in any single move) are in a 
circle of radius r, and, if m > 2r, a circle of radius r can intersect as many as four 
m X m squares. The question is: which one of the (possibly) four m x m squares 
should Second Player pick to reply? 


\— circle of radius r 


YY, 


Well, a natural answer is to use a Periodic Rule: if the same situation 
repeats itself several times, then Second Player should respond periodically, e.g. 
1, 2;.3,45.1,.2,.3,4,.1; 2,3, 4445.6 
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4-square block 


Square S 


2 3 


Let us see what happens to an arbitrary but fixed m x m square S? S is surrounded 
by 8 neighbors, and there are 4 “four-square-blocks” which contain S (S is the center 
square in the 3 x 3 arrangement). For each one of these “four-square-blocks” we 
use a Periodic Rule ..., 1, 2,3, 4, 1,2, 3,4, 1,2, 3,4, ... which tells Second Player 
where to reply. For a fixed “four-square-block” there are at most 3 consecutive 
steps in a Periodic Rule ...,1,2,3,4,1,2,3,4,1,2,3,4,... indicating not to reply 
in S. Since there are 4 of them, by the Pigeonhole Principle, in every 13 =4-3+1 
consecutive steps, when First Player puts (at least one) mark in S, at least once, the 
Periodic Rule tells Second Player to reply in S. 

This means in the General Case we can repeat the proof of the Special Case with 
a minor modification: we have to use the (13p: 1) version of the Biased Erdés— 
Selfridge Theorem instead of the (p: 1) version. The same calculation works, and 
gives that Second Player can block every n-in-a-row with n = c,- p-logr, where 
C is an absolute constant (of course, c, is larger than c, in the Special Case). 

Note that, for small p the logarithmic factor logr is necessary here. Indeed, as 
we have explained above, in the Biased (2:1) version First Player can occupy 
n-in-a-row staying inside of a fixed circle of radius r = 2”. 

What we have just proved is summarized below: 


Theorem 14.6 In the Biased (p: 1) version of the Unrestricted n-in-a-row with 
Distance Condition r, Second Player can block every n-in-a-row if n> min{cgr?, cy: 
p-logr}, where cy and c, are absolute constants. 
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A generalization of Kaplansky’s game 


1. The Maker-Breaker version. In Section 4 Kaplansky’s k-in-a-line game was 
introduced. It is a Shutout Game where the two players alternately occupy new 
lattice points in the plane, and that player wins who owns first a k-in-a-line such 
that the whole line is opponent-free. Note that even the case of k = 4 is unsolved; 
Kleitman and Rothschild conjectured it to be a draw game. 

The original version remains wide open, but the Maker—Breaker version was 
solved by Kleitman and Rotschild [1972]. They proved that, playing the usual (1:1) 
game, for every k Maker can build (in a finite number of moves) a Breaker-free 
k-in-a-line. (Needless to say, their proof cannot guarantee that Maker does it first.) 
Kleitman and Rotschild [1972] didn’t use any potential function — instead they 
applied the Hales—Jewett Theorem in a very clever way. This Hales—Jewett type 
approach has two shortcomings: 


(1) the upper bound on the Move Number is ridiculous; 
(2) they used a “copycat” argument, and copycat doesn’t extend to the biased case 
where Maker is the underdog (like the (1:2) game). 


In this section, we give a completely different potential proof, which completely 
avoids the Hales—Jewett Theorem. This way we get rid of both shortcomings at 
once: (1) the new proof gives a nice, plain exponential upper bound on the Move 
Number, and (2) it automatically extends to the general biased play, including the 
case when Maker is the underdog. 

Consider the (1:b) underdog play where the first player takes 1 new lattice point 
and the second player takes b (> 1) new lattice point(s) per move. The Kaplansky- 
(b; k, 1) Game is the generalization where the two players are playing the (1:)) 
play on the set of lattice points, first player’s goal is an opponent-free k-in-a-line 
and second player’s goal is an opponent-free /-in-a-line. Whoever does it first in a 
finite number of moves is declared the winner; an w-long play without a winner 
means a draw. 
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Theorem 15.1 /f 


64b log(1 + 2b) 


—>cCo, where the constant cg is defined as cy = co(b) = 
k log2 


then underdog first player has a winning strategy in the Kaplansky-(b; k, 1) Game. 
In fact, the first player can always win in at most (1 +2b)!* moves. 


Remark. Theorem 15.1 is about the “restricted” Kaplansky game, but we can also 
consider the “unrestricted” game, which has the same rules except that the players 
may make their choices from all the points of the plane instead of just from the 
lattice points. The only relevant geometric feature is the collinearity of subsets of 
points. Thus if one player has a winning strategy in the unrestricted game, then he 
can convert his strategy to the restricted game. Therefore, we need only consider 
the unrestricted game; this gives us a little extra flexibility in the notation. 


Proof. We solve the unrestricted version, i.e. the players may select points any- 
where in the plane. The first player uses his Ist, 3rd, 5th, 7th, ... moves for 
“pbuilding” and uses his 2nd, 4th, 6th, 8th, ... moves for “blocking.” In other words, 
the first player divides the (1:b) game into a “twice as biased” (1:25) Building 
Part and a (1:2b) Blocking Part; the two parts are handled like two disjoint/non- 
interacting games (of course, this is in first player’s mind only). First player’s plan 
is to find an integer M such that: 


(1) in his first M/2 “odd” moves, the first player can build an opponent-free 
k-in-a-line; and 

(2) in his first M/2 “even” moves, he can prevent the second player from building 
an opponent-free /-in-a-line if 1 > cy-k. O 


2. Building Part. Let V, denote the (2n+ 1) x (2n+1) Square Lattice of integer 
points centered at the origin 


Vo = {(u, v) € Ww: —n<u<n, —n<v<n}, 
and also consider the following set of rational points 


Vie {tu ve R22 u= a = qmail lvl} <n'*®, max{|q)|, |gol} < n'| 
2: 


(15.1) 


where é > 0 will be specified later as a small positive absolute constant. In (15.1) the 
P2”” means that both u and v are rational numbers, p,, 4), Pr, 4> 
are integers, p,, g, are relatively prime, and py, q, are also relatively prime. Clearly 
VC Vy. 

Let £ denote the family of all straight lines in the plane which intersect lattice 
V, in > k lattice points. 


equality “u = 2: v= 
1 
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The first player restricts himself to the hypergraph (V,,£N Vj), i.e. V, is the 
board and CNV, ={LOV,: Le CL} are the “winning sets.” The second player 
may or may not stay in board V, (note that every line L € £ can be blocked outside 
of V,). Since the first player uses his Ist, 3rd, 5th, 7th, ... moves for “building” 
(and the rest for “blocking”), for the first player the Building Part means a “kind 
of” (1:2b) Maker—Breaker Shutout Game (of size k) on hypergraph (V,, £9 V,), 
where the first player is the underdog Maker. Here the term “kind of” refers to the 
novelty that Breaker may move (and block!) outside of V,. 

In the Building Part, for simplicity, we call the first player Maker and the second 
player Breaker. 

Assume that we are in the middle of a (1:25) play. Let X(i) = {x,,...,x;} (C V,) 
denote Maker’s points and 


a) \Q) (2b)  y@ yen 
YO) {VV eM ee Mi ee I 


denote Breaker’s points selected so far; of course, some of the points of Breaker 
may be outside of V,. The key question is how to choose x,,, € V,. Consider the 
potential functions 


T= >> (14+2b)*%O! and 7;(z) = > (1+ 2d)9XO!, (15.2) 
LeL: LNY()=0 zeLeL£: LNY()=0 
It is easy to describe the effect of the (i+ 1)st moves x,,, and ie ; ci er pak 
T,,, =7,+2b-T,(x,,,) — a; —2b- B;, (15.3) 
where 
a, = > (1+ 2p) 0%! (15.4) 
LeL: LNY(i)=0,LAWi+)=40 
and 
B= > (1+ 20)/0X0, (15.5) 
x1€LeL: LAY()=4,LAVi+ I) =40 
Trivially 
2b . 
a, < OT), 
j=l 
so by (15.3) 


Fs 27-420 (Toad = pL HOW) a) (15.6) 


Maker selects his (i+ 1)st point x,,, as the “best” new point in V,: x,,, is the new 
point z € V, for which the function f(z) = 7;,(z) attains its maximum. 
The following inequality may or may not hold 


Ty(xis1) 2 max Ti(yit)s (15.7) 


and accordingly we distinguish several cases. 
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Case 1: Inequality (15.7) holds during the whole course of the play, i.e. until the 
two players exhaust board V, 

Then by (15.6), T;,, => T;-—2b-B; holds for every i. We will now see that, at 
some stage of the play on V,, Maker owns an opponent-free k-in-a-line. Assume 
to the contrary that |LM X(i)| < k holds whenever LN Y(i) = @ during the whole 
play; then by (15.5) 


Tiyy = T,—2b-B, > T,—2b-2b(1 +26), (15.8) 


where the second factor of “2b” comes from the fact that each one of the 2b point 
pairs {x;,1, yo j=1,2,...,2b uniquely determines a straight line. Let d denote 
the duration of the play; then by (15.8) 


Ton = Ta = Tuan — 4+ (1+ 2b)". (15.9) 
Trivially d <|V,|, and from the definition of V, (see (15.1)) 
d <|V,| <4(n'*3*)? = 4n2+6, 
Somewhat less trivial is the lower bound 


T, 


start 


3 2: 
=T)=[C£nV,|=n- = (2) 
7 


2 


The last step follows from the well-known number-theoretic fact that the number of 
lattice points in [1, M] x [1, M] which are visible from the origin (i.e. the coordinates 
are relatively prime) is about 


3, 


el 
_ where £(2)=)°> >= uae 
s=1 s 


2 
mm — -2£(2) 6" 
We already used this fact in the proof of Theorem 19.1. Returning to (15.9) we have 


T, 


tf 


nd = Ty = T. 


start 


3 nt ; 
—d-(1+2b)*"" > ee —4n?*%.(142b)**!. (15.10) 


Therefore, if the inequality 


n2—%e 


3 
1+2b)**! < —. —_ 15.11 
(1420) < 2 (15.11) 
holds, then by (15.10) T,,,¢ > 0, proving that Maker really owns an opponent-free 
k-in-a-line. 

In the rest of the argument, we can assume that inequality (15.7) fails at some 
point of the play. Let i = i, be the first time the failure occurs 
max 7, (yi).1) = Titi): (15.12) 


l<j< 
Case 2: After the (i) +1)st round the subset Vy (C V,) is already completely 
occupied by the two players. 
We recall that V, is a (2n +1) x (2n+ 1) sub-lattice of ZZ’ centered at the origin 
(the formal definition is right before (15.1)). 
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Since i = iy is the first violation of (15.7), we can still save the following analogue 
of inequality (15.10) from Case 1 


3 4 
Leta toby Ss , a — 4n2*6 . (1 4 2b), (15.13) 
7 
Therefore, if the inequality 
3 n2—%e 
1+2b)*t! < —.—__ 15.14 
(1426)! < (15.14) 
holds, then by (15.10) 
ds Bo ae 
Ee ee (15.15) 


(Notice that requirement (15.14) is stronger than that of (15.11).) 

Now let L be an arbitrary Breaker-free line after the ijth round; (15.15) implies 
that such an L exists. By hypothesis LZ is completely occupied in the next round. 
Thus there are two possibilities: 


(1) either LN Vo is already occupied by Maker; 
(2) or LAV, contains an unoccupied point, namely one of the < 2b+ 1 unoccupied 
points of Vo. 


If (1) holds for some L, we are done. Therefore, we can assume that every 
Breaker-free line L € £ contains one of the < 2b+1 unoccupied points of Vo. 
Combining this with (15.15), we see that there is an unoccupied zy) € Vy with 


T, (@) > 1 1 3 nt 

0 Ob+1 2 we 

The number of lines L € L with z) € L is obviously < |Vy| = (2n+ 1)?, so by 
(15.16) there is a Breaker-free line L) € £ such that z) € Ly and 


4 
(14.25) PoXCO)I > ae a 
= Qn+1)? 27(2b+ DK 


(15.16) 


(15.17) 


Comparing (15.14) and (15.17), we obtain |Z) X(ig)| =k, and we are done again. 


Case 3: After the (i) + 1)st round the subset Vy (C V,) still has some unoccupied 
point. 

Since x;,, =z is the point where the function f(z) = T;,(z) attains its maximum 
in V,, and also because (15.7) is violated 


T (Sige) < max, Th (Viges)> (15.18) 


the maximum in the right-hand side of (15.18) is attained outside of V,. Let (say) 


1 1 
T;,, On) > T,, (Xig41) and ve ZV), 
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then 


T, (v0.4) > Ty (Xignt) = max —-T,(z)> max, (w), (15.19) 


ot] zeV,: unselected weVo: unselected 


where by hypothesis the set {w € V,: unselected} is non-empty. 
Repeating the argument of Case 2, we obtain (see (15.14)-(15.16)): if the 
inequality 


fey 3 n2—6 
LED 2: 15.20 
Pees 872k? ( ) 
holds, then 
1 1 3 nv rn 
ie iene T,,(w) 2 |Vo| : 2 ; qr2 : 2 — Am2k2" (15.21) 
Combining (15.19) and (15.21), under condition (15.20) we have 
() n 
T,, Vigu1) > ak (15.22) 


We need: 


Lemma 1: /f a point u in the plane is outside of V,, then the number of lines L€ L 
passing through u is < 8|Vo|n-® = 8(2n+1)?-n~*, meaning: “relatively few.” 


Proof. Let u = (x, y) be an arbitrary point in the plane. Two distinct lines L,, L, € £ 
(“rational lines”) always intersect at a rational point, so we can assume that both 
coordinates of u are rational; write x = p,/q, and y= p,/q,, where the fractions 
are in the standard form (the numerator and the denominator are relatively prime). 
There are 4 reasons why u ¢ V, (see (15.1)). 


Case A: g, > n° 
Write y= |y| + s as the sum of the integral part and the fractional part; here 
1<r<q, and q, are relatively prime. 


lattice points 


q=8, r=3 
d,:d,=(q-r):r 
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It follows from the picture that the gaps (g,—1r) (“up”) and r (“down”) are 
unavoidable, implying that there are 


1 


~ max{r, q —7r} 


2 ”) 
[Vol < —(2n4+ 1)? < —(2n+1) 
q n 


lines L € £ passing through the given point u (which has a “large” denominator in 
the second coordinate). 


Case B: g, > n° 
The same bound as in Case A. 


Case C: |x| > n'** 

Let ue LE ZL, and let (a,,b,), (a), b,) be 2 arbitrary points in LAV). Then 
the slope 7 of line L has absolute value < n~*. Thus there are less than 
2-(2n+1)-(2n+1)n* different values for the slopes of lines L with ue Le CL. 
Since different lines u ¢ L € £ have different slopes, we obtain the upper bound 
2n-*(2n+ 1)? for the number of lines u € L € L. 


Case D: |y| > n't* 
The same bound as in Case C. The proof of Lemma | is complete. 


Let us return to (15.20)-(15.22). If the inequality 


3 n2—%e 
1 2b k+1 eset yee 
pes 82k? 
holds, then 
) n° 
Ti, Vine) > Aik 
Since ae ¢ V,, by Lemma | the sum 


1 i 
is GD = Ss (1+ 2pyhrx( oI 


YgrreLel: LAMig)=9 


contains < 8(2n+ 1)?-n-* < 40n?~* terms, so by (15.22) there is a line Ly € L 
with ee € Ly such that 


n® 


n2 
1 2b |LoNX(ig)| SS 402k? = : 
eet) ~ 40n?-& = 1607r?k? 


(15.23) 
On the other hand, by (15.20) 
87 2 


which contradicts (15.23) if e = 2 —6e, or equivalently, if ¢ = 2/7 (note that k is 
small constant times log 7). 
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Conditions (15.11), (15.14), (15.20) are all satisfied if 


3 n2—%e 3 n2/7 


k+l 
(1+2b)" < ee eee ae (15.24) 
Notice that the choice 
logn 
QS Ss 15.25 
4log(1+ 2b) ( ) 


satisfies (15.24). It follows that, in < |V,| < 4n?*® <n*"!/7 moves, Maker (“the 
first player”) can always build an opponent-free k-in-a-line, where k is defined in 
(15.25). By (15.25) 


ni" — (1 4 2p)44-Vk << (14.25), (15.26) 


This completes the Building Part. 
It remains to discuss the: 


3. Blocking Part. The family of all lines in the plane is an (infinite) Almost 
Disjoint hypergraph. We have already proved that, playing the usual (1:1) game on 
an Almost Disjoint hypergraph, Shutout takes an (at least) exponentially long time 
(see Theorem 1.3). What we need here is just the underdog version of this simple 
result. 


Lemma 2: Let (V,F) be an arbitrary (finite or infinite) Almost Disjoint hyper- 
graph: V is the board and F is the family of hyperedges. Maker and Breaker are 
playing the (s:1) game, where Maker takes s points per move and Breaker takes 
I point per move. Maker wants to achieve a Shutout of size l, and Breaker simply 
wants to stop Maker. Assume that Breaker is the first player; then he can prevent 
Maker from achieving a Shutout of size in 12% moves. 


The proof of Lemma 2 is a simple (underdog) adaptation of the proof of 
Theorem 1.3 (“(1:1) game”). 

Assume we are in the middle of a play, X(i) = {x,,..., x;} is the set of Breaker’s 
points and 


Q) 2) ) a) \@) (5) 
YI) {vp We Me eM We ae HF 


is the set of Maker’s points (Maker is the second player). 
Let 


F(i) ={AeEF: ANX(i) and |ANY(a)| = 2}, (15.27) 


where the requirement “> 2” in (15.27) is motivated by the fact that in an Almost 
Disjoint hypergraph 2 points uniquely determine a hyperedge. 
Write 
T= 5° 2AM and TE)S So Oe, (15.28) 


AéF (i) zeAEF(i) 
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Breaker (the first player) selects the unselected x,,, =z € V\(X(i)U Y(a) for which 
the function f(z) = T;(z) attains its maximum. 
It is claimed that, by using this “best-point” strategy, Breaker can force the 
inequality 
T,,, <T,+4(s+1)-s? (15.29) 
for the whole play. 


Notice that (15.29) implies Lemma 2. Indeed, by a repeated application of (15.29) 
we obtain 


i . 1 
T,<T+4°O° j= o+ae(' ) = 2s°i(i+1). (15.30) 


j=l 
If i< 42%, then (15.30) gives 

T, < 2i(i+ 1)s? < 25. (15.31) 
Now assume that, in the ith turn with i < 12% Maker can achieve a Shutout of 
size 1 in some A, € F, then 

T, > 240 W@I/s — Up 
which contradicts (15.31). This contradiction proves Lemma 2, assuming inequality 


(15.29) holds. 


To prove (15.29) we describe the effect of the (+ 1)st moves x,,, and 


1 : 
che aan yi}, we have 


Tr =T—-Tay)ty+ Yo games, (15.32) 
AeF(i+1)\F(i) 


where 


y= > (QPniee = Des) (15.33) 
AcéF(i): * 


and property * means that x,,, ¢ A and AN(Y(i+1)\ YA) 49. 
First, we have an upper bound on y;: it is claimed that 


¥; = T,Hi41)- (15.34) 
To prove (15.34), some notation is introduced: let 
Yi, J=YOU (ye... WAL 7F=O1,....8, 


and 


y= y (214K Ds = 2\Ann.i- Di/s) 
i,j : 


yl) €AcF(i) 


It is easy to see that y; < 5-1 ¥;,;- 
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Another easy inequality is the following 


V,,= ss (2a = Diee tel es) < 
tJ 


yl) €AcF(i) 


IA 


Yo (Qu Anas _ 2U-1+lANYOD/s) — 
y?) eAeF(i) 


= Yo (2 20-H/y giannis, 


yl) €AeF(i) 


Thus we have 


y,< 3 Vj < > y (ails = 2-H) QIANYOI/s — 
j=l 


Jl yO eAeF(i) 


=> YL (2-24) 7.6%), 


J=l yO cAcF(i) 


and because max; T(y,) < T;(x;,,), we have 


y,< y (2i* — 20-9) T(,41) 


j=l 
= T,(Xi41) > (2 = Bee) = T;(xi41), 
j=l 
proving (15.34). 
By (15.32) and (15.34) 


) as T,+ ye. QIANYGEDI/s_ (15.35) 
AéeF (i+1)\F(i) 


We claim the following upper bound for the last term in (15.35) 


QIAaMWDs < AG+1)s?. (15.36) 
AeF(i+1)\F(i) 


If Ae F(i+1)\ Fi), then: 


(1) either |AN Y(i)| = 1 and AN(Yi+1)\ YO) FY, 
(2) or JAN (YG+1)\ Y@)| = 2. 


Since 2 points uniquely determine a hyperedge (F is Almost Disjoint!), we have 


\FUi+1)\F(| < iss + (3). 
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If Ae F(i+ 1)\F (i, then |AN Y(i)| < 1, yielding |AN Y(i+1)| < 1+s. Combining 
these facts we have 
; Ss 
s: QIAnVi+)I/s < («°+( )) .Qits)/s < A(i+1)s’, 
Ac F(i+1)\F (i) 2 


proving (15.36). 
Finally, (15.35) and (15.36) yield (15.29), which completes the proof of 
Lemma 2. 


Since the first player uses his 2nd, 4th, 6th, 8th, ... moves for blocking, we apply 
Lemma 2 with s = 2b, V = the whole plane, F = the family of all straight lines 
in the plane. Combining the Building Part above (see (15.26)) with Lemma 2 we 
obtain: if 

logn 


= ——"___ and n* = (14+ 2b)! <2% =2%, 
Aiea) OS eS 


then the first player has a winning strategy in the Kaplansky-(b; k, /) Game. The 
inequality 
l S 64b log(1 + 2b) 


(1-+2b)'* < 2% is equivalent to 


log2 


This completes the proof of Theorem 15.1. 


4. Concluding remark: a finite analogue of Theorem 15.1. The hypergraph of 
all straight lines in the plane is the most natural example of infinite Almost Disjoint 
hypergraphs. The hypergraph of all Lines in a Finite Projective Plane is the most 
natural example of finite Almost Disjoint hypergraphs. 

In the infinite case we have unbounded Shutout (Theorem 15.1); what is the 
largest Shutout in a Finite Projective Plane? Section 15 concludes with an answer 
to this question. 

Let qg be an arbitrary prime power. By using the finite field of order g we can 
construct a Finite Projective Plane, which is a finite hypergraph with the following 
intersection properties: 


(1) there are g?+ q+ 1 points; 

(2) there are g? + q+1 Lines where each Line consists of g+1 points; 
(3) any two Lines intersect in a unique point; 

(4) any two points determine a unique Line. 


For simplicity consider the ordinary (1:1) play on this hypergraph: what is the 
largest Shutout that (say) the first player can achieve? 

It is proved that the first player can always achieve a Shutout of size c-logg, 
where c > 0 is an absolute constant (c = 1/3 is a good choice). This is best possible 
apart from the value of the constant factor c. 
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What makes the proof interesting is that, besides the usual potential technique, 
it also uses some linear algebra, in particular Pythagoras Theorem, in a novel way. 

We call the first player Maker (“Shutout-Maker’”) and the second player Breaker. 
Assume that we are in the middle of a play, X(t) = {x,, x, ..., x;} denotes the set 
of Maker’s points and Y(i) = {y,, y,..., y;} denotes the set of Breaker’s points 
selected so far. Maker uses the standard Power-of-Two Scoring System 


T,= x QEQXO! and T,(z1,...5Zm) = py QIEAXC 
cade Ca {21j62m}CLEL: LAY) =O 


where L is the family of g?+q+1 Lines. Clearly 
Tig, = T+ Tigi) — Tia) — Tint, Yini)- 


If Maker chooses the “best” point in the usual way, then T;(x,,,) > T;(y;,,) and 


Tia = T+ T2041) — Tin) — Tiinn Yin) = Ti — Ti(%i41. Yin) (15.37) 


Assume the contrary that Breaker can prevent Maker from achieving a Shutout 
of size 6- log, g (constant 0 < 6 < 1 will be specified later); We want to derive a 
contradiction. 

Since 2 points uniquely determine a Line, by (15.37) we have 


Ti. = T;— T,Xis1, Yin) 2 T- Dit i q (15.38) 
By iterated application of (15.38) 


2 
T2Ty-ig@a|el-i-ga(@Ptqtl-ige i" 1539) 
as long as i < $q?°. 

Next comes the Linear Algebra part. Let V denote the set of g*-+q+ 1 points of 
the Finite Projective Plane. For every Line L € £, let vy, denote the characterisctic 
function of Line L: it is a 0-1-valued function defined on V, | on the Line and 
0 outside of the Line. We look at these |V| = q?+q¢+1 functions y,, L € £ as 
|V|-dimensional vectors, and construct an orthonormal basis in the |V|-dimensional 
Euclidean Space as follows: for every L € CL let 


1 
vp = — —e-u) where u=(1,1,..., 1) and e = ——_—__., 
L Wriae ) ( ) q+/q+l 
This is an orthonormal basis because (1) any two different vectors v,, and vy, 
are orthogonal (we can compute the inner product (---) by using the intersection 
properties) 
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(Uz,>Uz,) = ((X1,> X12) —2e(u, x,) +e" ||ul|’) = 


(1-2e(q+ 1) +e°(¢ +441) =0 if e= 


Sle gle 


1 
q+ J/qtl 


furthermore, (2) each vector has norm 1 


I 
lll? = 5 (Ilxcl? —2e(u, xz) +e" (lull?) = 


1 1 
a (q+1-2eq+)+e(¢+qtl))= gees 


ife= I/(qt+/q+1). 
We have an orthonormal basis; the idea is to define a new vector w, by the play, 
and to apply Pythagoras theorem to w,. Vector w, is motivated by (15.39): let 


Vv, = v\(x(Ge*)ur(Ge*)). (15.40) 


That is, V, denotes the unoccupied part of the board (Finite Projective Plane) after 
the $q?-°-th turn of the play. 


Let : 
LS Lec: inv (5@*) =o} 


denote the Lines where Maker still has a chance for a Shutout after the ig? ?-th 
turn of the play. Then by (15.39) 


2 
- +q+l 
Ty g-0 =). 2OKEE I > = (15.41) 
Lely 


By hypothesis Breaker can prevent Maker from achieving a Shutout of size 


1 
LAX| =q* 
nx (30) 


holds for every L € £,. Thus by (15.41)-(15.42) 


d log, q, so 
< d6log, q (15.42) 


1 
If|2 59°. (15.43) 


Now let w, denote the characteristic function of subset V,; (C V), see (15.40), 
Le. w, is 1 on V, and 0 on V\ V,; by Pythagoras Theorem 


[]ws|? = > (wy, vz)”. (15.44) 
LeL 
First, we compute the left-hand side of (15.44) 


1 
Jal? = [Vil = (@ +941) -2-54°°. (15.45) 
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Next we estimate the right-hand side of (15.44) from below; we use (15.43) 


ph 
Ldw.aye D Guo = E G wie = e-0)) > 


1 ae : 
= (G41 8i6e ‘)-elM\)) = 
2 Ja 2 | 1 


1 82 ( 1 2 1 2-8 
= ~q° °— ( (q+1—6log, g)—- ———— ((¢ + q+1)-2-= = 
af (q 2 q) Fea q+1) af ) 

1 qq 2 

1-6 oo 

= +1—6log,q)+ +1 = 

54 ( > 4) bee (q V0) 

2. 

1 om qe? 
a —61 ooo > 

54 (va 08) q+ (eee) = 

1 a ge 
s igl8. 15.46 
Eee 5 ( ) 


Combining (15.44)-(15.46) 


>. ge 
¢ = |lm\" =D Cur, vw) 2, 
LeL 
which is a contradiction if 6 < 1/3. This proves: 
Theorem 15.2 Playing the (1:1) Shutout Game on a Finite Projective Plane of 
g-+q+t1 points and the same number of Lines (the Lines are the winning sets), 
the first player can always achieve a Shutout of size 


1 
(5-20) log, q (15.47) 
in some Line. 


The Erdés—Selfridge Theorem gives an upper bound on the maximum shutout: if 
m denotes the maximum Line-Shutout, then 


g +q+1 <2”, or equivalently, m > 2log,q+O(1). (15.48) 


It seems a difficult problem to find the correct constant factor of log, g. In view 
of (15.47)-(15.48) the truth is between 1/3 and 2. 


Exercise 15.1 Generalize Theorem 15.2 to the underdog play (1:s) where the first 
player takes one new point and the second player takes s new points per move, and 
the first player wants a large Line-Shutout. 


Chapter IV 


Games and randomness 


This chapter gives new insights to the Meta-Conjecture (see the discussion about 
the “Phantom Decomposition Hypothesis” at the end of Section 19). Some of the 
illustrations are off the main trend, but they are still very instructive and amusing, 
and — what is most important — the proofs are relatively short. 

The results of the discrepancy sections (16-17) will be applied later in Chapter VI. 
Finally, Section 20 answers a question which was raised at the end of Section 4 
(“biased connectivity games”). 
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16 


Discrepancy Games and the variance 


1. Balancing. As far is known, the field of Discrepancy Games was initiated by 
the following Degree Game problem of Paul Erdés, raised in the early 1970s. Two 
players, called Maker and Breaker, alternately take previously unselected edges of a 
given complete graph K,, on n vertices. Each player takes | edge per move, Maker 
colors his edges red and Breaker colors his edges blue. At the end of the play, 
Maker will own half of the edges, i.e. (°) /2 red edges, so the average degree in 
the red graph is (5) /n = (n—1)/2, implying that the maximum degree in Maker’s 
graph is > (n—1)/2. 

Maker’s goal in the Degree Game on K,, is to maximize his maximum degree, 
ie. to force a red degree 5 +A with discrepancy A = A(n) as large as possible. 
What is the largest discrepancy A = A(n) that Maker can force? Notice that we 
want one-sided, strictly positive discrepancy. 

In 1981, L. Székely proved that A = A(n) — oo as n — oo, and gave the following 
explicit upper and lower bounds 


Breaker can always force A= A(n) < c,./nlogn, (16.1) 
Maker can always force A = A(n) > c, logn. (16.2) 


The upper bound (16.1) immediately follows from the following general discrepancy 
theorem (see Lemma 3 in Beck [1981b]). 


Theorem 16.1 Let F be an arbitrary finite hypergraph, and let ¢ withO < ¢ <1 be 
an arbitrary real number. There are two players, Balancer and Unbalancer, who 
play the (1:1) game on F: they alternate, and each player takes one new point per 
move. Unbalancer’s goal is to achieve a majority: he wins if he owns => ite part 
of some A € F; otherwise Balancer wins. Here is a Balancer’s win criterion: if 


Sy (de) say) ea, (16.3) 


AcF 


then Balancer, as the first player, has a winning strategy. 
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It is critical to see that the base (1+ ¢)'**(1—«)!~° is greater than 1 for every 
0 <e <1 (why?). 

Note that in the special case ¢ = 1, where Unbalancer’s goal is to occupy a whole 
set Ae F, Theorem 16.1 gives back the Erdés—Selfridge Theorem. 

The proof of Theorem 16.1 is very similar to that of the Erdés—Selfridge 
Theorem. Assume that we are in the middle of a play: Unbalancer already occu- 
pied u,,u5,...,u, and Balancer occupied b,, b,,...,b,; t is the time parameter. 
Write U(t) = {u,,u5,...,u,}, B(t) = {b,, bo, ..., b,}, and consider the “one-sided” 
potential function 


l-e 


P,= Yi(1+ seo sly ig) MOBO ala). (16.4) 
AcF 
which is very sensitive (“exponentially sensitive”) to Unbalancer’s lead. The core 
idea, which is taken from the Erdés—Selfridge proof, is that Balancer can force the 
monotone decreasing property 


so Prtart = Po = Pend: 
If Unbalancer wins, then by (16.4) we have P.,,q => 1; on the other hand, by 


hypothesis (16.3), Peay = Po < 1, which together imply Balancer’s win. We leave 


start 


the details to the reader. 


Let us apply Theorem 16.1 to the star hypergraph of K,,: the hyperedges are the 
n stars (each star has n—1 edges), so F is an (n—1)-uniform hypergraph with 


|F| =n. By choosing 
clogn 
é=,/ —— 
n 


with some unspecified (yet) constant c > 0, criterion (16.3), applied to the star 
hypergraph of K,,, gives 


bE ((1 +e)*(1 = eg fam =ne ((1+e) log(1+e)+(1—e) log(1—e)) a 
AcF 


= pen ((+eye- 5 4+ -2)(-e- F —)) 54 


(2 O(e3)) a ae clogn ( +O(e)) = ni 20+08)) | 


which is less than | if c > 2 and n is sufficiently large. So Theorem 16.1 applies 


with 
(2+ 0(1))logn 
=, 
n 


and yields (16.1) with the explicit constant c, = ./1/2+0(1). 
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In general we have: 


Corollary of Theorem 16.1 Let F be an n-uniform hypergraph, and consider the 
Balancer-Unbalancer game played on hypergraph F where Unbalancer’s goal is 
tA points from some A € F. If 


2 
log |F 
a=(1+0/ 08 | )) am. 
n 


then Balancer has a winning strategy. 


to own at least 


Proof of the Corollary. Let ¢ = A/n; in view of Theorem 16.1 we have to check 
the inequality 
(1 + e)eVr . (1 _ g)e-V? > |F |. 


Note that 


A/2 
(14 6)t9/2. (7 — 2) 0-9/2 = (1 — 92)". (= =) ne eTen/2+Ek _ pA?/2n 
—€ 


More precisely, we have 
pl +O(A/n)) =(l1 ey? (i e))/? >|Fl= elsl7l 
which implies 
A 
(1+ 0(A/n)) =~ > log|F, 


or equivalently, 


i 
A> (1+0/ Sell) ) ant 


n 


which proves the Corollary. 


2. Forcing a Standard Deviation size discrepancy. There is a very large gap 
between upper bound (16.1) and lower bound (16.2). In his paper Székely con- 
jectured that the logn in (16.2) was the true order of magnitude; he called it 
“Problem 2,” see Székely [1981]. In Beck [1993c] this conjecture was disproved 
by improving the lower bound logn to ./n: it was proved that 
Maker can always force A = A(n) > = (16.5) 

This result shows that upper bound (16.1) is actually pretty close to the truth, there 
is only a factor of logn between the best known upper and lower bounds. 

In Beck [1993c] the complete bipartite graph K,,,, was actually worked with 
instead of K,, (of course, the proof is the same in both cases), because the Degree 
Game on K,,,, is equivalent to an elegant Row—Column Game on an n x n board. 
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Row-Column Game 
on a 9x9 board 


The two players play on an n xn chessboard, and alternately mark previously 
unmarked little squares. Maker uses (say) X and Breaker uses (say) O, like in Tic- 
Tac-Toe; Maker’s goal is to achieve a large /ead in some line, where a “line” means 
either a row or a column. Let ++ A denote the maximum number of Xs (“Maker’s 
mark”) in some line at the end of a play; then the difference (5 + A)—(5—A)=2A 
is Maker’s lead; Maker wants to maximize A = A(n). 

Of course, there is hardly any difference between the Degree Game on K,,,,, or 
on K,,, but we personally find the Row—Column Game the most attractive variant. 

Besides his “Problem 2,” that was disproved in (16.5), Székely formulated two 
more problems in his paper (Székely [1981]). The first one goes as follows: 


Székely’s “Problem 1”: Let G be an arbitrary finite n-regular graph. Is it true 
that, playing the Degree Game on G, Maker can always achieve a degree => >+A 
with A = A(n) > 0 as n> 00? 


Recently this conjecture was proved. In fact, a general hypergraph theorem 
was proved, and the solution of “Problem 1” above follows from applying the 
hypergraph theorem (see Theorem 16.2 below) in the special case of the “star 
hypergraph of G” (the hyperedges are the “stars’”). Here is the hypergraph 
result: 


Theorem 16.2 Let F be a hypergraph which is (1) n-uniform, (2) Almost Disjoint: 
|A,NA,| < 1 for any two different elements of hypergraph F,, and (3) the common 
degree of F is 2: every point of the hypergraph is contained in exactly two hyper- 
edges. Maker and Breaker play the usual (1:1) game on F. Then, at the end of the 
play, Maker can occupy at least 5 + c/n points from some A € F. 


We are going to give two different proofs for Theorem 16.2. It is very instructive 
to compare them. Note that Theorem 16.2 holds with c = 1/15. 

Applying Theorem 16.2 to the star hypergraph of an n-regular graph G, we 
obtain the following solution to Székely’s “Problem 1”. 


Theorem 16.3 Consider the Maker—Breaker Degree Game on an arbitrary finite 
n-regular graph G. Maker can force that, at the end of the play, his maximum 
degree is => $+ c,/n with c= 1/15. 
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Notice that the constant factor c= 1/15 in Theorem 16.3 is better than the earlier 
constant factor c = 1/32 was in (16.5) in the special cases G= K, and G=K,,, 
(the old proof in Beck [1993c] was different). 


First proof of Theorem 16.2. Assume we are in the middle of a play, Maker already 
occupied x,,X,,...,X, (t is the time) and Breaker occupied y,, y,,...,y,. The 
claimed ./n discrepancy is familiar from Probability Theory: ./n is the “standard 
deviation” of the n-step random walk. The “standard deviation” is the square-root 
of the “variance” — this motivates the introduction of the following “game-theoretic 
variance.” Let X(t) = {x,,x,,...,%,}, Y(t) = (9, y,---, y,}, and write (“V” for 
“variance” 

V,= 2 (AN X()|- JAN)’. (16.6) 

AcF 

What is the effect of the (t+ 1)st moves x,,, (by Maker) and y,,, (by Breaker)? 
Well, the answer is easy; by using the trivial fact (u+1)? = u?+2u+1, we have 


Vig = Veer Ds (20anx@i-lan vo)+1) 


AGF: X41 €AZY 41 


+ be (-204nx@I-lan v))+1) 


AEF? Yi41 EAP 41 


=V,4+2 YO ((ANX(1|—|ANY(D|)—2 


AEF: X441€A 
~~ (ANX()|-|ANY(A)|)+ 
AEF: y141€A 
+ ~ 1+ oF) 1. (16.7) 
ACF: X44 €A PV 41 ACF: yp41€APX p41 


It follows from the hypothesis of Theorem 16.2 that 


~ I+ YL 122. (16.8) 


AEF: X41 EAP 41 AGF: Y141 €CAPX 41 


Since Maker chooses his x,,, before Breaker chooses y,,,, Maker can have the 
“best” point: x,,, is that unoccupied point z for which the sum 


~~ (ANX()|-|AN YO) 
AcF: zEA 
attains its maximum. Then 
~~ G(ANXD|-|ANYO) = Yo (ANX()|-|ANY())), 
AGF: X441€A AEF: y141€A 


so by (16.7)-(16.8) 
Vi4,2V,+2, implying Vp > V)+2T, (16.9) 
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where T is the “total time,” i.e. T = n|F|/4 is half of the board size. Since trivially 
Vo = 0, we conclude 


n|F | 


V, > Vy +2T =2T = (16.10) 


Comparing (16.6) and (16.10), we see that there must exist an A € F such that 
(JAN X(T)|—|ANY(T)|)? = - (16.11) 
By taking square-root of (16.11), we obtain 


JAN X(T)|—|ANY(T)|| = Vn/2, (16.12) 


but (16.12) is not what we want! We want a one-sided estimate with |AN X(T)| > 
|ANY(T)|, but in (16.11) “squaring kills the sign,” and there is no way to guarantee 
|ANX(T)| > |ANY(T)|. 


A technical trick. To overcome the difficulty of “squaring kills the sign,” we 
modify the “quadratic” variance in (16.6) with an extra “exponential” term as 
follows: let 


S,= > ((ANX(D|-|AN YD)? —an(L— AAMC 4 A AVO! | (16.13) 
AcF 
where parameters a with 0 < a@ < | and A with 0 < A < | will be specified later. 
What motivates the introduction of the auxiliary “exponential” term 


an(1— ayA%Ol + Ayano (16.14) 


in (16.13)? We had 2 reasons in mind. 


(1) The obvious problem with variance (16.6) is that “squaring kills the sign,” so 
it may happen that, there is a “very large” |AM Y(t)|, which is the only reason 
why the variance is “large” (this |AM Y(1)| is useless for us!). But “exponential” 
beats “quadratic,” this is how, by using (16.13) instead of (16.6), Maker can 
nevertheless guarantee a large one-sided discrepancy. 

(2) A second reason is that in the proof of Theorem 16.1 we already used the 
exponential potential 


y(t e)4UOl- FAI] — g)4BOI- Fl (16.15) 


AcF 


with some 0 < € < 1; here B(t) is Balancer’s set and U(t) is Unbalancer’s set. 
(16.14) and (16.15) are basically the same; the success of (16.15) is a good 
sign, and motivates the modification of (16.6) by (16.14). 
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What is the effect of the (t+ 1)st moves x,,,; (by Maker) and y,,, (by Breaker) 
in the new sum (16.13)? By definition 


Si =S,+2 DP (IANX(D|-IANKD)-2 DI (ANX|-|ANY@)) 


AEF: X441€A AEF: y,4,€A 
+ a I+ oe Itanh YO (1-AA*ON -Ay4AVO! 
AEF: X14, €AZY, 44 AEF: ¥,41€ APH 41 AEF: x44,€A 
—anr > (d_- AyAKOl ae AyA%0! 
AEF: yi41€A 
+ ond? - B41 Yeu) (1 A) MONL ayo, (16.16) 


where 6(x,,1, Y,41) = | if there is an A € F containing both x,,, and y,,,; Almost 
Disjointness yields that, if there is 1, then there is exactly 1: let Ay be this uniquely 
determined A € F; finally let 6(x,,,, y,,;) = 0 if there is no A € F containing both 
Nyy] and Yir41- 

From the hypothesis of Theorem 16.2 


TA: , es. Sie (16.17) 


ACF: X441€ ABV 41 ACF: p41 €APX 41 
If Maker chooses that previously unselected x,,, = z for which the function 
g(z)= YP (2UANXMI|- ANY) — ana — AAMON(L + AAO!) 
AcF: zeA 


attains its maximum, then g,(x,.,) > g,(¥,41). So by (16.15) and (16.17) 
Sit 2 S,+2+8,(%141) — 8:0%41) 2 S,+2. (16.18) 


An iterated application of (16.17) gives that S,,,, = S; => So+2T, where T = n|F|/4 
is the duration of the play (“half of the board size”). By definition Sp = Sprang = 
—an|F|, so we have 


F 1 
Sg = Sr = “F—anlF|=nlFI(5 a), 


or equivalently 


1-A 


' so |ANX(T)|—n/2 
¥ (canxeni-lanreny —an(1—A°*) (SS) 


> nlF| (5-2). (16.19) 


Let |F| = N, and write F = {A,, Aj, ..., Ay} and |A;O X(T)| =|A;N X nal = 5 +Aj, 
1<i<QN. 
Let a= 1/8 and A= ./2/n. Then (1 — A’)"”? = e7!, and by using the easy 
inequality 
Au? < a-e'?2Y™ for all u> V5, 
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from (16.19) we obtain the following inequality 


1 
SY. 4A? >nlF| (5 -«) = a, (16.20) 


i: Aj>—V5n 


Now we are almost done. First note that >” , A; = 0, which implies 
ya4= YE AI= Yl (16.21) 
i: A;>0 i: A;<0 i: —V/5n<A; <0 


and by (16.21) 
J5n ( Pe s) > A? (16.22) 


By (16.20) and (16.22) 


3nN 
yo Aen oa ps (16.23) 
i: A;>0 i: A;>0 32 
i.e. in (16.23) we have positive discrepancy only! 

To complete the proof, in sum (16.23) we distinguish 2 cases. Either 


which immediately gives the lower bound 


vi vi 


max A. > ; 
25 


Pe AS 


a a 
2 et 
X a> (5 a) aN 


i: A;>0 


or, by (16.23) 


which immediately gives the better lower bound 


3 1 Jn 
n= - 
32 «iil ~ 19 


max A; > ( 


This proves Theorem 16.2 with c = 1/25. 


Second proof of Theorem 16.2. In the first proof above we used the “exponential” 
expression 
YA) 4AMOlL 4 AVA! (16.24) 
ACF 
to fix the shortcoming of the variance (“squaring kills the sign’), and the 
“exponential” expression (16.24) played a secondary, counter-balancing role only. 
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The new idea is to work with the “twin brother” of (16.24): consider the single- 
term potential function 


S,= A+ Ay arOlcp— ayl4rrvel, (16.25) 


AcF 


The reader may find it surprising that such a simple potential will do the job. 
We have the following analogue of (16.16), in fact the new identity is simpler 


Sap = sha 35 0 + AAO — Ayawo 


ACF: X441EA 
-A Yea fA) — Ayam 
ACF: y141€A 
—)?2. 8(Xp415 Vai) A+ A) 40X01 (1 = J) 400K (16.26) 


where 6(x,,;,,,;) = 1 if there is an A € F containing both x,,, and y,,,. Almost 
Disjointness yields that, if there is 1, then there is exactly 1: let Ay be this uniquely 
determined A € F. Finally, let 6(x,,,, y,,,) =0 if there is no A € F containing 
both x,,, and y,,,. 

Since Maker’s x,,, is selected before Breaker’s y,,,, Maker can select the “best” 
point: Maker chooses that x,,, =z for which the sum 


a + Ay 40x01 (7 — yy4nrol 


AcF: zeA 


attains its maximum. Then by (16.26) 
Saar 2S? Breas Year) LEAVIN — AMO! (16.27) 


Let A = A(n) denote the largest positive discrepancy that Maker can achieve; it 
means 5+ A points from some A € ¥. If A is the maximum discrepancy, then the 
inequality |AN X(t)| —|AN ¥(t)| < 2A must hold during the whole play (meaning 
every t) and for every A € F. Indeed, if |AN X(t)| —|AN Y(t)| > 2A, then Maker 
can keep this lead for the rest of the play till the end, contradicting the maximum 
property of A. Combining this observation with (16.27) we have 


Sra = S,— A? - 81 Yous) (1+ APA, (16.28) 


where 


_ [AoA X(t)| + 1A. YO) 
i 5 : 


Since So = Swan = |F| and “total time’= T = nN/4, from (16.28) we obtain 


start ~~ 
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nN/4 
Send = Sp = Sy— NW? ys (1+A)**4(1— A) 


t=1 


1+A A [nN/4 
=w-» (>) (Sa-ay 
t=1 


1+A\* nN 
>N (7) = (16.29) 


On the other hand, by definition 


Send = Sy S Ni a Aer = Aye — 
ep 
a (4) a ee (16.30) 


Combining (16.29) and (16.30) 
1+A\* nN eee ote 
N °( ) : <n( 4) qa—A’)"?, 


1-A 4 ~~ 1-A 


or equivalently 


1 A 
cs et (16.31) 
1-A a +(1—A2)"/2 


We want to minimize the denominator in the right-hand side of (16.31): we are 
looking for an optimal A in the form A = ,/26/n, where 6 is an unspecified constant 
(yet); then 
Vn B 1+log2 
peas 1—)d2Y2 we HB eRe 
7 ( ) mare 5 


if B = log2. With this choice of B (16.31) becomes 


A 
en (Tt4) Be 1 = 1 
avn a — l+log2’ 
T= x +(1—A2)"2 Epes 


A 2 
2,/2log2- —= > 1 —— 
~ 52" pga): 


implying 


that is 
los (res) vn 
2,/21log2 15 


This proves Theorem 16.2 with c= 1/15. 


3. Extensions. Theorem 16.2 is about very special hypergraphs: we assumed that 
hypergraph F is (1) n-uniform, (2) Almost Disjoint, and (3) 2-regular (i.e. every 
point has degree 2. What happens for a general hypergraph? For example, assume 


Discrepancy Games and the variance 241 


that hypergraph F is (1) n-uniform, (3’)D-regular, i.e. every point has degree 
D> 2-we skip Almost Disjointness — can we still guarantee any discrepancy? The 
answer is an easy “no.” Indeed, let me recall the class of Strictly Even Hypergraphs 
from Section 9. A Strictly Even Hypergraph has an underlying “pairing,” and if a 
hyperedge intersects a “pair,” then the hyperedge must contain the whole “pair.” 


Strictly even hypergraph 


In a Strictly Even Hypergraph, every winning set has even size, and, in general, 
the intersection of an arbitrary family of winning sets has even size too (explaining 
the name “strictly even’’). 

The Positional Game played on an arbitrary Strictly Even Hypergraph is trivial: 
the first player cannot occupy a whole winning set; in fact, the first player cannot 
even achieve a “lead” by |. Indeed, by using a Pairing Strategy, the second player 
can take the exact half from each winning set, preventing any “lead” of the opponent. 

One of the many peculiarities of a Strictly Even Hypergraph is that its Max 
Pair-Degree D, equals the Max Degree D: D, = D. 

A hypergraph is very different from a Strictly Even Hypergraph; Max Pair- 
Degree D, is subtantially less than the Max Degree D. Under this condition Maker 
can always force a large lead. 


Theorem 16.4 Let F be an arbitrary n-uniform D-regular hypergraph, and let 
D, = D,(F) denote the Max Pair-Degree of F. Playing the usual (1:1) game on 
F, at the end of the play Maker can always occupy at least 


D 
n_ 10g (ote) 


2° 2,/2log(D/D,) 


points from some A & F. 


Remark. If the ratio D/D, is strictly larger than 1, then the coefficient 


D 
log (sats) 


2,/2log(D/D,) 
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of ./n is positive. Indeed, if log(D/D,) = ¢ > 0, then 
D <n, OF _ltete?/2+e°/6+--: | 
D,(1+log(D/D,)) 1+eé l+e 
so its logarithm is positive. 
If D, is close to D, ice. if > —1* log(D/D,) = « is small, then 


1, 


D 
log Gata ) Ny e”/2 7 es/? 
2,/2log(D/D,) 2V2e_— 2°? 
Theorem 16.41s somewhat “ugly,” but it immediately solves Székely’s “Problem 3.” 
We discuss this application right after the proof. 


(16.32) 


Proof. Let || = N. We repeat the argument of the Second Proof of Theorem 16.2; 
we have the following perfect analogue of (16.31) 


1+A\* nN ae 
N—D 2 < 1 2 n/2 
e (5) 8 (T5) ( 


or equivalently 


1 A 
Lee L (16.33) 
T-A} © Prien 4 (1 — \2y0/? 


We want to minimize the denominator in the right-hand side of (16.33): we are 
looking for an optimal A in the form A = ,|/28/n, where B is an unspecified constant 
(yet); then 


D,dn D,B D 
1—A7)"? ~ 2 4 64 = = (14+ log(D/D 
an =i ) yr Fe p (i tles(P/P2)) 


if B = log(D/D,). With this choice of B (16.32) becomes 


2AA ( 1+ ae ! 2 
ewe 25 Zz , 
1-A} — M4 (1—A2)"/? D,(1+log(D/D,)) 
implying 
D 
2 log (sondern) 
2,/21log(D/D,) 


which completes the proof of Theorem 16.4. 


Theorem 16.3 solved Székely’s “Problem 1.” We already mentioned Székely’s 
“Problem 2,” which was about the Degree Game on the complete graph K,,. 
Székely’s “Problem 3” is the Degree Game on complete hypergraphs. 

Székely’s “Problem 3”: Let r > 2 be a fixed integer, and let K! denote the 


r-uniform complete hypergraph on n points ( K’, contains () r-sets). Consider the 
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usual Maker-Breaker game on Kj (the players alternate, each player takes one 
r-set per move). What is the largest degree that Maker can achieve? Is it true that 


Maker can always achieve a degree > x("1) +A with A= A(n) > © asn—> ©? 


Theorem 16.4 immediately solves this problem. Indeed, the corresponding hyper- 
graph F is a : ) -uniform, r-regular, and the Max Pair-Degreeis r— 1.So Theorem 16.4 
gives the lower bound 


: los (stem) (— (16.34) 
2,/2 log(r/(r—1)) r—1 


In view of (16.32) the right-hand side of (16.34) is 


1 (" - : 
A> : 
V32r\ \r-1 
This gives the following: 
Corollary 1 of Theorem 16.4 Székely’s “Problem 3” holds with 


1 n—-1 

A> : 

~ 4/3278 é = i) 

Next we apply Theorem 16.4 to a famous combinatorial structure: the Finite Pro- 

jective Plane of order q (it exists if g is a prime-power). The Finite Projective Plane 

of order g has q?7+q+1 points, g?+q+1 Lines, each Line has g+ 1 points, and 

each point is contained in exactly q+ 1 Lines. We apply Theorem 16.4: the Lines 

are the winning sets, son = q+1; also D= q+1 and D, = 1 (since any two Lines 

intersect in one point only, so two points uniquely determine a Line); we obtain the 
following: 


Corollary 2 of Theorem 16.4 Playing on a Finite Projective Plane of order q (the 
winning sets are the Lines), Maker can always occupy at least 


q_, log(q/log q) 


2  2,/2logq 


points of some Line. 


How good are these lower bounds? To answer the question we apply the Corollary 
of Theorem 16.1. This corollary gives the following upper bounds to the game- 
theoretic discrepancy: 


(i) O(/logn),/ (3) for Corollary 1 of Theorem 16.4, and 
(ii) OG/qlog q) for Corollary 2 of Theorem 16.4. 
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This means that Corollary 2 is sharp (apart from a constant factor), and Corollary 
1 is nearly sharp (apart from a factor of logn). 


4. A humiliating problem. How about Theorem 16.3? What upper bound can 
we prove? Unfortunately, the Corollary is useless: in the application the factor 
log |F| becomes “unbounded,” because the vertex-set of an n-regular graph G can 
be arbitrarily large. The sad truth is that we do not know a satisfying upper bound. 

Very recently, Tibor Szab6é told me the following upper bound result: if the 
underlying graph is n-regular, then Breaker can prevent Maker from achieving a 
degree greater than 3n/4 (for simplicity assume that n is divisible by 4). Breaker 
applies the following simple pairing strategy. The “star hypergraph” has common 
degree 2 (since every edge belongs to exactly 2 stars determined by the 2 endpoints), 
so by the Bigamy version of the Marriage Theorem every star has an n/2-element 
Private Part such that the Private Parts are pairwise disjoint. Whenever Maker takes 
an edge from a Private Part, Breaker replies in the same Private Part. This way 
Breaker occupies exactly n/4 elements from every Private Part, preventing Maker 
from achieving a degree larger than 37/4. 

Note that we don’t even need the Marriage Theorem: if is even, the n-regular 
graph G contains an Euler trail (“the first theorem in Graph Theory”), implying an 
orientation of the edges such that every vertex has n/2 in-edges and n/2 out-edges. 
The set of (say) out-edges in each vertex define the required Private Parts. 

Unfortunately, this is the best that we currently know. 


Open Problem 16.1 Can the reader replace the upper bound 3n/4 in the Degree 
Game above with some c-n, where c < 3/4? Is it possible to get c= t+ o(1)? 


In view of the Local Lemma (see Exercise 16.1 below) Open Problem 16.1 is even 
more frustrating. 


Exercise 16.1 Prove, by using the Local Lemma (see the end of Section 11), that it 
is possible to 2-color the edges of an n-regular graph such that in every vertex the 
difference between the number of red edges and the number of blue edges starting 
from that vertex is uniformly less than 2,/nlog n. 
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Biased Discrepancy Games: when the extension 
from fair to biased works! 


1. Why is the biased case more difficult? In the previous section we discussed 
the solution of 3 problems raised by L. Székely in his old paper (Székely [1981]. 
Here we discuss a related “biased” problem, which was raised very recently in 
2005. It took 25 years to realize that the transition from the usual (1:1) play to the 
general (p: qg) biased play is not obvious! 

In the Workshop of “Erdés Magic: Random Structures and Games,” Bertinoro, 
Italy (April 23-29, 2005) M. Krivelevich ended his lecture by asking the following 
innocent-looking question. The problem is basically an “underdog” version of 
Erdés’s Degree Game from the previous section. 


Problem 17.1 Two players, called Maker and Breaker, are playing the following 
biased game on K,, (complete graph on n vertices). It is a (1:2) play: in each turn 
Maker takes I new edge of K,, and colors it red, but Breaker takes 2 new edges per 
turn and colors them blue. Can Maker guarantee that, at the end of the play, each 
degree of the red graph is © n/3? More precisely, can Maker force that every red 
degree falls into the short interval 3(1—) <degree< }(1+€) with e=«(n) > 0 
as n—> oo? 


Note that Krivelevich and his co-authors (see Alon, Krivelevich, Spencer, and Szabé 
[2005]) could solve the analogous problem for the fair (1:1) play, where both Maker 
and Breaker take 1 edge per move. In the (1:1) play Maker can force that, at the 
end, every degree in his graph is ¥ 5, in fact equals 5 + O(/nlogn). Switching 
from the fair (1:1) play to the biased (1:2) play, where Maker is the “under- 
dog,” led to some unexpected technical difficulties. This is how Problem 17.1 was 
raised. 

Our main objective in this section is to solve Problem 17.1, and to extend 
the solution from the (1:2) play to an arbitrary biased play. First we have to 
understand the “unexpected technical difficulties” caused by the unfair play. The 
fair (1:1) play is easy, and it was covered by Theorem 16.1; for convenience it is 
recalled here. 
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Theorem 16.1 Let F be an arbitrary finite hypergraph, and let € withO < € <1 
be an arbitrary real number. There are 2 players, Balancer and Unbalancer, 
who play the (1:1) game on F: they alternate, and each player takes 1 new 


point per move. Unbalancer’s goal is to achieve a majority: he wins if he owns 
> ite 
= 32 
criterion: if 


art of some A € F; otherwise Balancer wins. Here is a Balancer’s win 
P : 


y (1+e)*1—e) ey 1, (17.1) 


AcF 


then Balancer, as the first player, has a winning Strategy. 


For later purposes it is necessary to briefly recall the proof. Assume that we are 


in the middle of a play: unbalancer already occupied u,, u,,...,u, and Balancer 
occupied b,, b,,..., b,; t is the time parameter. Write U(i) = {u,, u5,...,u,}, BO = 
{b,, by,..., b,}, and consider the “one-sided” potential function 
P,= y qe. e)4UOl- FA (y a e)4NBO- “3 14l (17.2) 
AcF 


which is very sensitive (“exponentially sensitive”) to Unbalancer’s lead. The core 
idea, which is taken from the Erd6és—Selfridge proof, is that Balancer can force the 
monotone decreasing property 


80 Pyar = Po =P. 


start end: 


If Unbalancer wins, then by (17.2) we have P.,,q => 1; on the other hand, by 
hypothesis (17.1), Pear = Po < 1, which together imply Balancer’s win. 


If Balancer works with the “symmetric” potential function 


=>) (« + 6) 40U0I- SF 14 — 2408 O- SPA 
AcF 


Aes EAB FAI Cy - gine 2) (17.3) 


instead of the “one-sided” P, in (17.2), then the same proof gives the following 
refinement of Theorem 16.1. 


Theorem 17.1 Let F be an arbitrary finite hypergraph, and let ¢ withO < é <1 
be an arbitrary real number. Balancer and Unbalancer alternate, each player takes 
I new point per move. If 


¥ (Ate)! eyhey tl? <2 


> 
AcF 2 


(17.4) 


then Balancer, as the first player, can force that, at the end of the play, for every 
A €Ff, Unbalancer’s part in A is between Al and He lAl. 
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Let us apply Theorem 17.1 to the star hypergraph of K,,: the hyperedges are the 
n stars (each star has n—1 edges), so F is an (n—1)-uniform hypergraph with 


|F| =n. By choosing 
i clogn 
€=,/ —— 
n 
with some unspecified (yet) constant c > 0, criterion (17.4), applied to the star 


hypergraph of K,,, gives 


ye (1 +e)!t*(] = Byhsey sete =ne ((1+e) log(1+¢)+(1—e«) log(1 e)) "51 
AcF 


= new ((lte)(e— FE )+(1-0)(-e- F =) 5 


(e2+0(e3)) n=l = 


te elo 7(1+O(e)) = ni 20406) 


which is less than 1/2 if c > 2 and nis sufficiently large. Thus Theorem 17.1 applies 


with 
(2+0(1))logn 
é=,/ —————_, 
n 


and yields the following solution of the fair (1:1) version of Problem 17.1: Maker 
(as Balancer) can force that, at the end of the play, every vertex in his red graph has 


a "| af nlogn (17.5) 
egree = G 
Bre ISOC) 


Note that the proof of Alon, Krivelevich, Spencer, and Szab6 [2005] was somewhat 
different, but they also used an Erd6s—Selfridge type argument. 

Now we explain how to modify my proof of (17.5) (“(1:1) game”) to solve 
Problem 17.1 (“(1:2) game”). 

Assume that we are in the middle of a play in the (1:2) game played on an 
arbitrary finite hypergraph F: Balancer already occupied B(t) = {b,, by, ..., b,} and 
Unbalancer occupied the twice as large set U(t) = ful”; i Tan i, eens ul), ur} 
(t is the time). To compensate for Balancer’s 1:2 handicap, it is natural to introduce 
the following “asymmetric” version of potential function (17.3) 


v= (« 4 Eyanv@l- 48141 — gylABOl- S8lAL 
AceF 3 


+ (1+ 5) ABO $8141 — ee). (17.6) 


Why did we call potential (17.6) “natural”? Well, because both (17.3) and (17.6) 
are motivated by the so-called “Probabilistic Method.” Indeed, assume that the 
points of hypergraph F are colored blue and yellow (blue for Balancer and yellow 
for Unbalancer) randomly: Pr[a given point is blue]= p and Pr[a given point is 
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yellow|= g = 1 — p; the points are colored independently of each other. Potentials 
(17.2) and (17.6) correspond to p = 1/2 and p = 1/3, respectively. Let A € F be 
an arbitrary hyperedge; with |A| = we have 


Pr[at least(1+ €)p part of set Ais blue] = > (j,)ora =p 
b: b>(1+e)pn b 
n 
aw (1+e)pn t= n—(I+e)pn 
(iseypn)?r-— 


(2)" : pite)pn(] a py'—“+e)pn 
(atom (sateen) 0" 
e 


2 


é 


—(-ep/glAla 
=(1+e)O)lAlp (1 = e°) : 


q 
(17.7) 
and similarly 
Pr[at most(1—e)p part of set Ais blue]= > (j)ora —p)"? 
b: b<(1—e)pn 
Pp —CU+ep/ Ala 
Ss ge) (-alAle (1 he of) 
q 
(17.8) 


Note that in both (17.7) and (17.8) the approximation ~ is defined in the weak sense 
as in the weak form of the Stirling’s formula M! ~ (M/e)™”, where for simplicity 
we ignore the logarithmic factors. 

Notice that (17.7)-(17.8) with p = 1/2 motivates potential (17.3), and (17.7)- 
(17.8) with p = 1/3 motivates potential (17.6). 

It has just been explained why potential function (17.6) is a perfect candidate 
to work with, but here comes the “unexpected technical difficulty” mentioned at 
the beginning: unfortunately, potential (17.6) cannot work! Indeed, a hypothetical 
success of potential (17.6) would lead to the following analogue of Theorem 16.1 
(‘“H(?)” stands for hypothetical). 


Theorem H(?): Let F be an arbitrary finite hypergraph, and let €, withO < € <1, 
be an arbitrary real number. Balancer and Unbalancer alternate: Balancer takes 
1 new point per move and Unbalancer takes 2 new points per move. If 


se ((1+8) "a-9#)  =00, (17.9) 


AcF 
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then Balancer, as the first player, can force that, at the end of the play, for every 
A€f, his part in A is strictly more than i |Al. 


Now here comes the bad news: Theorem H(?) is false! Indeed, if F is n-uniform, 
and ¢ = 1, then criterion (17.9) simplifies to 


|F| = 0((3/2)"). (17.10) 


Here is a counter-example: consider two disjoint copies of hypergraph F*. 


eR oe OR ee Se ee 


Notice that hypergraph 7* arises from a binary tree of n/2 levels, where each vertex 
is replaced by 2 points. The winning sets of F* are the 2”/? full-length branches. 
Playing on 2 disjoint copies of hypergraph F*, Unbalancer, as the second player, 
can always occupy a full-length branch in 1 of the 2 copies of F*. This violates 
the statement of Theorem H(?) with ¢ = 1. On the other hand, in view of the trivial 
inequality 

2|F*| = 2-2" < (3/2)" (17.11) 


criterion (17.8) applies, which is a contradiction! (Note that inequality (17.11) is 
obvious from the numerical fact /2 = 1.414 < 3/2 = 1.5.) This contradiction “kills” 
Theorem H(?). 


2. Forcing the Decreasing Property. The failure of Theorem H(?) is the first 
indication of the kind of unpleasant technical difficulties that we face in biased 
games (for more examples, see Chapter VI). The collapse of Theorem H(?) forces 
us to abandon potential (17.6). We are looking for a “good potential” in the following 
more general form 


€\ |ANU()) |= 42 |Al = 
w=>((14 5) ries) a 


AcF 
_2ce 
a (1 a ie z Al fa + eyesore), (17.12) 


where both parameters y = y(€) and 6 = 6(e) will be specified later in terms of ¢; 
note that both are between 0 and 1. “Good potential” precisely means the Decreasing 
Property; how can we achieve the Decreasing Property? Balancer’s (t+ 1)st move 
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is b,,, and Unbalancer’s (f+ 1)st move is the point pair re ieee how do they 
affect (17.12)? We clearly have 
é 1 é +7,.2 
Wir =W,—¥- Wi (ba) + 2° Wi (utes) 25 2° W, (Cs 


ey 
9: 


ayy, €&Y 


Wr (digi u Uys) 2 Wi (Bist Tae) 


oa E = 1 éE a 2 
+8-We Bis) — 5° We Min) — 5 We (eh 


£6 1 66 
a 3 WwW, (Diy. u lies ms 2 WwW, (Gait. a 
CPi ee NOb aie 2 2) 
+ 4 , W, (Oi; U41) ere We (B,41,4 Uig> Uppy), (17.13) 


where for an arbitrary point set Z 


_2ts 
2 a (Al c= y)l4nsol- SAI (17.14) 


wiZ= Yo (145 
AcF: ZCA 2 
and 


|ANU()|= 2521 AI 
=) (17.15) 


Wes. do dao ‘141 (1 — 


AceF: ZCA 


The following inequality is trivial from definitions (17.14)-(17.15) 


we (u\? ee we (ue) 
+ () u? +7, () | (2) 1 +1 
Wr (B45 Ui Ma) S We ig Ma) S : 5) ; 


Applying this trivial inequality in (17.13), we have 


6 € & 
War SMV Wat (SE) WU) + (S+ =) Whe + 


2 aoe 2 25 
OW ()-($-5-* 2) wee - (5-5-2) wea, : 


8 8 2 8 8 
(17.16) 
Inequality (17.16) motivates the following choice of parameters y and 6: let 
cael ge (17.17) 
=2(-+—)=e+— F 
RONG! og 4 
and 
e & 8&6 & 6&6 
6=2 =e ; 
2 8 8 4 4 
or equivalently 
E _ 2 
6= e, (17.18) 
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In view of (17.17)-(17.18), we can rewrite (17.14) in the following more transparent 
form 


1 
Warr S Wi Bibra) + 58Hules) + 58,42), (17.19) 


where for every unoccupied point z we define the function (see (17.14)-(17.15) 
and (17.17)-(17.18)) 


8,(z) = y- W, (z) —8- W, (2). (17.20) 


Since pole chooses his (t+ 1)st point b,,, before Unbalancer’s (t+ 1)st point 
pair u' Kee U, ae Balancer can choose the “best” point as follows: Balancer chooses 
that unoccupied b,,, = z for which the function g,(z), defined in (17.20), attains its 


maximum. Then 
1 1 2 
8 (D441) a 58i(ure) =. seu = = 0, 


which, by (17.19), implies the desperately needed decreasing property: W,,, < W,, 
assuming, of course, that Balancer chooses the “best” point. 

Now we are ready to replace the false Theorem H(?) with a correct statement! 
The decreasing property gives W,,,, < W. and trivially 


start? 


Weare = Wotan = Xu ((« + sy - yay + (( +8) — sey) 


(17.21) 
On the other hand, if at the end of ne play (let B,,,, denote Balancer’s part) either 
|AN Benal| = He /Al or |ANB.,,a| < =*|A| holds for some set A ¢ F, then W,,,, > 1, 
because in sum (17.12) there is a siisle term > 1. 
Therefore, if we assume that the sum in (17.21) is less than 1, then W,,,, < 1, 
proving the following result. 


Theorem 17.2 Let F be an arbitrary finite hypergraph, and let ¢ be an arbitrary 
real number with 0 < € < 1. Balancer and Unbalancer play the (1:2) game: they 
alternate, Balancer takes I new point per move and Unbalancer takes 2 new points 
per move. If 


Lte\ —IAl 
3 


5\ 2 2\t\ ey see 
ye ( (14 me é ) +{ (1-5) ° (1+—4 <1, 
£((9" (8) )"s(0-9" 


(17.22) 
then Balancer, as the first player, can force that, at the end of the play, for every 
A€éf, his part in A is strictly between a |A| and ie |Al. 


The proof argument requires 1—e— = > 0, so the range for € is0<eé< 
2(/2 — 1) = .828427. 
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Theorem 17.2 is an “ugly” result, but it is very useful: it immediately solves Prob- 
lem 17.1 (mentioned at the beginning of the section). Indeed, we apply Theorem 17.2 
to the “star hypergraph” of K,, with 


clogn 
—— 


> 


n 


where c > 0 is an absolute constant (to be specified later). The “ugly” criterion 


(17.22) gives 
+(- Nes (1+6-$+00) ") 


E((o+s* (0-4) )] 


—((2+e) log(1+e/2)-+(1—e) log(I—e—e?/4)) + 


-Al —lAl 


NI 


=ne 
ae new (2-8) log(1—e/2)+(1 +e) log(1+e—e7/4+0(e3))) "54 
—((2+e)(e/2—€7 /8+O(e*))+(1—-e)(—e—3e” /4+-0(e3))) 454 


=ne 


4 nen (O-#)-#/2-#2 8+ (68) +(1 +0) 6362 /44+-0(68))) 4 


— neve /24+0l@)) "5 + nen (2 /2+0(e) = 


= G14 0l8))_ 


which is less than 1 if c > 6 and n is sufficiently large. So Theorem 17.2 applies, 


with 
2 {Sroteen (17.23) 


and gives the following: in Problem 17.1 underdog Maker (as Balancer) can force 
that, at the end of the (1:2) play, every vertex in his red graph has 


n € 2 
degree — 3 <sn= 3 + o0(1) ) nlogn; (17.24) 
that is, we get the same strikingly small “error term” O(,/nlogn) as in the fair 
(1:1) case (17.5). 


Theorem 17.3 Problem 17.1 (formulated at the beginning of this section) holds 


with 
(6+ 0(1)) logn 
é=e(n)= >Oasn— oo. 
n 


We will see another application of Theorem 17.2 in Section 33. 

In the proof of Theorem 17.2, it was explained why the simpler potential (17.6) 
cannot work. Nevertheless, if € is “small,” as in our application (17.23) in the proof 
of Theorem 17.3, then by (17.17)-(17.18) 
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& e—& 
YEE wend. o= 


so the successful potential (17.12) is almost the same as the failure (17.6). This 
means, the “probabilistic intuition” turned out to be more or less correct after all. 


3. Random play. The probabilistic analogue of Problem 17.1 is a routine question 
in Probability Theory. An easy calculation gives that, in a Random Graph R(K,,; p) 
with edge probability p (let g = 1— p) 


Pr [every degree is between (n — 1)p+(A+0(1))./npq] = 1-0(1), 


where A = A(n) comes from the equation el? = 1/n, i.e. A= ./2logn. Of course, 
the function e~’/? comes from the Central Limit Theorem. With p= 1/2, we get 


the bounds 


n—-1 1 1 on nlogn 
; +V(2+0(1))logn/n- 5-5 = 5+ aera (17.25) 


7 * VOTO Togn | 5-5 = Ft (5 +0(1)) Valogn, (17.26) 


Notice that (17.25) is exactly the game-theoretic upper bound (17.5), but (17.26) 
is weaker than (17.24) — indeed, 2/3 < ./2/3 — due to the fact that potential 
(17.6) didn’t work, and we had to switch to the slightly different (17.12) with a 
“second-order” difference. 

In spite of this minor “second-order” difference, we still refer to our potential 
technique as a “fake probabilistic method.” 


and 


4. Non-uniform case. Let us return to Problem 17.1: it was solved by applying 
Theorem 17.2 to the star hypergraph of K,,. The star hypergraph is a particular 
(n — 1)-uniform hypergraph F = F(K,,) with |F| =n; what happens in general, 
for an arbitrary hypergraph F with |F| =n and max,.,|A| <n? Well, in the non- 
uniform case we have to be careful: we have to modify the proofs of Theorem 17.1 
and Theorem 17.2 in such a way that parameter € is not fixed anymore, the value 
é,; does depend on the size |A;| as A; € F. 

First we discuss the non-uniform analogue of Theorem 17.1, i.e. we study the fair 
(1:1) case. Let F = {Aj, Ap,..., Ay}, and asumme that n > |A;| > (logn)? holds 
for every A; € ¥. The only novelty is to work with 


| log N 
= Q+o(I)Tar 1<i<N 
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instead of a fixed €; by repeating the proof of Theorem 17.1 with these ¢,;s, we 
obtain: 


Theorem 17.4 Let F be a hypergraph with |F| = N and n> |A| >= (logn)? for 
every A; € F. Balancer and Unbalancer play the (1:1) game: they alternate, and 
each player takes 1 new point per move. Then Balancer, as the first player, can 
force that, at the end of the play, his part in every A; € F is between 


T+ é; |A l |A,| 1 ie (1) |A r N 
= + = -| 10 . 
aS fal s ae Ne 


In the special case |F| =n and max,.,|A| <n, Theorem 17.4 gives the “error 
term” ,/nlogn/2. Note that Székely [1981] proved a much weaker “error term” 
O(n? (log n)'/) — he was not careful. 

The “error term” O(,/nlogn) is best possible. To prove this we will give a 
hypergraph F with |F| =n and max,.,|A| <n such that Unbalancer can force a 
lead of size af nlogn. We need a slight generalization of the “ugly” Theorem 16.4 
from the previous section. In Theorem 16.4 we assumed that the hypergraph is D- 
regular (i.e. every point has degree D), because this condition automatically holds 
in the application (““Székely’s Problem 3’). The same lower bound works under the 
more general condition that every degree is > D (instead of equality). 


Theorem 16.4’ Let F be an arbitrary n-uniform hypergraph, let D, = D,(F) 
denote the Max Pair-Degree. and let D denote the minimum degree of F. Playing 
the usual (1:1) game on F, at the end of the play Maker can always occupy at 
least 


D 
n_ log (tie) 


2 2,/2log(D/D;) 


points from some A € F. 


Assume we have an n-uniform hypergraph F, with |F)| =n, minimum degree 
D=n'/?+), and Max Pair-Degree D, = n°), An application of Theorem 16.4’ to 
this hypergraph gives an Unbalancer’s lead > iV nlog n, proving the sharpness of 
the “error term” O(,/nlogn). 

The existence of the desired hypergraph F) can be proved by a routine application 
of the “Probabilistic Method.” Indeed, let X be a set of size n*/”, and let A, be 
a “random subset” of X where the “inclusion” probability is p= n7'/? (i.e. every 
x € X is included in A, with probability p, and these decisions are independent). 
Repeating this random construction independently n times, we get a hypergraph 
Fy = {A;, A>,...,A,}, where every hyperedge A; © |X|p =n, every point x € 
X has Fy-degree ~ np = n'/?, and every point pair x,,x) (x, # x») has pair- 
degree + np’ = 1. It is very easy to make this heuristic argument precise; the 
details are left to the reader. 
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5. General Biased Case. Theorems 17.2—-17.3 were about a particular underdog 
play: the (1:2) play. The proof can be extended to the most general biased case 
as follows. Consider an arbitrary (p : g) Balancer-Unbalancer play on an arbitrary 
finite n-uniform hypergraph F. Assume that we are in the middle of a play, “t” is 
the “time,” Balancer owns the point set 


I 1 1 
BOSE eb Decay Be duis be tebe 
and Unbalancer owns the point set 
1 1 1 
ua) ={,.... 1 (@) Ou}, 


p Uy Uy 5.00 y Uy yong Uy 


We are going to work with the following potential function 


W.= 0 (« + ex) AW Fea lAl Cy _ IANO FeAl 
AcF 


Ee ee py4nvel- pra lAl( - 5) /ANBOI- rata), 


with 4 unspecified (yet) parameters a = a(e), B = B(eE), y= y(e), 6 = O(e) (they 
are all between 0 and 1). 

The effect of the (t+ 1)st moves are 85 pe and fies eg Bra in W, is 
the following 


q ’ 
Wii =Wtad wr ytar? Yo welt, ul?) 


j=l ISji<hsq 


P ? 
—yewroeytyr Yo wrt, uw? 


i=1 l<i, <in<p 


-ay Eww, by See 


j=l i=1 


q 
—BY Wr UP) +R Wee? uw) 
j=l 


Isji<psq 


P ; 
+50 W, (FE We (ul ul?) 


i=1 1<i, <ip<p 


q p 
— BSW Up os, (17.27) 


j=li=l 


where for an arbitrary point set Z 


WE Zy an SP (1+. a)!40UOl Fall — y)AnBiol- P= IA 


AéeF: ZCA 
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and 
qr-eé pte | Al 


WriZyss on — py Arvo Fall cy 4 §yArBOl- pte 


AceF: ZCA 


We delete all the negative terms on the right-hand side of (17.27) except the 2 


linear terms with “coefficients” “—y” and “—B” 


Wr Wit aw )ta? Yo wit(ul, uf 


j=l ISji<p<q 


yw (bo) +7 wr wel) te 


i=1 1<i, <in<p 


BY WoW) +8 Wea) 


ISji<hsq 
P ; ; 
+50 W, (OY) +E Wl E+. (17.28) 
i Si <in<p 


The following inequalities are trivial from the definition 
Wrz) + We (22) 
2 ? 


We (ii zs%3) = eles we) es ; 


Wr (21,22) S 


and so on. Applying these trivial inequalities in (17.28), we obtain 


1 
Wear MEL W PUL (k 5g Na+ Oa + O19") ) 


j=l 


tt 


- DWH) (y- 50- D+ 007 +O(0a7) 


= we wl) (B- (4-6 + 017 )B + O(na)6"9) 


tt 


P . 1 
+ WP ON )(3+ 5p— 18+ 0197/8" + OF)B°D).—_ (17.29) 
We require the 2 equalities 
1 
a a+ 5(4~ 1)a° + O(@)a° + O(9?)a9*) = 


= (7-50-4074 00Mer) (1730) 
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and 


o(B- (4-18? + 0(4')B' + O(pa)6") = 


= (8+ 5(P— 8+ 0(0")8" + 07) 8"): (17.31) 


notice that the common value in (17.30) is denoted by o and the common value in 
(17.31) is denoted by 7. 

Under the conditions (17.30)-(17.31), we can rewrite (17.29) in a more 
transparent form 


ee ey ee 
Wier Wit Yo flues) — — Yo fbi), (17.32) 
j=l P izi 
where 
f(z) =a0-W*(z)—T-W (z). 
If Balancer is the first player, then his (t+ 1)st move {bes ee bey comes before 


() u \. If Balancer first chooses the smallest 


Unbalancer’s (t+ 1)st move {u).,,---5 U;iy 
value of f(z), followed by the second smallest, and then the third smallest, and so 
on, then 


max f(bj!},) = min flu;?), 
implying 

db pS os ls ay td 

= pa Carey) Ss Di Gas ’ 

P jzi q j=1 


so by (17.32) we obtain the critical decreasing property W,,, < W,. 
The decreasing property gives W,,,7 < Woan = Worangs and trivially 


Waionk = |F | (a a a)tt*(1 = Merny eee a. (1 — B)t*(1 af. ye) 
(17.33) 
On the other hand, if at the end of the play (let B,,,, denote Balancer’s part) either 
IAN Benal = eat or |AN B.,,a| < an holds for some set A € F, then W,,,, > 1 
(because there is a term > 1). 
Therefore, if we assume that the sum in (17.33) is less than 1, then W.,,4 < 1, 


proving that Balancer can guarantee 


é 
eae IAN Beal za 
ptr pt 


p-é 
n forall Ae Ff. 
q 


It remains to specify parameters a = a(e), B = B(e), y = y(€), 6 = 4(e). The 
goal is to optimize either base in (17.33) 


(l+a)**(1—y)P® and (1—B)**8(1+.8)?**. (17.34) 
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First we go back to requirements (17.30)-(17.31); an easy calculation shows that 
(17.30) is equivalent to 


1 -1 
ae ~(«- fg + o1o°)). (17.35) 
q 2q 
1 p-l1, P 
y=—(o0+  —o' +O(o°) }, (17.36) 
P 2p 
and (17.31) is equivalent to 
1 q-l1, 3 
B=-|7t+——74+0(7r) }, (17.37) 
q 2q 
1 pl, 3 
6= —( r- 7 +O(7r) }. (17.38) 
P 2p 


Taking the logarithm of the first terms in (17.34), and applying (17.35)-(17.36) we 
have 


(q+) log(1+a)+ (p—e)log(1— y) 


= (g-+6)log(a— 50° + O(a°)) —(p—e)loa(y + 57° + OY) 
= see el ere eee ca eT 
=+e(<(o aq a + O(a )) ;(<) +O(a )) 
1 Deak 3 3 I(o 7 3 
(p a(- (+ ap a +O(a +5 (2) + Oly )) 


=—9? 408 (224) + 0(o°). (17.39) 
Pq 


The maximum of the quadratic polynomial 


e(p+q) 


g(a) = —o’ +06 (224) is attained at o= 
Pq 2pq 


and the maximum value itself is 
»_ &(pt+q) 
oO. = 
4p?q? 
Similar calculations work for the second term in (17.34). 
Returning to (17.33) we obtain the following criterion. If 


ie (tens oe yn) > 2/71, (17.40) 


4p?q? 
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then Balancer can guarantee that, at the end of the play his part in every A € F is 


between pp =e 
Bee nd ey (17.41) 
pt+q pt+q 

This implies: 


Theorem 17.5 Let F be an arbitrary finite n-uniform hypergraph. Balancer and 
Unbalancer play the (p:q) game: they alternate, Balancer takes p new points and 
Unbalancer takes q new points per move. Then Balancer, as the first player, can 
force that, at the end of the play, for every A € Ff, his part in A is strictly between 


pte 
log |F| log |F| 
é€={|1+0{ pq,}/ —— ]} } 2pq,] ———_. 
( ( weet) \ (ptq)-n 


Applying Theorem 17.5 to the Degree Game on Ky (where the “stars” define an 
n-uniform hypergraph with n = N —1 and |F| = N), we can immediately extend 
Theorem 17.3 for the general case of (p: q) biased game (with arbitrary p > 1 and 
q= 1). 


6. A case of unexpected asymmetry: 1 direction is much easier than the other! 
In Theorem 17.5 Balancer can force that, for every winning set A € F, at the end 
of the play his part in A is strictly between ra lAl and Pa Al If Balancer just 
wants the lower bound > aalAl then there is a much simpler proof. We discuss 
this simpler argument at the end of Section 20 — see (20.33) in the Remark after 
the proof of Theorem 20.1. 


The simpler argument does not work for the upper bound. 
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A simple illustration of “randomness” (I) 


The subject of the book is to discuss the surprising “randomness” associated with 
some classes of games of complete information. The relation is indirect/motiva- 
tional; this is why we refer to our proof technique as a “fake probabilistic method.” 
The proofs of the main results of the book — the exact solutions — are long and 
difficult; it is easy to get lost in the technical details. It is very beneficial, therefore, 
to see some other illustrations of “randomness in games,” which have simple (or at 
least much simpler) proofs. 


1. Picker-Chooser Row Imbalance Games. The board is an n x k chess-board 
(k rows, each of length 7), a standard board, but the way the two players divide 
the board into two parts is not standard. It is not the Maker—Breaker play; the 
two players divide the board into two halves in the “Picker—Chooser way,” mean- 
ing that in each turn Picker picks two previously unselected little squares on the 
board, Chooser chooses one of them, and the other square goes back to Picker. 
Chooser marks his squares with letter “C” and Picker marks his squares with 
letter “P.” 


k=7 rows 
n=22 columns 


This is a Row Imbalance Game: one player wants a large “discrepancy” in a row. 
In other words, one player, called Unbalancer, wants a row where the number of 
Ps differs from the number of Cs by a large amount (we take absolute value!). For 
example, on the picture above, in the 3rd row we have a discrepancy of 3. The 


opponent of Unbalancer is called Balancer: his goal is to minimize the maximum 
row discrepancy. 
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There are two versions: (1) Picker is Balancer, (2) Picker is Unbalancer. Observe 
that the first version (1) is trivial. Indeed, if Picker proceeds “row-wise” (i.e. first 
taking pairs from the first row, and when the first row is exhausted, taking pairs 
from the second row, and when the second row is exhausted, taking pairs from the 
third row, and so on), then, at the end of the play, the maximum row discrepancy 
is 0 or 1 depending on the parity of n (Chooser’s strategy is irrelevant). 

The second version (2) is not trivial; we call it the Picker-Chooser Row Imbalance 
Game on an n x k board (k rows), where Picker is Unbalancer. Let D(n, k) denote 
the maximum row discrepancy that Picker can achieve against a perfect opponent. 
How large is D(n, k)? 

First we discuss the case when k is much smaller than n, like k = 10 and n = 1000. 
We show a heuristic argument, which seems to prove that Picker can achieve a 
row-discrepancy > |k/2| if k is much smaller than n. Here is the argument: if 
during the whole play every row has a row-discrepancy < |k/2], i.e. if every row- 
sum (meaning: the number of Ps minus the number of Cs) is between —|k/2| +1 
and |k/2| —1, then by the Pigeonhole Principle there is always a pair of rows with 
the same row-sum: 7; (j) = r;,(j). In other words, after the jth turn, the i,st and the 
ind rows (i, 4 i,) have the same row-sum. Then, assuming the i,st and the i,nd 
rows both still have unmarked squares and Picker picks 1 unmarked square from 
each, the “game-theoretic variance” 


k 
Vi= LY (18.1) 
i=l 
increases by two 
Vir -Vi= (7, (j)+1)°+ (7, () +1 = (7, @y- (7;, (j)) =2. 
This way V.,.g = Vixj2 = nk, implying that at the end there exists a row with row-sum 
r, where r? > n, ie. |r| > /n>k/2 if n> k?/4. 

This argument repeatedly used the assumption that “there are two rows with equal 
row-sums such that both rows have unmarked squares.” How can we guarantee this 
assumption? A simple way to save the argument is to replace k/2 by k/4: we show 
that Picker can always achieve a row-discrepancy > |k/4| if k is much smaller 
than n. Indeed, if during the whole play every row-sum (the number of Ps minus 
the number of Cs) is between —|k/4| +1 and |k/4| —1, then by the Pigeonhole 
Principle there are always less than k/2 rows with multiplicity-one row-sum value. 
Assume there are / distinct row-sum values, and let m, < m, <--- < m, denote 
the multiplicities in increasing order. Let m; = 1 <2 <mj,,; then j < k/2 and 


mj. +++++m, > k/2. The only reason why the “game-theoretic variance” does 
not increase by 2 is that there are at least 


Mtr +m, k/2 k 
(mj) —1) +--+ (m—1) = 2 CD A 
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“full rows,” meaning at least nk/4 marked cells. It follows V,,.,, = nk/4, implying 
that at this stage of the play there exists a row with row-sum r, where r? > n/4, 
ie. |r] > /n/2 => k/4 if n> k?/4. We have just proved: 


Theorem 18.1 (a) The maximum row-discrepancy D(n, k) => |k/4| if n> k?/4. 


Next consider the opposite direction: How well can Chooser balance the rows? Here 
is a very simple balancing strategy. If the pair of squares that Picker picks to choose 
from are in the same row, then Chooser’s move is irrelevant. The relevant moves are 
those where the 2 squares are from 2 different rows, say, from the ith row and the 
jth row where | <i < j <k. For every pair {i, j} with 1 <i < j < k Chooser follows 
a fixed alternating +,—,+,—,--- pattern in the sense that, whenever Picker’s last 
move gives the {i, j} pair, Chooser acts according to the next sign in the alternating 
- sequence: + means Chooser chooses the ith row and — means Chooser chooses 
the jth row. This way the discrepancy in a fixed row, say, the ith row, is estimated 
from above by the number of pairs {i), j}, which is clearly k— 1. Thus we get: 


Theorem 18.1 (b) The maximum row-discrepancy D(n,k) < k. 


Theorem 18.1 (a)-(b) shows that the discrepancy function D(n, k) is basically linear 
if k is very small compared to n. If n is fixed/large and k increases beyond ./n, then 
the function D(n, k) “slows down” and picks up a completely different “square-root 
like behavior” — this is the message of the following result. 


Theorem 18.2 The maximum row-discrepancy D(n,k) < ./(2+0(1))nlogk. 
(Notice that we can assume k > /n, since otherwise Theorem 18.1 (b) beats 


Theorem 18.2.) 


Comparing Theorem 18.2 with Theorem 18.1 (b) we see a “phase transition” in 
the evolution of the Row Imbalane Game as k goes beyond ./n: a simple “linear” 
game becomes more complex. 

Theorem 18.2 is a very simple special case of the much more general: 


Theorem 18.3 Let F be an arbitrary finite hypergraph, and let € withO<eé< 1 
be an arbitrary real number. Consider the Picker—Chooser play on F (i.e. in each 
turn Picker picks two previously unselected points, Chooser chooses one of them, 
and the other one goes back to Picker). Assume that Chooser is Balancer. If 


2 1 

y- (Gay aaa) "= =, (18.2) 
AcF 2 

then Chooser (as Balancer) can force that, at the end of the play, for every A€ Ff, 


his part in A is between +5*|A| and 42|Al. 


Notice that Theorem 18.3 is the perfect analogue of the Maker—Breaker Theo- 
rem 17.1. The proof is basically the same: Chooser always chooses the “better 
point” (from the pair offered to him by Picker to choose from) according to the 
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potential function defined in the proof of Theorem 17.1. The reader is challenged 
to check the details. 

Let us apply Theorem 18.3 to the row hypergraph of the n xk board: the 
hyperedges are the k rows, F is an n-uniform hypergraph with |F| =k. By choosing 


[clogk 
Poet eas 
n 


with some unspecified (yet) constant c > 0, criterion (18.2), applied to the row 
hypergraph of the n x k board, gives 


> ((I+e)'t*(1 ar) a = ke ( 


AEF 


=~ 


1+e) log(1+e)+(1—«) log(1—e)) $ 


= fe (tele Fe) H(I-e)(re- FF 


= fe (+0 ))3 — pe “FEI+ Ole) — ki S04 0(e)) 
which is less than 1/2 if c > 2 and k is sufficiently large (we can assume that 
k > ./n, since otherwise Theorem 18.1 (b) beats Theorem 18.2). So Theorem 18.3 


applies with 
/(2+0(1))logk 
€ = ,/ —————__, 
n 


and yields the following row-balancing: Chooser (as Balancer) can force that, at 
the end of the play, every row-sum has absolute value < \/(2+0(1))nlogk. This 
proves Theorem 18.2. 

In the symmetric case k = n Theorem 18.2 gives the upper bound 


D(n) = D(n, n) < J (2+ 0(1))nlogn. 


How good is this upper bound? Well, we are going to see that ,/n log n is the correct 
order of magnitude (but not the correct constant factor). In fact, the following three 
results will now be proved: 


Theorem 18.4 Jn the n x n Picker—Chooser Row Imbalance Game: 


(a) the maximum lead that Picker (as Unbalancer) can force is around ,/nlogn; 
(b) the L,-norm of the leads over the n rows is around ./n; 
(c) the maximum shutout that Picker can force in a row is exactly |log, n]. 


Of course, we have to define the concept of shutout (see (c)). The maximum 
shutout is the largest lead that Picker (as Unbalancer) can achieve in a row in such 
a way that Chooser has not yet put any mark into that row. Moreover, the vague 
term of “around” in (a)-(b) means “apart from a constant factor.” 

Let us return to the shutout. On the diagram below, Picker has a shutout of 3 in 
the 5th row: Picker has 3 marks and Chooser has none. 
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Notice that the “3” comes from the exponent 8 = 2? of the board size. In general, if 
n > 2°, then Picker can force a shutout of s as follows: first Picker picks 2°~! pairs 
from the first column, and throws out the rows with “C”; he then picks 2°? pairs 
from the second column, and throws out the rows with “C”; he then picks 2-3 pairs 
from the third column, and throws out the rows with “C”; and so on. This proves 
one direction of (c); the other direction is left to the reader as an easy exercise. 

Theorem 18.4 (a) shows that the max-lead is much larger than the max-shutout. 

Before proving Theorem 18.4 (a) and (b), we will formulate another result (see 
Theorem 18.5 below) and compare it with Theorem 18.4. This new result is about 
the first variant where Picker is the Balancer. The first variant is trivial for the Row 
Game (Picker can force row-discrepancy < 1), but the Row—Column version is far 
from trivial: the maximum discrepancy jumps from 1 to ./n. We are going to prove 
the following precise result. 


Theorem 18.5 In the n x n Picker—Chooser Row—Column Imbalance Game where 
Chooser is the Unbalancer 


(a) the maximum lead that Chooser (as Unbalancer) can force is around ./n; 

(b) the L,-norm of the leads over the n rows and n columns is around /n; 

(c) the maximum shutout that Chooser can force over the 2n lines (n rows and n 
columns) is < 3. 


2. Phantom Decomposition. What kind of intuitive explanation can we give for 
Theorems 18.4 and 18.5? Well, the case of Theorem 18.4 is self-explanatory: a 
standard “random model” predicts the 3 statements (a)-(b)-(c) surprisingly well. 
What we mean by a “random model” is the Random 2-Coloring of the n? little 
squares of the n x n board. Of course, the little squares are 2-colored independently 
of each other, and each color has probability 1/2. In view of the Central Limit 
Theorem, the maximum row-discrepancy is around ,/nlogn (see (a)), and the 
L,-norm of the n row-discrepancies is around the standard deviation ./n (see (b)). 
Notice that in (a) the extra factor ./logn comes from the inverse ,/logx of the 
familiar function e~ in the integral form of the normal distribution. 

These “explain” (a) and (b), but (c) is even simpler. Indeed, if we color the little 
squares sequentially, then the “pure heads” equation n-2~* = 1 has the solution 
x = log, n, which “explains” (c). (The precise proof of (c) is trivial anyway.) 

Thus we can say: the standard “random model” successfully predicts Theo- 
rem 18.4, but what kind of “randomness” predicts Theorem 18.5? This is a 
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non-standard randomness that we call “local randomness.” What does “local 
randomness” mean? It requires a longer explanation. 

The hypergraph of 1 rows in the n x n board consists of disjoint hyperedges, 
but the hypergraph of 2n “lines” (n rows and n columns) has degree 2: every 
cell is covered by 2 “lines.” The Row-—Column hypergraph does not fall apart 
into disjoint hyperedges; nevertheless, my interpretation of “local randomness” 
assumes an imaginary “phantom decomposition,” where the hypergraph falls apart 
into n disjoint row—column pairs (see the diagram below), and Theorem 18.5 is 
“explained” by the randomization of a single row—column pair. 


' 


LI 


Phantom Decomposition of 5 x5 


Indeed, if we randomly 2-color a row-—column pair consisting of (2n — 1) 
little squares, then the row—column discrepancy is typically around the standard 
deviation ./n (see Theorem 18.5 (a)-(b)); also if we color the little squares 
sequentially, then the longest “pure heads” sequence starting at the corner has 
typical length O(1) (see (c)). 

In other words, my interpretation of Theorem 18.5 involves a non-existing “phan- 
tom decomposition,” meaning that the hypergraph of winning sets “pretends to fall 
apart into disjoint neighborhoods,” and we predict the game-theoretic outcome by 
“randomizing the largest neighborhood” (meaning: two random players are playing 
in the largest neighborhood, ignoring the rest of the hypergraph). 

Of course, this “Phantom Decomposition Hypothesis” is just an alternative 
interpretation of the Meta-Conjecture, but we find this new form very instructive. 

We have the symbolic equality: 


Local Randomness in Games = Phantom Decomposition Hypothesis = MetaConjecture 


3. The proofs. This concludes my interpretation of “local randomness”; we return 
to this issue later at the end of Section 19. It remains to prove Theorems 18.4—18.5. 


Proof of Theorem 18.4 (a). We now prove one-sided discrepancy, namely that 
Picker can force a lead of c,/nlogn in some row (c > 0 is an absolute constant). 

Notice that once a lead is established in the middle of a play, Picker can sustain 
it till the end of the play — by picking pairs from that row so long as he can — 
except of a possible loss of | due to “parity reasons.” 

The obvious problem with game-theoretic variance (let P,(j) denote the number 
of Picker’s marks and C;(j) denote the number of Chooser’s marks in the ith row 
after the j turn) 
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Vj = DU), where 7) =P) — CV) 


is that “squaring kills the sign,” and a large row-discrepancy is not necessarily 
Picker’s lead. We can overcome this technical difficulty by applying a trick: we 
replace variance V; above with the modified sum 


n 


Vy, (00 + **) , where (x)* = max{x, O}. 


i=1 


Write 0;(j) = (1 + ae we refer to 0;(j) as the modified ith row-sum (after 
the jth turn). 

One new idea is to work with the modified variance V; instead of Vi the second 
new idea is iteration: this is how we supply the extra factor ,/logn next to the 
standard deviation ./n. 

The iteration requires a more general setting: instead of the square-shaped n x n 
board we switch to a general rectangle shape m x k, meaning k rows of length m 
each. The corresponding “modified variance” is 


yey (009+ fy. 


+ 
we write 0,;(j) = (ni D+ ) for the modified ith row-sum (after the jth turn). 
The idea is the following: we divide the n x n board into logn sub-boards of size 
(n/logn) x n each, and accordingly the play is divided into logn stages. 


Shes ee a we che oy OBE 
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At the end of the first stage we find > n/2 rows in the first (left-most) sub-board, 
where Picker=Unbalancer has a lead © ,/n/ log n in each. In the second stage Picker 
moves to the second (left-most) sub-board; among the > n/2 “good” rows he finds 
> n/4 for which he can force an additional ~ ,/n/logn lead in each (altogether 
= 2,/n/logn). In the third stage, Picker moves to the third (left-most) sub-board; 
among the > n/4 “good” rows he finds > n/8 for which he can force an additional 


= ,/n/logn lead in each (altogether  3,/n/logn), and so on. We keep repeating 
this clogn times, which gives a total lead of 


clogn-/n/logn=c/nlogn. 


How to handle a typical stage; that is, what is Picker’s strategy in a sub-board? 
Consider a sub-board of size m x k, where m= n/logn. 


Case 1: There are > 2,/mlogm different values among the modified row-sums 
+ 

0) =(n+#B) i= 1.2.0k 

Then max; r;(j) > 2./mlogm—./m/8 => ./mlogm, and we are done. 


Case 2: There are > k/10 rows with 0;(/j) = 0. 
Then 

pa 6)) ie 
i:r;(j)<0 


and combining this with the trivial fact 7“, r,(j) = 0, we conclude 


~ n= 


irj(j)>0 


Then there is an integer r > 2 such that the lower bound r,(j) > r./m holds for 


k 
at least values of i. 
r 


Case 3: There are > k/10 rows which are fully occupied. 
Then, of course, j > km/20. 


Case 4: Neither one of Cases 1 and 2 and j < km/20. 

Then there are k—k/10 = 9k/10 rows with 0,;(j) => 1. Assume that there are 
exactly / different row-sum values, and the / values show up with multiplicities 
My, Mo, --+> My. We have ww, +o +---+ py, > 9k/10 and I < 2,/mlog m; for nota- 
tional convenience let w, < pb. <... < my. If k= 10./mlogm and j < km/20, then 
we can always find two rows with the same non-zero modified row-sum such that 
neither row is fully occupied yet. If Picker picks 1 new square from each one of 
these two rows, the modified variance V; increases by 2 in the usual way 


View = Vj + (041) + (OF 1) - 20° = VF +2, 
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so 


i=1 


km ; 7 k Jm +\ 2 
Vow = 2 ((nt0+ 2") , 


which implies that there is an integer r > 2 such that the lower bound r,(j) > r./m 


holds for at least a values of i. 


We summarize Cases 1-4 in a single statement: 


Lemma 1: Playing on an mx k board (k rows of length m each), where k > 
10./mlog m, Picker can force that, at some stage of the play: 


(1) either there is a row where Picker has a lead => ./m\og m, 
(2) or there is an integer r with logm > r > 2 such that Picker has a lead > r,/m 


in at least — rows. 
Pr 


Theorem 18.4 (a) follows from an iterated application of Lemma 1. Indeed, let 
m= n/logn,; in the first stage, played on the left-most sub-board, we have k = n. 
By Lemma | there are two cases: (1) or (2). If (1) holds, we are done. If (2) holds, 
there is an integer r, with logm > r, > 2 such that Picker has a lead > r,./m in at 


k ; ; ; 
least — rows, say, in the i,st row, in the i,nd row, in the i;rd row, ..., in the i, th 
r 


row, where k, > ai 
r 
In the second stage we move to the second sub-board; we keep the “good” rows 
i), 1, 13,---,%,,, and throw out the rest of the rows. This means we apply Lemma 1 


k 
to an m x k, board where k, > — and again m = n/logn. By Lemma | there are 


two cases: (1) or (2). If (1) holds, we are done. If (2) holds, there is an integer r, 
with log m > r, > 2 such that Picker has a lead > r,./m in at least 4 rows, say, in 
e 
the j,st row, in the j,nd row, in the j,rd row, ..., in the j,,th row, where k, > ue 
e) 

In the third stage we move to the third sub-board; we keep the “good” rows 

Jis Jos Jz +++» J» and throw out the rest of the rows. This means we apply Lemma | 

to an m xk, board where k, > 4 and again m = n/logn. By Lemma | there are 

2 

two cases: (1) or (2), and so on. Repeating this argument, at the end of the sth stage 

we have 

—— rows with Picker’s lead > (r; Hm +---+7r,)/m 


22 
Mg Ts 


ma 


in each. Lemma | applies so long as 


n 
sa < :10Vmlogm where m = n/logn. 
Tyg Ts 
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An easy calculation shows that the minimum occurs when 2=7r, =) =%=---, 
implying a Picker’s lead 


> c,/mlogn = c,/n/lognlogn=c,/nlogn. 


This completes the proof of Theorem 18.4 (a). 


The proof of Theorem 18.4 (b) is easy now: Chooser can trivially guarantee the 
upper bound 
Vea DGG) Sa Fa eng 
i=l 

Indeed, if Picker’s two little squares are in the same row, then always V;,, = Vj. If 
Picker’s two little squares are in two different rows i, and i,, and the row-sums are 
equal: r; (j) = r;,(j), then there is always an increase by 2: V,,, =2+ Vj. Finally, 
if Picker’s two little squares are in two different rows i, and i, and the row-sums 
are different: r; (j) 4 7;,(j), then Chooser can force V;,; < V;. So the L-norm is 
bounded from above by 


r 1/2 
(* Sn) <Vijn= Vi 


if Chooser plays rationally. 
The other direction is trivial from the proof argument of Lemma 1. Indeed, 
repeating the proof of Lemma | we can prove the following: 


Proposition: Playing on an nxn board, Picker can force that, at some stage of 
the play: 


(1) either there are at least n/10 different positive row-sum values, 
(2) or there is an integer r >2 such that Picker has a lead > r./n in at least 2 
rows. 


In both cases we have ,/ tv, > Cy,/n, and Theorem 18.4 (b) follows. 
Since we already proved Theorem 18.4 (c) (which was trivial anyway), the proof 
of Theorem 18.4 is complete. 
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1. Proof of Theorem 18.5 (a). The easy part of (a) is to show that Chooser= 
Unbalancer can force a lead of c./n. 


Lemma 1: Let F be a hypergraph which is (1) n-uniform, (2) Almost Disjoint: |A,O 
A,| < 1 for any two different elements of hypergraph F, and (3) the common degree 
of F is 2: every point of the hypergraph is contained in exactly two hyperedges. 
Playing the Picker-Chooser game on F where Chooser=Unbalancer, at the end of 
the play Chooser can occupy at least 5+ c/n points from some A € F (c= 1/15 
is a good choice). 


Lemma | is the perfect analogue of Theorem 18.2 in the “Discrepancy Section.” 
Two proofs were given for Theorem 18.2, and both can be trivially adapted to 
get Lemma 1 (Chooser chooses the “better” point by applying the same potential 
function). 

The hard part is the converse: Picker=Balancer can force the upper bound < c-/n 
for the line-discrepancy (“line’” means row or column). Picker’s strategy consists 
of several phases. 


1st Phase: Picker picks his cell-pairs by employing a potential function F; function 
F, will be specified later. A line (row or column) becomes “dangerous” in a play 
when the absolute value of the line-discrepancy equals 10./n. The unoccupied part 
of a “dangerous” line, called an emergency set, becomes part of the Emergency 
Room, or simply the E.R. The E.R., a “growing” set, is exactly the union of all 
emergency sets arising in the course of the Ist Phase. In the Ist Phase Picker 
completely avoids the E.R.; the Ist Phase is over when the complement of the E.R. 
is completely exhausted by Picker. 

The board of the 2nd Phase is the E.R. The key step in the proof is to confirm: 


Lemma 2: Jn the Ist Phase, Picker can force that there are less than n/2 emergency 
sets in the 2nd Phase. 


270 
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Proof of Lemma 2. Let {L,, L,,..., L,/4} be an arbitrary set of n/4 lines (rows 
and columns). Since the hypergraph of all 27 lines has degree 2, we have the formal 
equality 


Ly +L, +...+Ly4= Hy tH, 


where H, = H,UH,, H, is the set of degree-one elements and H, is the set of 
degree-two elements of the union set L; UL,U...UL,/. 

We define an auxiliary hypergraph H: the hyperedges are the sets 
Ay = Ay(Ly, Lo, .--, Ln) and Hy = Ap(L,,L5,...,L/4) for all possible sets 


{L,, Ly, --+, Lng} of n/4 lines. Clearly |H| = 74 ea 


Picker’s goal in the 1st Phase: Picker’s goal is to guarantee that, during the whole 
phase, every H € H has discrepancy of absolute value < 1/2-n/4-10./n. 

Notice that, if Picker can achieve this goal in the Ist Phase, then Lemma 2 holds. 
Indeed, assume that in the Ist Phase there are > n/2 emergency sets; then there 
are n/4 emergency sets where the discrepancy has the same sign (all positive or all 
negative); let {L,, L,,..., L,,,4} denote the super-sets of these n/4 emergency sets, 
and write 


Ly +L, +...+ Ly = Hy + Fp, 


where H, = H,UH,, H, is the set of degree-one elements and H, is the set of 
degree-two elements of the union set L; UL,U...UL,/4. Then either Hy) € H or 
H, €# has a discrepancy > 1/2-n/4-10./n = 5n*/?/4, which contradicts Picker’s 
goal. 

As said before, Picker achieves his goal by applying a potential function F, 
(to be defined below in (19.1)). Assume that we are in the middle of the Ist 
Phase, X(i) = {x,,...,x;} denotes Picker’s squares and Y(i) = {y,,..., y,} denotes 
Chooser’s squares selected so far. The question is what new pair {x;,,, ¥;,,} should 
Picker pick in his (i+ 1)st move (of course, Picker does not know in advance 
which element of the pair will be chosen by Chooser as y,,,). For every previously 
unselected square z write 


FiG2=>- (1 +e) POM (YZ — g POM! _ (7 4 POU — e) MONE) , (19.1) 
zeL 

where parameter e(1 > ¢ > 0) will be specified later. Since z is contained by | 

row and | column, F,(z) is the sum of 4 terms only. Picker picks that unselected 

pair {Z,,Z} = {%;,,. ;,,} outside of the E.R. for which the difference |F, (i; z,) — 


F\ (i; Z5)| attains its minimum. 
Let 


F, (i) = y (1 an e) FON (1 ~—_ eg) PONE a (1 ae e PON] = e) One) ; (19.2) 


L: 2n lines 
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Then, after Chooser made his (i+ 1)st move, we have 
FiG+1) = F,(i) + eF Gs x41) — FG vins) 
—¢ ay (( +e) POM — g POM! 4 (1 4 e POM — ea 


{xj41 Digi }CL 
SFO) +e x41) — FG Yin) 
< Fe min |F\ (i; 2) — F\(G Z,)]- (19.3) 
21722 


Let U(i) denote the set of unselected squares outside of the E.R. From the trivial 
inequality 


|F, (i; z,)| < F,@ for all z € U(i), 


by the Pigeonhole Principle we have 


F, (i) 
[U|—1 


mp IG z)-FAG a) S 
Returning to (19.3) 
F(i+)) <F,()+— —F,@) = (: + ari} F,(i) < e™" F,(i), 
[U@|-1 [U@I-1 
and by iterated application, we have 


1 Pe) 
F,(i) < F,(start)- e®*! 00-1 < F,(start)-e®== i 
< F,(start) - e®*'°®" holds for all i. 


Since 


F, (start) = |H| = ta 


2 
no 2( 2%) 
n/4 


holds for the whole course of the Ist Phase. Assume that, at some point in the 
Ist Phase, one player leads by 5n*/?/4 in some H € H. Then for some i and 
t(5n3/?/4 <t <n?/8) 


we have 


3 2 
(Lpey oy x RG) <2( VA Nertmen, a9. 
n 
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We have 
5n3/? /4 
(1p aytr'4 — 9) 74 = (=) -d-e') 
—€ 
5n3/? /4 
=(745) sey’ 
-—€ 
= e(2+O(2"))50°? /4—2 1? BOC)? (19.5) 


where the inequality t < n?/8 follows from the fact that n/4 lines cover at most 
n’ /4 cells. 
By choosing ¢ = 10/,/n in (19.5), we obtain 


(1 if py Prac 2 eye > el25/2-0(1))n 


and returning to (19.4) 
2n 


e(25/2-0(1))n < 2 
n/4 


jee (19.6) 


Finally, (19.6) is an obvious contradiction, since 


2n = 2n < 22" < p2Sn/2. 
n[4} ~~ \n} 


This completes the proof of Lemma 2. 


Now we are ready to discuss the: 


2nd Phase. The board is the E.R. at the end of the Ist Phase; from Lemma 2 we 
know that there are n, < n/2 emergency sets. Of course, there may exist a large 
number of lines which are not dangerous yet and intersect the E.R.: we call these 
intersections secondary sets. Since the E.R. is the union of the emergency sets and 
any two lines intersect in < | cell, every secondary set has size <n, <n/2. 

At the end of the Ist Phase, a similar “halving” cannot be guaranteed for the 
emergency sets; the size of an emergency set may remain very close to n. The 
objective of the 2nd Phase is exactly to achieve a size-reduction in every single 
emergency set (close to “halving”). 

Let E,, E,,...,E,, denote the n|(< n/2) emergency sets, and consider the sub- 
hypergraph {E,, £,,...,£,,}. Every E; has a “private part,” meaning: the degree- 
one cells of E; in the sub-hypergrap, we denote the “private part” by PR(E;), 
j=1,2,...,2,. If Picker always picks a pair from a some “private part” PR(E;), 
then there is no change in the discrepancy of any emergency set, but, of course, the 
discrepancy of a secondary set may change (in fact, may increase). 

This is exactly what Picker does: in the 2nd Phase he exhausts every “private part” 
PR(E;), j=1,2,...,2, by picking pairs from them so long as he can “legally” 
do it. In the 2nd Phase the discrepancy of an emergency set doesn’t change; a 
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secondary set becomes “dangerous” when its discrepancy (restricted to the board 
of the 2nd Phase) has absolute value 10-log(6n/n,)-./n,. The unoccupied part of 
a “dangerous” secondary set, called a new emergency set, becomes part of the 2nd 
E.R. The 2nd E.R., a growing set, is exactly the union of the new emergency sets 
arising during the 2nd Phase: 


Lemma 3: Jn the 2nd Phase Picker can force that, the number of new emergency 
sets is less than n,/10. 


Proof of Lemma 3. We proceed somewhat similarly to Lemma 2. Let 
{S,,55,-..,5,,/20} be an arbitrary set of n,/20 secondary sets. Again we have 
the formal equality 

S) +S, +...4+8), 29 = Ho + Ab, 


where H) = H, UH), H, is the set of degree-one elements and H, is the set of 
degree-two elements of the union set S;US,U...US,, j29. 

We define an auxiliary hypergraph H: the hyperedges are the sets Hy = 
Ay(S,,82,---.Sn,20) and Hy = H,(S),S5,.-.,5,,/29) for all possible sets 


{S,,S),.--,5;,/20} Of 2;/20 secondary sets. Clearly |H| = v2 (eg 


Picker’s goal in the 2nd Phase: Picker’s goal is to guarantee that, during the 
whole phase, every H € H has discrepancy of absolute value < 1/2-n,/20- 
10log(6n/n,),/n;. 

Notice that, if Picker can achieve this goal in the 2nd Phase, then Lemma 3 
holds. Indeed, assume that in the 2nd Phase there are > n,/10 new emergency sets; 
then there are n,/20 new emergency sets, where the discrepancy has the same sign 
(all positive or all negative); let {S,,55,...,S,,,;2.9} denote the super-sets of these 
n,/20 emergency sets, and write 


5S, +8, +.-.+8,,00= By +p, 


where H, = H, UH), H, is the set of degree-one elements and H, is the set of degree- 
two elements of the union set S,; US,U...US,, ;9. Then either Hy) € H or H, € 1 has 
a discrepancy > 1/2-n,/20-10log(6n/n,),/n,, which contradicts Picker’s goal. 

Picker achieves his goal by applying a potential function F,. Function F, is the 
perfect analogue of F, in Lemma 2: for every previously unselected square z write 

F(jz)=>- (1 +e) FOI (7 — ylPOS _ (7 4 eyFONI( — | ; 
zeS 

where S runs over the secondary sets, and parameter ¢ (1 > € > 0) will be specified 
later (it will have a different value than in Lemma 2). Since z is contained by | 
row and | column, F(z) is the sum of 4 terms only. 

The only novelty is that here Picker picks his pairs from the “private parts” 
PR(E;), j=1,2,..., 1, of the old emergency sets. Picker exhausts PR(E;) as long 
as he can; the only restriction is that he must avoid the 2nd E.R. If the “private 
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parts” PR(E;) contains at least 2 unselected cells outside of the 2nd E.R., then 
Picker picks that unselected pair {z,, 22} = {X:41, Y41} from PR(E;) outside of the 
new E.R. for which the difference |F,(i; z,) — F(t; z,)| attains its minimum. 

Picker keeps doing this for every “private part” PR(E;) until he has no legal 
move left. The analogue of (19.4) goes as follows 


2n 


3/2 3/2 
(Ite) log(6n/m)/4 (1 —e)rm log(6n/n,)/4 < F,(i) < 2 
n, /20 


) faeren) e157) 
We have 


3/2 
Ite n}'~ log(6n/n,)/4 
=) -(1— 27) 


(1 se e)itm” log(6n/mi)/4 (1 =7 em log(6n/n,)/4 a ( 


3/2 
ni’ log(6n/n,)/4 
= (=) Cees 


= 22+ O(e))m" log(6n/n)/4—(e?+O(e*)) ni , 


(19.8) 


where the inequality ¢ < n{/40 follows from the fact that n,/20 lines cover at most 
n;/20 cells. 
By choosing ¢ = 10log(6n/n,)/,/n, in (19.8), we obtain 


(1 4 git! Toe(6n/m)/4 (4 _ git loa (6n/ni)/4 > e/2-0(1) m1 log(6n/m) 


and returning to (19.7) 
2n 


e(5/2-o(1))m los(6n/m) < 2{ 
ny 


jee ia : (19.9) 
Finally, (19.9) is a contradiction; indeed 


(5/2—o0(1))n 
e8/2-o(1))m log(6n/ny) (“) 


ny 


and 


(eae 


ny 
en ny h 10./ny-logn 
< (— — : 
id ny 


This contradiction proves Lemma 3. 


The 2nd Phase terminates when every “private part” PR(E;), j= 1,2,...,m, has 
< 1 unselected square outside of the 2nd E.R.. By Lemma 3, the 2nd E.R. consists 
of less than n,/10 new emergency sets. It follows that, at the end of the 2nd Phase, 
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every new emergency set has unoccupied part 

ee My 11n, bs Te 

= 10 10 ~ 20 
We already know that every new emergency set has size < n, < n/2 (a byproduct 
of Lemma 2). Summarizing, at the end of the 2nd Phase, every emergency set, old 
and new, has an unoccupied part of size < 11n/20, and, so far in the play, every 
line has discrepancy 


< 10./n+ 10log(6n/n,)./m, (19.10) 


coming from the Ist Phase and the 2nd Phase. 

The board of the 3rd Phase is the union of the emergency sets (old and new). 
Of course, there may exist a large number of lines which are not “dangerous” yet 
and still have an unoccupied part. The (non-empty) unoccupied parts are called 
secondary sets; every secondary set has size < 11n/20. 

Notice that we already made a big progress: the set-size is reduced from the 
original n to < 11n/20 (a 45% reduction), and the maximum total discrepancy so 
far is < 30./n (see (19.10)). The rest of the argument is plain iteration. 

Let n, denote the number of emergency sets (old and new) at the end of the 2nd 
Phase. The argument above gives that: 


(a) each emergency set has size < n, < 11n/20; 

(8) every secondary set has size < n,; 

(y) the only bad news is that the total number of sets may remain very close to the 
initial 2n. 


The 3rd Phase is the analogue of the Ist Phase and the 4th Phase is the analogue 
of the 2nd Phase (that is, we have a periodicity in the argument where the length 
of the period is 2). Let us focus on the 3rd Phase: a set (emergency or secondary) 
becomes “dangerous” when its discrepancy has absolute value 10log(6n/n,),/n3. 

Warning: when we speak about discrepancy in a particular phase, the set (row 
or column) is restricted to the particular sub-board, in this case to the board of the 
3rd Phase, and the discrepancy outside doesn’t count. When “everything counts,” 
we will call it the total discrepancy. 

We need: 


Lemma 4: In the 3rd Phase Picker can force that the number of “dangerous sets” 
remains less than n,/2. 


The proof is very similar to that of Lemma 2. The critical part is the following 
inequality (analogue of (19.6) and (19.9)) 


28 1/2-n2/4- 10 log(6n/nz) /i7— 2" 73/8 < C) (19.11) 
Ny 
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which provides the necessary contradiction in the reductio ad absurdum proof. 
Indeed, choosing ¢ = 10log(6n/n,)/,/nz, the left-hand side of (19.11) becomes 
much larger than the right-hand side 


en i) * (=)" 
— > ~|—y). 
Ny Ny Ny 

The 4th Phase is the perfect analogue of the 2nd Phase. Indeed, let E,, F,,..., E,, 
denote the emergency sets at the end of the 3rd Phase; Lemma 4 yields n; < n,/ 2. 
Again Picker picks his pairs from the “private parts” PR(E;), j = 1,2,...,13. 
This way the discrepancy of the emergency sets doesn’t change. A secondary set 
becomes “dangerous” in the 4th Phase when its discrepancy has absolute value 
10 log(6n/n3),/N3- 

We need: 


Lemma 5: In the 4th Phase Picker can force that the number of “dangerous sets” 
remains less than n3/ 10. 


The proof is exactly the same as that of Lemma 3. 
Let me summarize the progress we have made at the end of the 4th Phase: 


(a) every emergency set has size < n,+n,/10 < 11n,/20 = (11/20)?n; 
(8) every secondary set has size < (11/20)?n; 
(y) the maximum total discrepancy so far is 


< 30./n + 30log(6n/ny)./M; 


(6) the only bad news is that the total number of sets may remain very close to the 
initial 2n. 


A k-times iteration of this argument gives that the set-size is reduced to < 
(11/20)*n, and the maximum total discrepancy so is estimated from above by 
the sum 


< 30/n+ 30log(6n/nz),/Nz + 30 log(6n/n4),/4 + 30 log(6n/ng) 7g +---, 
(19.12) 


where n> ny, >1ny> Mg >-+- and ny, < (11/20)/n, j = 1,2,3,.... Sum (19.13) 
represents a rapidly convergent series (like a geometric series) where the sum 
is less than constant times the first term O(./n). This completes the proof of 
Theorem 18.5 (a). 


Lemma | (at the beginning of this section) was a Picker—Chooser version, where 
Chooser=Unbalancer, of the Maker—Breaker result Theorem 16.2. Two proofs were 
given for Theorem 16.2, and a straightforward adaptation of the first proof solves 
one-half of Theorem 16.5 (b). Indeed, let A;, i= 1,2, ..., 2m denote Chooser’s lead 
in the 27 lines at the end (” rows and n columns; A; > 0 means that Chooser has more 


278 Games and randomness 


marks in that line). The first proof of Theorem 16.2 gives the alternative result that 
(1) either the L,-norm is “large”; (2) or the L,-norm is “large.” Formally, (1) either 


(2) or 


Since L,-norm > L,-norm, in both cases the L,-norm of Chooser’s lead is > c./n 
(if Chooser plays rationally). 

The converse is trivial from (a); indeed, L,-norm > L,-norm. This 
completes (b). 


Finally, Theorem 18.5 (c) is very easy. Every domino in the picture represents a 
Picker’s move. Each row and each column contains a whole domino. 


] i Picker’s strategy to prevent 


a shutout >4 


Nee. 
Tie, 
= 


It follows that the largest shutout that Chooser can force is < 3. The proof of 
Theorem 18.5 is complete. 


Note that Theorem 18.5 (c) has the following far-reaching generalization. Let G be 
an arbitrary d-regular graph; for simplicity assume that the common degree d is even. 
Then by a classical theorem of Petersen, G is the union of d/2 perfect 2-factors. A 
perfect 2-factor means a sub-graph which contains every vertex of G and every degree 
is exactly 2; it is the union of vertex-disjoint cycles. Picker takes two perfect 2-factors 
from G, and gives an orientation to each cycle. Then every vertex of G has two out- 
edges. In each turn Picker offers to Chooser 2 out-edges with a common starting point. 
Then, of course, Chooser cannot make a Shutout larger than 2. 

Theorem 18.5 (c) is the special case when G is the n x n complete bipartite 
graph. 
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2. Explaining games with probabilistic models. We recall that ./n is the standard 
deviation of the n-step random walk (with steps +1), and the quadratic sum V;, 
defined above can be interpreted as a “game-theoretic variance” (and Vj is a 
“modified variance”). How far can we go with this kind of probabilistic analogy? 
Consider a random process where for each one of the n? little squares of the board 
we toss a fair coin: Heads means we write a “P” and Tails means we write a “C” 
in the little square. This random process gives a “Random 2-Coloring” of the n x n 
board; what is the largest lead that Picker can achieve in the family of all rows? Well, 


with probability tending to 1 as n > oo, the maximum lead is ,/(2+ o(1)) logn./n. 
Indeed, let A= ,/(2+ €) logn with e > 0; then by the Central Limit Theorem 


Pr{max lead > A./n] <n 


oe 2 n 
/ oe ?P dy < —=n*°>0. 
Qo IA nite 


Next let A = ,/(2—) logn with ¢ > 0; then 


Pr[max lead < A./n] < ( / eau) <(1—n7#*)" <3 0, 
nN 


1 
ae 
V2 
proving what we wanted. 
How far can we go with the probabilistic analogy? Is it true that that the largest 
lead that Picker can force in the n x n Picker—Chooser Row Discrepancy Game is the 
same ,/(2+ 0(1)) log n/n (as n > 00)? In one direction we could really prove this: 


Chooser can always prevent Picker from achieving a lead of ,/(2 + o(1)) logn./n; 
in the other direction we missed by a constant factor: Picker can always achieve 


a lead of c,/logn./n, where c > 0 is an absolute constant. Even if the upper and 
lower bounds differ by a constant factor, the appearance of the same (strange!) 
quantity ,/logn./n is a remarkable coincidence. 

The extra factor ,/logn — the solution of the equation ev =] /n — next to 
/n (“standard deviation”) is an unmistakable sign of Randomness (Central Limit 
Theorem). 

Notice that, inspecting the n rows in the “Random 2-Coloring,” the longest “pure 
P sequence” at the beginning of the n rows (like PP... P) has length log, n+ O(1) 
with probability tending to 1 as n > co (why?). A “pure P sequence” at the 
beginning of a row corresponds to a “shutout”; the appearance of the same log, n 
is another interesting sign of a deeper analogy between the Picker—Chooser game 
and the “Random 2-Coloring.” 

Actually, the analogy went deeper: it was converted into the proofs! For exam- 
ple, to prove that Chooser can always prevent Picker from achieving a lead of 
J (2+ 0(1))logn./n, we employed a Potential Function, which was clearly moti- 
vated by the probabilistic analogy as follows. Restricting the “Random 2-Coloring” 
to a fixed row (say, the first row), we have 
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: ; : z n 
Pr [Picker has a lead > / in the first row] = > ( ea 
ja(ntn/2 \J 


The dominant term on the right-hand side is the first term; by using the weak form 
k! = (k/e)* of Stirling’s formula we get the approximation 


y Qn n! As (n/e)" 
(det) © Bel nely9n ~ (n 41/20)? ((n —D)/2e) 22" 


l —(n+l)/2 ] —(n—1)/2 
= Gees mee 
n n 


1 —(n+l)/2 l —(n—1)/2 
Pr [Picker has a lead > / in the first row] ~ (1 + -) : (: - -) 
n n 


The approximation 


of the “large deviation probability” motivates the introduction of the following 


Potential Function: let 1 = ,/(2 + 0(1)) logn./n, and consider the sum 
a 1 \ #P)—(n4)/2 1\#C7-@-D/2 
T.= 1+—- -(1—- ; 
oe) a Car) 


We now see what this means: we are right after the ith turn where Picker has i 
marks “P” and Chooser has i marks “C”; #P i is the number of marks of Picker in 
the jth row; #C; is the number of marks of Chooser in the jth row; the present 
danger of the event “at the end of the play Picker achieves a lead > / in the jth 
row” is measured by the product 


i #P,—(n+1)/2 1 #C;—(n—I)/2 
ae ae 
n n 


the sum 7; above, extended over all rows, measures the “total danger.” 


3. Picker—Chooser is a “global” game and Chooser-—Picker is a “local” game. 
We tried to “explain” the Chooser—Picker game with the “randomized neighbor- 
hood” model, but where does the concept of “neighborhood” come from? Why is 
it so important? Well, the Chooser—Picker game (similarly to the Maker—Breaker 
game) is a local game in the following sense. Assume that a particular Chooser— 
Picker game falls apart into components C,, C,, C3, ... with disjoint sub-boards; then 
Chooser cannot take advantage of the (possibly) large number of components: the 
best that he can achieve in the whole game is the same that he can achieve in the 
“largest” component. Indeed, Picker can proceed component-wise by exhausting 
first (say) the first component, next the second component, next then the third com- 
ponent, and so on. This means Chooser’s best play is to focus on one component, 
preferably on the “largest” component, and to ignore the rest. My way of under- 
standing a Chooser—Picker game is to visualize a Phantom Decomposition where 
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the game falls apart into disjoint components; a component is a “neighborhood” 
in the narrow sense: it is the family of all winning sets containing a fixed element 
of the board. Once we have the components, we pick the “largest one” — because 
this is all what Chooser can do: namely to pick 1 component and focus on it — and 
randomize the “largest component” exactly as in the Picker-Chooser game. This 
particular probabilistic model that we call the “randomized neighborhood” is our 
guide to understanding the Chooser—Picker game. 

It is important to emphasize that the Phantom Decomposition mentioned above 
is an “imaginary” decomposition: it is not real; in fact the game remains a coherent 
entity during the whole course of the play. 

The Phantom Decomposition is not real, but in the last part (Part D) of the book we 
are going to discuss several (real!) decomposition techniques; these decomposition 
techniques support my Phantom Decomposition “philosophy.” 

Note that the “emergency room” idea in the proof of Theorem 18.5 (a) was 
already a decomposition technique. 

Theorems 18.4 and 18.5 illustrate that the Picker-Chooser game and the 
Chooser—Picker game can both be explained by some probabilistic models: the 
Picker—Chooser game is explained by the “randomized game” model and the 
Chooser—Picker game is explained by the “randomized neighborhood” model. The 
bounds in Theorems 18.4-18.5 were not exact (with the lucky exception of The- 
orem 18.4 (c)), so most likely the reader has his/her strong reservations about my 
“probabilistic model explanation,” finding the results presented so far less than 
convincing. The most natural objection against a probabilistic model is that it has 
a built-in “fluctuation,” raising the question of how on earth can it predict an 
exact/deterministic outcome, namely the outcome of an optimal play between per- 
fect players? For example, the standard deviation of an n-step symmetric random 
walk is exactly ./n, but what is a “typical” deviation? A deviation of ./n/2 is 
just as “typical” as that of ./n; in fact, a deviation of ./n/2 is more likely than a 
deviation of ./n, and the most likely deviation is in fact the zero(!) deviation. 

Then we would probably say: “Let us take an average of the deviations!”; but 
which average is the “natural” average? The linear average and the quadratic 
average are equally “natural”; from the Central Limit Theorem and the 2 integrals 
below 


es [. jule?du = /2/m and zs i we" ?du=1 

we see that the linear average of the deviations is /2/7./n and the quadratic 
average of the deviations is ./n. There is a slightly more than 20 percent difference 
between the 2 averages; which one (if any) predicts the truth in the Chooser—Picker 
game? Unfortunately we cannot decide on the question, because we don’t know the 
right constant factor in the solution of the game. 
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It seems that a probabilistic model cannot predict an exact value at all, but here 
comes the surprise: there are some “natural” probabilistic models in which the key 
parameter — a random variable! — happens to be almost single-valued (i.e. almost 
deterministic, so the problem of “which average is the right one” disappears). For 
example, in a Random Graph on K,, with edge probability 1/2 (which means that 
for each one of the (7) edges of the complete graph Ky on N vertices we toss a 
fair coin; we keep the edge if the outcome is Heads and discard the edge if the 


outcome is Tails) the largest clique K, has size 
q = |2log, N —2 log, log, N+ 2log,e— 1] 


with probability tending to | as N — oo. Here the probabilistic model gives a 
(basically) deterministic prediction, which leads to the following precise question: 
is it true that, in the Picker-Chooser game played on the edges of Ky, the largest 
clique K, that Picker can occupy has g = |2log, N — 2 log, log, N + 2log,e — 1] 
vertices? The answer is “yes” (at least for the overwhelming majority of the values 
of N) — this is proved in Section 22. 

Now how about the Chooser—Picker version? What the “randomized neighbor- 
hood” model suggests is the following: fix an (arbitrary) edge {u, v} of Ky, and find 
the largest clique in the Random Graph with edge probability 1/2 which contains 
edge {u, v}; let this largest clique be a copy of K,. The value of s is again a random 
variable, and, similarly to qg, s is also concentrated on a single value: this time the 
value is 


|2log, N — 2 log, log, N + 2log,e — 3} 


with probability tending to 1 as N > oo (for clarity this was over-simplified a little 
bit). Because the probabilistic model gave a (basically) deterministic value, it is 
natural to ask the following question: is it true that, in the Chooser—Picker game 
played on the edges of Ky, the largest clique K, that Chooser can occupy has 
q = |2log, N —2 log, log, N + 2log,e—3| vertices? Again the answer is “yes”! (At 
least for the overwhelming majority of the values of N.) 

Next switch to the lattices games introduced in Section 8: consider a Random 
2-Coloring of the N x N board with marks “P” and “C” (involving N? coin tosses); 
what is the size of the largest Aligned Square Lattice which is exclusively marked 
“P” (the gap of the lattice is arbitrary)? Let the largest Square Lattice be of size 
q X q; parameter gq is a random variable (depending on the N’ coin tosses). A simple 
calculation shows that it is concentrated on the single value 


Lv 3 log, N | 


with probability tending to 1 as N — oo. We ask the usual question: is it true that, 
in the Picker—Chooser game played on the N x N board, the largest Aligned Square 
Lattice that Picker can occupy has size g x q with 
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q = |v 3log, N] 


Again the answer is “yes” (at least for the overwhelming majority of the values 
of N). 

How about the Chooser—Picker version? What the “randomized neighborhood” 
model suggests here is the following: fix a little square of the N x N chess-board 
(say, the lower left corner), and find the largest Aligned Square Lattice in the 
random P-C coloring which contains the fixed little square and is exclusively 
marked “C”; let this lattice be of size s x s. The value of s is again a random 
variable, and, similarly to q, s is also concentrated on a single value: this time the 


value is 
| Vlog, N | 


with probability tending to 1 as N > oo (again for clarity this was over-simplified 
a little bit). Because the probabilistic model gave a (basically) deterministic value, 
it is natural to ask: Is it true that, in the Chooser—Picker game played on the N x N 
chess-board, the largest Aligned Square Lattice that Chooser can occupy has size 
sx s with s= |,/log, N|? Again the answer is “yes”! (At least for the overwhelming 
majority of the values of N.) 

Comparing the “Clique Game” with the “Square Lattice game” we can see a 
major difference: in the “Clique Game” r differs from s by an additive constant 
only; in the “aligned square game” r is /3 = 1.732 times larger than s. 

There is also a big difference in the difficulty of the proofs: the “extreme 
concentration” of the random variables can be proved in 1 page; the Picker— 
Chooser results can be proved on 5-6 pages; but the proof of the Chooser—Picker 
results needs about 80 pages! This justifies our intuition that the probabilistic 
model is “easy,” the Picker—-Chooser game is “more difficult,” and the Chooser— 
Picker game is “very difficult” (because Chooser has much less control than Picker 
does). 

These sporadic results can be extended to a whole scale of results; | extension is 
the discrepancy version. Let @ be an arbitrary fixed real in the interval 1/2 <a <1; 
what happens if the goal is relaxed in such a way that it suffices to occupy a given 
majority, say the @ part of the original goal (instead of complete occupation)? 
For simplicity we just discuss the “Square Lattice game”; in the @ version of the 
“Square Lattice game” the goal is to occupy the @ part of a large Aligned Square 
Lattice in the N x N board; given a@ and N, what is the largest size g x q that is 
still a-achievable? 

First, as usual, consider a Random 2-Coloring of the N x N board with marks 
“Pp” and “C” (involving N* coin tosses); what is the size of the largest Aligned 
Square Lattice which has at least a-part “P”? Let the largest such Square Lattice be 
of size g x q. Parameter g is a random variable (depending on the N? coin tosses); 
it is concentrated on the single value 
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a ee 
[= Ha) 


with probability tending to 1 as N — oo. Here the novelty is the appearance of the 
Shannon entropy H(a) = —alog a—(1—a) log(1 — a), which is a positive constant 
less than 1. We ask the usual question: Is it true that, in the Picker-Chooser game 
played on the N x N board, the largest Aligned Square Lattice that Picker can 
“a-occupy” has size q x q with 


q= ee | 


Again the answer is “yes” (at least for the overwhelming majority of the values 
of N). 

How about the Chooser—Picker version? What the “randomized neighborhood” 
model suggests here is the following: fix a little square of the N x N chess-board 
(say, the lower left corner), and find the largest Aligned Square Lattice in the 
random P-C coloring which contains the fixed little square and has at least a-part 
“C”; let this lattice be of size s x s. The value of s is again a random variable, and, 
similarly to g, s is also concentrated on a single value: the value is 


1 
1-H) Ala) log, Ni 


with probability tending to 1 as N — oo (again for clarity this was over-simplified 
a little bit). Again the usual question: is it true that, in the Chooser—Picker game 
played on the N x N chess-board, the largest Aligned Square Lattice that Chooser 
can a-occupy has size s x s with 


| 1 
s= rahe | 


The answer is, one more time, “‘yes”! (At least for the overwhelming majority of 
the values of N.) 

These exact results — holding for all real numbers @ in 1/2 < a < | and for all 
large enough N — represent strong evidence in favor of the “probabilistic model 
explanation.” 

Changing q to q+1, the clique K, increases by q edges and the q x q lattice 
increases by 2q+ 1 elements. This square-root size increase provides a comfortable 
“safety cushion” for our (rather complicated) potential calculations. 

Note that the Maker—Breaker game has a striking similarity to the Chooser—Picker 
game — we can prove (almost) identical(!) results — but we cannot give any a priori 
explanation for this coincidence (except the complicated proof itself). 
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The basic philosophy is repeated. The probabilistic model is “easy” to work 
with; it is easy to compute (or estimate) the relevant probabilities. This is why 
we are using the probabilistic model as a guide. The Picker-Chooser game is 
“more difficult.” This is why we are using it as a “warmup” and a motivation. The 
Chooser—Picker game is “very difficult”; and the same goes for the Maker—Breaker 
game; and, finally, the “who-does-it-first” games are hopeless. 


20 


Another illustration of “randomness” in games 


1. When Achievement and Avoidance are very different. We recall Lehman’s 
remarkable theorem from Section 4. Consider the (1:1) Maker—Breaker Connectivity 
Game on a finite multi-graph G where Maker’s goal is to own a spanning tree in G. 
When can Maker win? The shockingly simple answer goes as follows: Maker, as 
the second player, has a winning strategy if and only if G contains 2 edge-disjoint 
spanning trees. 

What happens in the (1:b) underdog play with b > 2 if Maker is the underdog? 
Of course, the (1:b) play with b > 2 means that Maker takes 1 new edge and 
Breaker takes b new edges per move. It is very tempting to believe in the following 
generalization of Lehman’s theorem: 


Question 20.1 /s it true that, if multi-graph G contains b+ 1 edge-disjoint spanning 
trees, then at the end of the (1:b) play underdog Maker can own a whole spanning 
tree? 


For example, the complete graph K,, contains |n/2| edge-disjoint spanning trees 
(hint: if n is even, K,, is the union of n/2 edge-disjoint Hamiltonian paths — see 
the very end of the section). Is it true that, playing the (1:b) game on K,, with 
b = |n/2|—1, underdog Maker can own a whole spanning tree? Well, it is very 
tempting to say “yes,” especially since the answer is really “yes” for the Avoidance 
version, see Theorem 4.2. 

In spite of this, the correct answer for the Achievement game is “no.” What is 
more, even if b is o(n), such as b = (1+ 0(1))n/logn, Breaker can still prevent 
Maker from occupying a whole spanning tree. This result, due to Erdés and Chvatal 
[1978], completely “kills” Question 20.1. 

Breaker’s strategy goes as follows: if b= (1+ ¢6)n/logn with some ¢ > 0, then 
Breaker can occupy a star of (n— 1) edges; a Breaker’s star means an isolated point 
in Maker’s graph, and an isolated point trivially prevents a spanning tree. 

A good motivation for the “isolated point” is: 
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Erdés’s Random Graph intuition. The game-theoretic result of Erdés and Chvatal 
shows a striking similarity with the following well-known Random Graph result. 
The duration of a (1:b) play allows for approximately n?/2(b+ 1) Maker’s edges. 
In particular, if b = cn/logn, then Maker will have the time to create a graph 
with nlogn/2c edges. It is well known that a Random Graph with n vertices and 
nlogn/2c edges is almost certainly disconnected for c > 1; in fact, it has many 
isolated vertices(!). This is an old result of Erd6s and Rényi. 

By using this “Random Graph intuition” Erdés suspected that the “breaking 
point” for the Connectivity Game (and also for the Hamilton Cycle Game, where 
Maker wants to own a whole Hamiltonian cycle, see below) should come around 
b=n/logn. 

Erd6és’s “Random Graph intuition,” together with the Erdés—Selfridge Theorem, 
are the two pioneering results of the “fake probabilistic method.” 

After this short detour, we return to Breaker’s “isolated-point-forcing” strategy 
mentioned above: if b = (1+ €)n/logn with some e¢ > 0, then Breaker can occupy 
a star of (n— 1) edges, forcing an isolated point in Maker’s graph. How can Breaker 
do it? Well, Breaker proceeds in two stages. In the First Stage, Breaker claims a 
K,, with m < b/2 in the strong sense that no Maker’s edge has a common endpoint 
with this K,,,. In the Second Stage, Breaker turns one of the m vertices of K,,, into 
an isolated vertex in Maker’s graph. 


First Stage. It goes by a simple induction in (at most) m moves. Assume that, at 
some point in the first ({— 1) moves, Breaker has created a K;_, such that none of 
Maker’s edges has an endpoint in V(K,_,) (“vertex set of K;_,”). At that point of 
the play, Maker owns < (i— 1) edges, so if i < n/2, there are at least two vertices 
u, v in the complement of V(K;_,) that are incident with none of Maker’s edges. 
If i < b/2, then in his next move Breaker can take the {u, v} edge plus the 2(i—1) 
edges joining {u,v} to V(K,_,), thereby enlarging K,_, by 2 vertices. In his next 
move, Maker can kill | vertex from this V(K;,,) (by claiming an edge incident with 
that vertex), but a clique K; of i vertices will certainly survive. This completes the 
induction step. 


Second Stage. At the end of the First Stage the vertices of K,,, define m edge-disjoint 
stars; each star consists of n —m edges, which are as yet completely unoccupied. 
Breaker’s goal in the Second Stage is to own one of these m stars. In terms of 
hypergraphs, this is the “disjoint game,” where the hyperedges are pairwise disjoint. 
The “disjoint game” represents the simplest possible case; the analysis of the game 
is almost trivial. 

If Maker takes an edge from a star, the star becomes “dead” (Breaker cannot own 
it), and it is removed from the game. In each move Breaker divides his b edges 
among the “survivor” stars as evenly as possible. After i moves Breaker’s part in a 
“survivor” star is 
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the right-hand side of (20.1) becomes blogm— O(b) >n >n—~™m, proving that 
Breaker can completely occupy a star. This proves the Erdés—Chvatal Theorem 
(see [1978]) that, if b= (1+¢)n/logn with some e > 0, then, playing the (1:b) 
game on K,,, where n is large enough, Breaker can force an isolated point in Maker’s 
graph (Maker is the underdog). 

In the other direction, Erd6s and Chvatal proved the following: if b= in/ logn, 
then, playing the (1:b) game on K,,, underdog Maker can build a spanning tree in K,,. 

The “weakness” of this result is the constant factor i indeed, the Random Graph 
intuition mentioned above suggests 1 — o(1) instead of i. Can we replace ; with 
1—o(1)? Unfortunately, this innocent-looking problem has remained unsolved for 
nearly 30 years. 


Open Problem 20.1 Consider the (1:b) Connectivity Game on the complete graph 
K,,. Is it true that, if b= (1 —o0(1))n/logn and n is large enough, then underdog 
Maker can build a spanning tree? 


The constant factor log2 = 0.693 (see see Beck [1982]) is somewhat better than 
the Erdés—Chvatal constant 1/4 mentioned above. The main reason to include this 
proof (instead of the Erdés—Chvatal proof) is to illustrate a new idea: the so- 
called “Transversal Hypergraph Method.” In the Erdés—Chvatal proof, Maker is 
directly building a spanning tree; this proof is indirect: Maker prevents Breaker 
from occupying a whole “cut.” This proof applies the following biased version of 
the Erdés—Selfridge Theorem (see Beck [1982]). 


Theorem 20.1 Playing the (p:q) game on a finite hypergraph F, where Maker 
takes p new points and Breaker takes q new points per move, if 


1 
dg we (20.2) 


AcF 


then Breaker, as the second player, can put his mark in every A € F. 
The proof of Theorem 20.1 is postponed to the end of this section. 


2. Building via blocking: the Transversal Hypergraph Method. (20.2) is a 
“blocking” criterion, and we use it to build a spanning tree. How is it possible? 
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Building and Blocking are complementary properties; to use one to achieve the other 
sounds like a paradox. But, of course, there is no paradox here; the explanation is 
that connectivity is a simple graph property: it has a “good characterization,” which 
means that both connectivity and its complement, disconnectivity, can be desribed 
in simple terms. 

Indeed, connectivity means to have a spanning tree, and disconnectivity means to 
have a cut (i.e. a partition of the vertex set into 2 parts such that there is no edge 
between the parts). 

The early developments of Graph Theory focused on the graph properties which 
have a good characterization (e.g. planarity, 1-factor). Unfortunately, the list is very 
short; the overwhelming majority of the interesting graph properties do not have 
a “good characterization” (e.g., to decide whether a graph contains a Hamiltonian 
cycle). 

Let us return to connectivity; as said before, disconnectivity of a graph means 
the existence of a cut, where a cut means the absence of a complete bipartite graph 
K,, wih 1<a,b<n—1,a+b=n. 

By using hypergraph terminology, we can say the following: the complete bipar- 
tite graphs K,,, with 1<a,b<n—1, a+b=n are exactly the minimal elements 
of the transversal of the hypergraph of all spanning trees in K,,. 

This statement doesn’t make any sense unless the reader knows the definition of 
the transversal hypergraph. For an arbitrary finite hypergraph F write 


Transv(F) = {SC VF): SQA 9 for all A € F}; 


Transv(F) is called the transversal hypergraph of F. 
Consider a Maker—Breaker play on hypergraph ¥. At the end of a play the two 
players split the board 


V =V(F) = MUB, 


where M is the set of Maker’s points and B is the set of Breaker’s points. If Maker 
doesn’t win, then B € Transv(F). It follows that, if Maker can block Transv(F), 
then at the end Maker owns a whole A € ¥. This is how Maker can build via 
blocking. This is referred to as the Transversal Hypergraph Method. 

This is a very general method; the Connectivity Game is a good example — for 
a few more instances (see Beck [1993c]). 

In the Connectivity Game, Maker wants to prevent Breaker from occupying a 
cut. Here are the details. Let #1,, denote the family of all spanning complete bipartite 
sub-graphs K,,,_,, 1 <t < (n—1)/2 of K,. As said before, 1, is the set of minimal 
elements of the transversal of the hypergraph of all spanning trees in K,,. Maker 
applies the Transversal Hypergraph Method: it suffices to block hypergraph H,,. 
By the underdog blocking criterion (20.2) with p = b and q = 1, where Maker is 
the second player, we just have to check the inequality 
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> QNKinel/b > Q-Hn—-/b — I (20.3) 
Ky n—1€Hn “3 
with b = (log2 — €)n/logn and n > n,(e) (‘‘n is large enough’). 
Inequality (20.3) is just a routine calculation. Indeed, by using the easy fact 
(") < (en/t)' (“Stirling formula”), we have 


(n—1)/ 


_ Qrtn-/b < y es Q-n— ney’ . (20.4) 


To evaluate the right-hand side of (20.4) we distinguish 2 cases. If ¢ is in the range 
1<t< J/nandn>n,(e), then 


not. n—/n , (+e)logn 
b ~ (log2—e)n/logn~ log2 ’ 

and so 
EN y(n /b < en- 2 (ite) logn/log2 _ en < 1 


t = nite — 5 


holds for n > n,(€). Therefore, if n > max{n,(¢), n.(e)}, then by (20.4) 


Se nN /b < 5 (Sa Q-(n- a) 
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ee /2 

<2 Seer yee = 

t= t=1 
(20.5) and (20.6) imply (20.3) for n > max{n,(e), n,(€), 2,(€)}. This completes 
the proof of part (2) in the following (see Erdés and Chvatal [1978] and Beck 
[1982]): 
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Theorem 20.2 Consider the (1:b) Connectivity Game on K,,, where Maker is the 
underdog: 


(1) Ifb=(1+0(1))n/logn, then Breaker has a winning strategy. 
(2) If b = (log2 — 0(1))n/logn, then Maker has a winning strategy. 


It is rather disappointing that the constant factors in (1) and (2) do not coincide, 
especially that connectivity is an “easy” property. 

How about a typical “hard” property like to have a Hamiltonian cycle? In other 
words, what happens if Maker wants a Hamiltonian cycle (“round-trip”) instead of 
a spanning tree (of course, a Hamiltonian cycle contains a spanning tree)? Where 
is the game-theoretic breaking point? Erd6s’s Random Graph intuition suggests the 
game-theoretic breaking point to be around the very same b = n/logn. Indeed, 
a Random Graph with n vertices and G + 0(1))nlogn edges almost certainly 
contains a Hamiltonian cycle. This is a famous theorem in the theory of Random 
Graphs, due to the joint effort of several mathematicians like Pésa, Korshunov, 
Koml6s—Szemerédi, and Bollobas. The main difficulty is that we cannot describe 
the non-existence of a Hamiltonian cycle in simple terms. 

The best that we can prove is a constant factor weaker than the conjectured 
truth. Unfortunately, the constant factor c = mee = .02567 is rather weak (see Beck 
[1985]). 


Theorem 20.3 If b = ("8 — 0(1))n/logn = (.02567 — 0(1))n/logn, then playing 


97 
the (1:b) Hamiltonian Cycle Game on K,,, underdog Maker can build a Hamiltonian 


cycle. 


Proof. We need 4 ideas: (1) the so-called Pésa Lemma, (2) the Longer-Path 
Argument, (3) the Transversal Hypergraph Method, and (4) the Trick of Fake 
Moves. 

The first two ideas, the Pédsa Lemma and the Longer-Path Argument, are simply 
borrowed from Graph Theory; the other two — the Transversal Hypergraph Method 
and the Trick of Fake Moves — are the new, game-specific ideas. The Transversal 
Hypergraph Method guarantees that Maker’s graph possesses some fundamental 
properties of Random Graphs, like “expander” type properties (provided Maker 
plays rationally). The Trick of Fake Moves is the real novelty here; the price that 
we pay for it is the poor constant factor c = ss = .02567. 

We begin with the so-called Pésa Lemma: it says (roughly speaking) that every 
expander graph has a long path. We need a notation: given a simple and undirected 
graph G, and an arbitrary subset S$ of the vertex-set V(G) of G, denote by I, (S) 
the set of vertices in G adjacent to at least 1 vertex of S. Let |S| denote the number 
of elements of a set S. 

The following lemma is in fact a technical refinement of the Posa Lemma, see 
Pésa [1976]. The figure below illustrates the “Pdsa deformation.” 
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Pésa-deformation 


oe 


d 


new endpoint 


Lemma 1: Let G be a non-empty graph, vy € V(G) and consider a path P = 
(U9, Uj,---5U_,) Of maximum length, which starts from vertex vo. If {v;,U,} € G 
(1 <i<m-1), then we say that the path (vp, ..., Uj, Uys Un_1> +++ > Vig) arises by 
a Poésa-deformation from P. Let End(G, P,v,) denote the set of all endpoints of 
paths arising by repeated Pésa-deformations from P, keeping the starting point vo 
fixed. Assume that for every vertex-set S C V(G) with |S| < k, |[g(S)\ S| = 2|S]. 
Then |End(G, P, vp)| =k+1. 


Proof of Lemma 1 (due to Pésa). Let X = End(G, P, Up) = {¥;,, ;,5+++5U;,> Um} 
where 0 <i, <i, <... <i, <m. The main difficulty is to show that 


V(X) C {m1 Vi 41: $= 1,2,...,r}UX. (20.7) 


To prove (20.7), let y € [g(X) but y ¢ X. Then y is adjacent to a point ve X. By 
definition v is an endpoint of a maximum path whose points are the points of P (in 
different order), so y must belong to P; let y= v,. 

By the definition of vertex v, there is a sequence of paths Py) = P, P;, P,,..., P, 


such that P,,, arises from P, by a Pésa-deformation (i = 0, 1,...,5— 1) and v is 
an endpoint of P,. 


Case 1: If both edges {v,,v,_,} and {v,, v,,,} belong to path P,, then let (say) 
{v,, v,,,} be the first edge on the (y = v,, v)-arc of P,. Then v,,, is an endpoint 
of a path arising from P, by a Pésa-deformation, implying v,,, ¢ X. This proves 
(20.7) in Case 1. 


Case 2: Suppose that (say) edge {u,, v,,,} does not belong to path P,. Then there 
is a largest index j in 0 < j < s—1 such that edge {v,, v,,,} belongs to path P;. 
Since P,,, arises from P; by a Pésa-deformation, this can only happen if one of 
the two vertices y = v,, v,,;} is the endpoint of P;,,. Since by hypothesis y ¢ X, 
we must have v,,,,; € X, which proves (20.7) in Case 2 as well. 
Now by (20.7) 
[V¢(X) \ X] < 2|X], 


which implies that |X| = |End(G, P, vp)| =>k+1, and Lemma 1 follows. 
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It is worth while mentioning the following nice corollary of (the rather technical) 
Lemma |: If Maker’s graph is expanding by a factor of 2 up to size k, then the 
longest path has length > 3k. 

Now we are ready to discuss the: 


Basic idea of the proof: the Longer-Path Argument. Assume that we are in 
the middle of a play, let G denote Maker’s graph (G is “growing”), and let P = 
{up, Uj,---, U,,} be a maximum length path in G. Also assume that Maker’s graph 
G satisfies the following two properties: 


(a) for every vertex-set SC V(G) with |S| < k, |[,(S)\ S| > 2|S|; 
(8) G is connected on n vertices. 


The common idea in most Hamiltonian cycle proofs is to produce a new path 
longer than P. Repeating this argument several times Maker will end up with a 
Hamiltonian cycle. 

How can Maker produce a longer path? Well, let End(G, P, vo) = 
{X),%2,--.,%,}, where q>k-+1 (see Lemma 1), and denote by P(x;) a path 
such that (1) P(x;) arises from P by a sequence of Pésa-deformations, and (2) x; 
is an endpoint of P(x;). Again by Lemma 1 |End(G, P(x;), x;)| =k-+1 for every 
x; € End(G, P, vo). 

Consider the following critical sub-graph: 


Close(G, P) = [{x, y}: x, € End(G, P, vo), y€ End(G, P(x;), x;),i=1,2,..., qj: 


trivially |Close(G, P)| > (k+1)?/2. 
Notice that sub-graph Close(G, P) consists of the “closing edges”: the edges 
which turn a maximum path into a cycle on the same set of vertices. 


Case 1: Maker already owns an edge from Close(G, P). 

Then Maker’s graph contains a cycle C of m+1 edges, where m = |P| is the 
number of edges in the longest path P in G. If m+ 1=n, then C is a Hamiltonian 
cycle, and Maker wins the play. If m+ 1 <n, then there is a vertex w outside of 
C, and by the connectivity of G (see property (8)), there is a path P* outside of C 
joining vertex w to C. Let v be the endpoint of path P* on C; deleting an edge of 
C with endpoint v and adding path P* to C, we obtain a new path in G, which is 
longer than P, a contradiction. 


a path longer 
than P 
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This contradiction proves that in Case | Maker’s graph already contains a 
Hamiltonian cycle. 


Case 2: There is an edge in Close(G, P), which is unoccupied in the play yet. 
Let e € Close(G, P) be an unoccupied edge; Maker’s next move is to take edge e. 
Then, repeating the argument of Case 1, we obtain a path longer than P. 

There are exactly 2 reasons why this Making-a-Longer-Path procedure may stop: 
either (1) Maker’s graph already contains a Hamiltonian cycle (and Maker wins!), 
or (2) Case 3 (see below) holds. 


Case 3: Every edge in Close(G, P) is already occupied by Breaker. 
Then, of course, Breaker owns at least |Close(G, P)| => (k+1)*/2 edges, requesting 
at least ceri? moves. 
This way we have proved: 
(e+)? 
2b 
his graph satisfies properties (a) and (8), then with at most n extra moves he will 


Lemma 2: Jf Maker can guarantee that after the tth move with t = ( 


always own a Hamiltonian cycle. 


Notice that Lemmas 1-2 are pure graph-theoretic results; the rest of the proof is 
the game-specific argument. 

Maker is going to force properties (a) and (8) by using the Transversal 
Hypergraph Method, i.e. Maker builds via blocking. 

Let k < n/3 be a parameter to be specified later, and let G, , be the set of all 
complete bipartite graphs of type 


Kj n-3j41 CK, where j = 1,2,...,k. 


Hypergraph G,, , is clearly motivated by property (@): If Maker can occupy at least 
1 edge from each K;,,_3;,; €G,,, during the first t= ((k + 1)°/2b—n) moves, then 
property (q@) is clearly satisfied. 

Notice that property (a) implies property (@). Indeed, every spanning complete 
bipartite sub-graph K,,,_; with | </< (n—1)/2 clearly contains a whole K;,,,,3).1 € 
G,, ,, and disconnectivity means the absence of a K,,,,_;. 

Maker’s goal is, therefore, to block hypergraph G,, during the first t = 
((k+ 1)*/2b— n) moves (with an appropriate choice of parameter k < n/3). Of 
course, Maker can try applying the underdog blocking criterion (20.2), but there is 
a novel technical difficulty with the application: the potential technique guarantees 
blocking at the end only, but what Maker needs is blocking at a relatively early 
stage of the play, namely after the tth move with tf = ((k+ 1)*/2b— n). 

We overcome this technical difficulty by using a trick: We employ a large number 
of “fake moves.” The auxiliary “fake moves” speed up the time, and turn the early 
stage into the end stage. This way we can successfully apply the underdog blocking 
criterion (20.2). 
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The Trick of Fake Moves. We discuss the trick in a general setup: let G be an 
arbitrary finite hypergraph with board V = V(G). Consider the (1:b) play on G, 
where the first player takes 1 new point and the second player takes b new points 
per move. Let gq > 1; the first player wants to block every A € G at an early stage 
of the play, say when the (topdog) second player owns < |V|/q points of board 
V. When can the first player achieve this early stage blocking? Here is a sufficient 
criterion: if 

yah <1, (20.8) 


AEG 


then the first player can block every A € G at an early stage of the play when the 
(topdog) second player owns < |V|/q points of board V. 

The proof of criterion (20.8) goes as follows. The first player defines a fake 
(1:bq) play, and uses the ordinary potential function blocking strategy Str (see 
(20.2)) for this (1:bq) play on hypergraph G. 

Let x1 and Y(1) = | x ; ye eats yt denote the first moves of the two players; 
these are “real” moves. To define the fake (1:bq) play, the first player selects an 
arbitrary (q—1)b-element subset Z(1) from V \ ({x,}U Y(1)), and adds Z(1) to ¥(1) 


W(1) = Y(1)UZ(1). 


Of course, the second player does not know about set Z(1), it is in first player’s 
mind only. W(1) is a gb-element set, so the first player can apply potential strategy 
Str. Strategy Str gives first player’s second move x, = Str({x,}; W(1)); in other 
words, the “real” game is a (1:b) game, but the first player pretends to play a (1:bq) 
game, and chooses his next moves accordingly. 

Let ¥(2) = | ie ‘ ee aout re | denote second player’s second move; the set 
Y(2) may or may not intersect W(1); in any case the first player selects an arbitrary 
(qb—|W(1)M Y(2)|)-element subset Z(2) from V \ ({x,, x} UY) U ¥(2)), and adds 
Z(2) to ¥(2) 

W(2) = Y(2) UZ(2). 


W(2) is a qb-element set, disjoint from {x,, x,}U W(1), so the first player can 
apply potential strategy Str. Strategy Str gives first player’s third move x3; = 
Str({x,, x2}; WO), W(2)); in other words, the first player pretends to play a (1:bq) 
game, and chooses his next moves accordingly. 

Let Y(3) = | ye : yy, gee yt denote second player’s third move; the set Y(3) 
may or may not intersect W(1)U W(2). In any case the first player selects an arbitrary 
(qb — |(W(1) U W(2))N ¥(3)|)-element subset Z(3) from V \ ({x,, x., x3} U YU) U 
Y(2) U Y(3)), and adds Z(3) to ¥(3) 


W(3) = ¥(3)UZ(3). 
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W(3) is a gb-element set, disjoint from {x,, x,,.x,}U W(1)U W(2), so the first player 
can apply potential strategy Str, and so on. 

The whole point is that, because of the artificially constructed fake sets 
Z(1), Z(2), ..., the fake (1:bq) play will end at the early stage of the real (1:5) play, 
where the second player owns <|V|/q points. An application of criterion (20.2) 
proves criterion (20.8). 


Conclusion of the proof. Before applying criterion (20.8) it is worth while 
noticing that parameter qg is not necessarily an integer; all what we need in the 
proof is that gb is an integer. 

Now we are ready for the application: let ¢ > 0 be arbitrarily small but fixed; let 


t=[(5-+)+] mao=|(-*) a 


(lower integral part), and define integer gb as the upper integral part 


qb= (3) /« where t = Loads - 


Then ¢ > 1/ qb(>), and in view of Lemma 2 and criterion (20.8), it suffices to check 
the inequality 


QlKin-sjil/ab 1. (20.9) 


Kjn—3j41€Gnki VS isk 


The proof of (20.9) is just a routine calculation. Indeed, the left-hand side of (20.9) 


equals 
k 
y (" ' eC an, (20.10) 
j=l J 


fn (l-—e)log2 nn 
r=ab=|(5)ir| < 3 logn’ 


By using the elementary fact (‘) < (en/j)/, we can estimate (20.10) from above as 
follows 


k 2 j 
3 (‘) ( eae a> (2) : ($) ~~ 
jal IJ X20 i<js(1/3-e)n \\ J 2j 


where 


en j 
< oe n7 8—-9i/n)/U-¢) (20.11) 
er 273 
<j<(1/3-e)n 
A trivial calculation shows that 
max ne n-B-9iMA—8) << : if n> no(e). (20.12) 
1<j<(1/3-e)n P 100 
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Thus by (20.11)-(20.12) 


k k fore) 

ys ) ( PD )p hr ey ste opt S . (20.13) 
SNIP Ned =I i=l 4 

j j j 

if n > no(e). Finally, (20.13) and (20.10) trivially imply (20.9), which completes 
the proof of Theorem 20.3. 


Concluding remark. The basic idea of the proof of Theorem 20.3 was the 
Longer-Path Argument: taking an unoccupied edge from the sub-graph Close(G, P) 
produced a longer path. Of course, Maker is eager to take an edge from Close(G, P), 
but how about the Reverse Hamiltonian Game? Reluctant Avoider may want to 
stay away from Close(G, P) as long as he can, and then the argument above 
seems to collapse. Can the reader still save the proof for the Reverse Hamiltonian 
Game? 


Open Problem 20.2 Consider the Reverse Hamiltonian Game, played on K,,, where 
Avoider takes I and Forcer takes f new edges per move; Forcer wins if, at the 
end, Avoider’s graph contains a Hamiltonian cycle. Is it true that, if f = cyn/logn 
for some positive absolute constant and n is large enough, then Forcer can force 
Avoider to own a Hamiltonian cycle? 


By the way, apart from the “Random Graph intuition” we don’t know any a priore 
reason why the Achievement and the Avoidance (i.e. Reverse) Hamiltonian Games 
should have the same breaking point. Is it true that they have exactly the same 
breaking point? 

Recently Hefetz, Krivelevich, and Szab6 [2007] came very close to solving Open 
Problem 20.2: they could prove the weaker version with 


ii 


n 
=r (log n)(loglogn)’ 
i.e. it falls short of a factor of loglogn. Very recently Hefetz, Krivelevich, and 
Szab6 announced a positive solution of Open Problem 20.2. 


(20.14) 


3. Proofs of the biased criterions. As promised at the beginning of the section, 
there follows a proof of: 


Theorem 20.1 Playing the (p:q) Achievement game on a finite hypergraph fF, 
where Maker takes p new points and Breaker takes q new points per move, if 


1 
Ydt+q 4? = ; 
AcF 1 + q 

then Breaker, as the second player, can put his mark in every A € F. 
Note in advance that the proof of Theorem 20.1 can be easily adapted in the (a:1) 
Avoidance version (the general Avoidance case, however, remains a mystery!). 
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Theorem 20.4 Let a > 2 be an arbitrary integer, and let F be an n-uniform 


1 n 
ri<(S ) ; 
a 


Then, playing the (a: 1) Avoidance Game on F, where Forcer is the underdog, 


hypergraph with size 


Avoider (as the first player) has a winning strategy. 


Remark. We learned very recently that Theorem 20.4 was independently discov- 
ered and proved in Hefetz, Krivelevich, and Szab6 [2007]. They used it to prove 
bound (20.14) for the Reverse Hamiltonian cycle game. We are going to use it to 
prove the exact solution for the (a: 1) Avoidance versions of the Lattice Games 
(see Theorem 9.2). 


Exercise 20.1 By using the proof technique of Theorem 20.1 prove Theorem 20.4. 


We will return to Theorem 20.4 in Section 30, where 2 proofs are included and 
some applications are shown. 
Now I give a: 


Proof of Theorem 20.1. We basically repeat the proof of the Erdés—Selfridge 
Theorem, but we work with the powers of a suitable (1+) where parameter 
fu > O will be specified later. It is also very important to have a good notation. 


Given a hypergraph G and two disjoint subsets X and Y of the board V = V(Q), 
write 


(XYG= DY dtp (20.15) 


AeG: ANY=% 


For an arbitrary z € V(G), write 
AXYG2= YS dtp). (20.16) 


zeAEG: ANY=6 


We are going to repeatedly use the following two completely trivial inequalities 
$(X, YU{yi}, G, y2) < A(X, Y, G, y2)s (20.17) 
P(XU {x}, 4G, x) < +H) bX YG, x). (20.18) 


Assume we are in the middle of a (p: q) play, Maker (the first player) already 
occupied 
Ke [a ye eae sae wea (20.19) 


and Breaker (the second player) occupied 
1 1 1 
Y,= {> Ua ga eee EA cece i eae (20.20) 
Let 


() (/) (1) (i) 
X= XU Gapeectaiy and Ys = YU fy Raa} 
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After the ith move of the first player the actual play defines a truncation of our 
hypergraph F as follows 


F,={A\X,;: AeF and ANY,_, =9}. 


That is, we throw away the winning sets A € F, which are blocked by the second 
player, and from the unblocked winning sets we remove the first player’s points. 
Write 

WF) = (X;, V1, F) = s a +p), 


Bef; 


First player's Weak Win is equivalent to the fact that for some i the truncated 
hypergraph 7; contains the empty-set; in this case the contribution of the empty-set 
alone is (1+ )° = 1, so if the second player can enforce the inequality y(F;) < 1 
for the whole course of the play, then at the end of the play the second player 
blocks ever A € F. 

Here is second player’s blocking strategy: at his ith move for every k= 1,...,q¢ 
he computes the value of #(X;, ¥,_,, 7, y) for each unoccupied y € V = V(F), and 
picks that y = i for which the maximum is attained. 

Let yz be defined by the equality (1+) = (1+4q)!””. We claim that by making 
this choice of parameter ps the inequality below holds 


W Fis) < WF), (20.21) 


independently of first player’s ({+ 1)th move. As usual, decreasing property (20.21) 
is the key step, the rest is standard. 
To prove (20.21) note that 


q P : 
Wh Fis) = WF) — V(X, Yer Fy +d O(K, 1 Ys Fx). 


k=1 j=l 
(20.22) 
By (20.17) fork =1,...,q-1 
P(X, Viras F, ye) <= P(X, Yin F; yes 
and by the maximum property of ye? 
k+l k 
POX Vide Fs y} *)) < O(X,, Yee F, ys )s 
so combining the last 2 inequalities we obtain 
P(X Veter Fo) SOK Va Fo”) (20.23) 


fork =1,...,q—l1. Similarly, for 7 =0,...,p—1 
DOGY Ft VS OO ae (20.24) 
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and by (20.18), for j= 1,..., p and for any z 
P(X; ¥;,F,2) < I+) b(X; 1, VF, 2). (20.25) 
By repeated application of (20.23), for j=1,...,q 
P(Xi Yagi Fi?) S Oi Yaya Fy”) (20.26) 
By (20.24) and (20.25), for every j =0,...,p—1 
(Xj Yin Foxpen) SF BY O(X ps Yq Fo”). (20.27) 
Returning to (20.22), by (20.26) and (20.27) we conclude 


p-l 
W Fist) SWF) — («- are +0 P(X Ying arF. yi”). (20.28) 
j=0 
The choice (1+) = (1+ q)'/? gives 
= , (+p)e—-1 
w+ py =p 
X (1+p)-1 
i.e. (20.28) yields (20.21). The proof of Theorem 20.1 is complete. 


q, 


Remark. An adaptation of the last proof works for the one-sided discrepancy case 
where Breaker wants more than just | point from every winning set: Breaker = 
Balancer in fact wants “his proportional share” from every winning set (it is not 
a problem if he has more than his share). This nice adaptation is due to Andras 
Pluhar; the details go as follows. 


Let F be a finite n-uniform hypergraph. There are 2 players, Balancer and 
Unbalancer, who play a general (b: uw) game on F: Balancer takes b points per 
move and Unbalancer takes u points per move. Balancer’s goal is to force that, 
at the end of the play, he owns at least b— e/b+u part from every winning set 
A€éF. Here ¢ > 0 is, of course, “small” — the smaller, the better. 

Assume we are in the middle of a (b: u) play: Balancer — for simplicity assume 
that he is the first player — already occupied 

1 b+ b 1 b 
ad by TERED ES MAEEEES SERED SEEEES I E 
and Unbalancer (the second player) occupied 
X;= eM cca UNy maven eee Lae de 
At this stage of the play, for every winning set A € F define the “weight” 
w)(A) = (1— Ayn we «(1+ ain a, 


and define the “total weight” 
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T(F) = )) w;(A). 
AcF 
Note that A and 7 are unspecified (yet) parameters; we will optimize them later. 


We just note that 0 < A < | and 7> 0. 
By repeating the proof of Theorem 20.1, we obtain the following perfect analogue 
of inequality (20.28): Balancer can force that 


TF) $147) - (6-a-(1+7)"=1))- Yo (LAA) etal ae 1p ny IMA 
(b) 


A: Vip CAEF 
where Y;,_, = Y;U {yl pees yea }. It follows that, by choosing 
b-A=(1+7)"-1, (20.29) 


we can enforce the critical “decreasing property” T,, (7) < T;(F). 
Therefore 


Tena(F) < Tyan(F) = |F|-(— ao (14 0) (20.30) 


If at the end of the play Unbalancer can own > un/b+u-+A points from some 
Ay € Ff, then, of course 


(1—A)-4-(1+7)4 <T,,,(F). (20.31) 
Combining (20.30)-(20.31) we obtain 
log |F| — 4 (blog(1 — A) +ulog(1+7 
a &|F | — 5, (blog( — A) g(1+7)) (20.32) 


A log(1 + 7) —log(1 — A) 
The last (routine!) step is to minimize the right-hand side of (20.32) under the side 
condition (20.29); this gives an upper bound on the one-sided discrepancy A. 

To minimize the right-hand side of (20.32), we can use the approximations 
log(1 + ¢) = +e —(e”)/2+ O(e*) and (1+¢)"—1=ue+t (%)e*+ O(e*), where € 
is “small,” and after some long but routine calculations (that is left to the reader) 
we obtain the following upper bound: at the end of the play Balancer can own 
> bn/b+u—A points from all A € F with 


b+u 

This result can be interpreted as the “easy direction” of Theorem 17.5. 

Finally, we include a detailed proof of the “biased building criterion” Theorem 2.2 
(which was introduced at the end of Section 2). The notation applied in the previous 
proof of Theorem 20.1 comes very handy here. 


A =3V/nlog|F| (20.33) 


Theorem 2.2 (“biased building”) Jf 


“lal 
s (224) > pg (ptq)?-AlF)-|WF)I, 


AcF 
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where A,(F) is the Max Pair-Degree of hypergraph F, and V(F) is the board, 
then the first player can occupy a whole winning set A € F in the biased (p: q) 
play on F (the first player takes p new points and the second player takes q new 
points per move). 


Proof of Theorem 2.2. We use the notation xP eae X;, Y;, @ introduced at the 


beginning of the previous proof (see (20.15)-(20.16) and (20.19)-(20.20)). Let 
X) = Y) = WU. Here is first player’s building strategy: at his (i+ 1)st move (i > 0) 
the first player computes the value of OXY , F,x) for each unoccupied point 
xéV\(X;,UY,), and sequentially picks a a ae et xe 
value. 

Now let Wi; = $(X,, Y;, F). We want to show that ,,,7 > 0, which clearly implies 
a Weak Win. 

To prove ,,, > 0 we estimate w,,, — W, from below, i.e. we want to control the 
decrease. We have 


which have the maximum 


Wii — = os {1+ ya) el SOR e = ce ea 
AeF: ANY,,,=0 A 
(20.34) 
where the summation )°* is taken over all A € F for which AN Y,,, #@ but 
ANY, =9. 
The first sum on the right-hand side of (20.34) equals 
P (/) 
F=)>{(+e)-1} 04a), 
j=l A 
where the summation °”) is taken over all A € F for which ANY, 41 = WY but 
JAN (X;,, \X;)| = j. Using the trivial fact (1+ )/ > 1+ ju, we have 
P (/) 
P= DDO MyM = BL OK Yur Fa). (20.35) 


j=l A l=1 


Let us introduce the sub-hypergraph Fi! GF 


Fia{AeF: x9, € A, ANY, = but AN( Yar \¥) 4D}. 
Obviously |F/| < |¥,,,\ ¥;|A2 = q- Ap, and by definition 


A(X;, Vig, F, x9,) = O(%,, ¥,, F, x91) — tp) 4 
AeF} 
= $(X;, Y;,F, Fo —|F} "d+ py? 


> 6(X;, ¥;,F, x), )—9q- Ay: (1+ p)~. 
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Therefore, by (20.35) 
P . 
F> py O(%;, ¥j,F x21) — pq: Ay m+ By. (20.36) 
jl 


On the other hand, the second sum on the right-hand side of (20.34) is less or equal 
to 


q 
> $(X;, VF, ie : 
k=1 

Thus by (20.36) we have 


P ' 
Wis —W = es H(X;, Y;, F, xe 


jel 
: W 2 
— D(X Vi, Fs igs) — Pg Ay WO +B). (20.37) 
k=l 
Since xr, was picked before ae we have 
XV Fx) = (Xp Vo F Yer) for every 1s jsp, sks. 


It follows that 
I< HW\.~< (&) 
Pp > O(X;, Y;, Ks ea) = oa $(X;, Y;, Fy Jit ? 
j=l k=l 


so by choosing w = p/q in (20.37), we obtain 


2 
Pq 
Win —W = (44 -) A). (20.38) 
By repeated application of (20.38) we get the following lower bound for y; 
2 
Ui > Voi: (=4) Ay. (20.39) 
pt+q 


Since 


-|A| 
Wo = Wrtank = ~d+z) = ~ (1+2) ; 
AcF q 


AEF 


and the length of the play is < !¥!, by (20.39) 


= ptq’ 


—|Al 2 

V 

tna > (24) M ( ms ) A, > 0, (20.40) 
AcF\ P P+q \ptq 


where the positivity of the right-hand side of (20.40) is exactly the hypothesis of 
Theorem 2.2. This completes the proof. 


Part C 


Advanced Weak Win — game-theoretic higher 
moment 


Here is a nutshell summary of what we did in Part A: the goal of the first chapter 
was to introduce the basic concepts such as Positional Game, Weak Win, Strong 
Draw, and to demonstrate the power of the potential technique on several amusing 
examples. The goal of the second chapter was to formulate the main results such as 
Theorem 6.4 and Theorem 8.2 (“exact solutions”), and also the Meta-Conjecture, 
the main issue of the book. 

Part B was a practice session for the potential technique. 

In the forthcoming Parts C—D, we discuss the most difficult proofs, in particular 
the exact solutions of our Ramseyish games with 2-dimensional goals. Part C is the 
building part and Part D is (mainly) the blocking part. 

In Part A, we introduced two simple “linear” criterions (Theorem 1.2 and The- 
orem 1.4), and gave a large number of applications. Here, in Part C, we develop 
some more sophisticated “higher moment” criterions. The motivation for “higher 
moment” comes from Probability Theory. The “higher moment” criterions are 
applied in a way very similar to how some of the main results of classical Probabil- 
ity Theory — such as the central limit theorem and the law of the iterated logarithm — 
are all based on higher moment techniques. 

Note in advance that the last part of the book (Part D) also has a strong probabilis- 
tic flavor: Part D is about how to “sequentialize” the global concept of statistical 
independence. 

A common technical feature of Parts C—D is to involve big auxiliary hypergraphs. 
The big auxiliary hypergraphs explain the “higher moment” in Part C, and explain 
why it is possible to find the exact solutions for large board size. 

Parts C—D (together with Chapter IV) justify the name fake probabilistic method. 
The word “fake” refers to the fact that, when we actually define an optimal strat- 
egy, the “probabilistic” part completely disappears. The probabilistic argument is 
converted into a perfectly deterministic potential strategy such as — metaphorically 
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speaking — how a caterpillar turns into a butterfly. This “metamorphosis” is a regular 
feature of the proofs. 

The deep connection with Probability Theory is definitely surprising, but the 
most surprising fact is that the upper and lower bound techniques often coincide, 
supplying exact solutions for infinitely many natural games. This is why we dared to 
use the term “theory” in the title of the book. The author discovered this coincidence 
quite recently, only a couple of years ago. (The original, pre-exact-solution version 
of the book had the less of imposing title “Positional Games”; without the exact 
solutions it didn’t deserve to be called a “theory.”’) 


Chapter V 


Self-improving potentials 


In Chapter IV, we start to explore the connection between randomness and games. 
A more systematic study is made of the probabilistic approach, that is actually 
refered to as a “fake probabilistic method.” 

The main ingredients of the “fake probabilistic method” are: 


(1) the two linear criterions (“Part A”) — for some applications see Part B; 

(2) the advanced Weak Win criterion together with the ad hoc method of Section 23 
(“Part C”); 

(3) the BigGame—SmallGame Decomposition and its variants (“Part D”). 


The main result in Chapter V is (2): the Advanced Weak Win Criterion, a 
complicated “higher moment” criterion. It is complicated in many different ways: 


(i) the form of the criterion is already rather complicated; 
(ii) the proof of the criterion is long and complicated; 


(iii) the application to the Clique Game requires complicated calculations. 


This criterion basically solves the building part of the Meta-Conjecture (see 
Section 9). 
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21 
Motivating the probabilistic approach 


Let us return to Section 6: consider the Maker—Breaker version of the (Ky, K,) 
Clique Game (we don’t use the notation [Ky, K,] any more). How do we prove 
lower bound (6.1)? How can Maker build such a large clique? 


1. Halving Argument. The Ramsey criterion Theorem 6.2, combined with the 
Erd6s—Szekeres bound, gives the size g = Slog,N , which is roughly ‘ of the 
truth. We can easily obtain a factor of 2 improvement by using the Ramsey proof 
technique (“ramification’’) instead of the theorem itself. “Ramification” is an iterated 
“halving process,” which has the natural limitation of the binary logarithm of N. 
In other words, a ramification strategy cannot build a clique K, with q larger than 
log, N + O(1). In the following theorem we achieve the bound log,N + O(1), the 
natural limitation of the Ramsey technique. (The second “factor of 2 improvement” 
will be accomplished later in Sections 24-25.) 


Theorem 21.1 Consider the (Ky, K,) Clique Game. If N = 29, then Maker can 
force a Weak Win; in fact, Maker can build a K, of his own in less than 27? moves. 


Remark. This result was discovered by Beck, and independently, by Pekec and 
Tuza. The following proof is due to Beck [2002a]. As a byproduct, Theorem 21.1 
happens to give the best-known upper bound on the following “Move Number” 
question: “How long does it take to build a clique?” We will return to this question 
at the end of Section 25. 


Proof. The trick is to combine the standard “Ramification” argument with the 
following “Sparse Subgraph Lemma.” 


Lemma 1: Let G = (V, E) be a simple graph (i.e. no loops and there is at most 
1 edge between 2 vertices). Two players, We call them First Player and Second 
Player, alternately occupy the vertices of G: at the end of the play they split 
the vertex-set V into 2 parts V' (First Player’s points) and V" (Second Player’s 
points). Let G(V") denote the restriction of G to the vertex-set V" (i.e. the induced 
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sub-graph). First Player can always force that the number of edges of G(V') is at 
most 1/4 of the number of edges of G. 


Proof of Lemma 1. Actually the following much more general statement is true. 


Lemma 2: Let V be a finite set, and let F be an n-uniform family of subsets 
of V. Two players, First Player and Second Player, alternately occupy the points of 
V. First Player can force that, at the end of the play, the number of sets A € F 
completely occupied by him is at most |F|2~". 


The proof of Lemma 2 is almost identical to the proof of the Erdés—Selfridge 
Theorem. The only difference is that instead of picking a point of maximum weight, 
First Player picks his next point as a point of minimum weight. 


Lemma | is the special case of Lemma 2 with n = 2. 


Consider the complete graph K,,, and let Vy be its vertex set: |Vp| = 27. Let u, € Vo 
be an arbitrary vertex. Then playing on K,, Maker (as the first player) can pick 27~! 
edges incident with u,. Let V; (C Vo) denote the set of other endpoints of these 27~! 
edges of Maker: |V,| = 2%~'. Consider the complete graph Ky, on vertex-set V,. 
The graph Ky, doesn’t have any edge of Maker, but it may contain some edges of 
Breaker: let E, denote the set of edges of Breaker in Ky, . Clearly |E,| < |V,;|= Qe), 
Let G, be the graph (V,, £,). The average degree d, of G, is 
—  2|E| a 
1= 223 
[V,| a 
Let u, € V, be a point with minimum degree in G,. So the degree of u, in G, 
is <2. 
By playing on Ky, and choosing edges from point u, Maker (as the first player) 
can trivially pick 


[Vil- a 


Maa (upper integral part) 


edges. These edges are all incident with u, € V,, and let V, (C V,) denote the set 
of other endpoints. Clearly 


So 


yaa 
2 > V5 = | 5 | = 2071, 


The complete graph Ky, with vertex-set V, doesn’t have any edge of Maker, but it 
may contain some edges of Breaker: let E, denote the set of edges of Breaker in 
Ky,. Clearly 
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|E5| < |E,|+1V5]. 


But this trivial upper bound can be substantially improved if Maker picks his 


ia 


edges incident with u, € V, (i.e. the set V,) in a clever way, namely by using First 
Player’s strategy in Lemma 1. Then Maker can guarantee the stronger inequality 


E,\< I-.I +|V5| 
~— 4 
instead of the trivial one 
E,| < |E,|+|VoI. 
So Maker can force the upper bound 
Bie ie a 
A ~ 4 


Let G, be the graph (V,, E,). The average degree d, of G, is 


— IIE V V. 20! 
we Fal co (Ml Wal) co aes 
lV,| 4|V,| — |V,| 2{202=1) 


if q > 3. Let u; € V, be a point with minimum degree in G,. So the degree of u, 
in G, is <4. 
By playing on Ky, and choosing edges from point wu; Maker (as the first player) 


can trivially pick 
|V2| ds 
2 


edges. Let V; (C V,) denote the set of other endpoints of these edges of Maker 


Val; 
V3, = | —.—— |. 
IVs ; 


27? 4 
> IWal> | 5 |=202-2. 


The complete graph Ky, doesn’t have any edge of Maker, but it may contain some 
edges of Breaker: let E, denote the set of edges of Breaker in Ky,. Clearly 


So 


|E3| < |E,| +1V3].- 


But again this trivial upper bound can be substantially improved if Maker picks his 


i 
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edges incident with u, € V, (i.e. the set V;) by using First Player’s strategy in 
Lemma |. Then Maker can guarantee the stronger inequality 


ee 


|E3| < —— +|V3| 
instead of the trivial one 
|E3| < |E,|+|V3). 
So Maker can force the upper bound 
|E}| MA | 
[Esl < +15 < GE + E+ IV 
Let G; be the graph (V;, E,). The average degree d, of G, is 
— 2E V V. V. 
ra | I <2( a4 NEI, | *) 
[V3 | 47|V| 4[Vs| [Val 
and so on. By iterating this argument, we have the following inequalities in general 
lV,| > Vint dint 
2 
and 
—_ 2|E\| [Vi [VI [V5 | Vil 
d; = —— <2(— +— +—— vs — |. 
eS Can AY, ARAL, | Vi 


We are going to prove by induction that if 1 <i < q—4, then 24 > |V,| > 27'—6 
and di <6. 

We have already proved the cases i= 1 and i= 2. 

Now assume that the inequalities hold for all 1 < j <i—1, and want to show that 
they hold for 7 =i as well. But this is pages trivial calculations. Indeed, by hypothesis 


Wil-da , QT"-6)-6 _,,; 
Vi = 27-6, 
Vj= es S 
Note that the upper bound 24‘ > |V,| is trivial. 
On the other hand, we have 

— _ 2|E\| [Vi | [V5 | [V5 | Vil 
d,= 29 |= uses po oe ee 
aA Gi AIM) AEM) IV 


Spe ltstatgt. Sats Ee =o 
~ 2 (24-' 6) 22> 2 
if g—i> 4. This completes the proof of the inequalities 27! > |V,| > 27-'—6 and 
d,<6if 1<i<q—4. 
Let u,_3 € V,_4 be a point with minimum degree in graph G,_4 = (V,_4, E,_4). 
So the degree of u,_; in G,_4 is < diy 4 < 6. Now playing on Ky, Maker (as the 
first player) can trivially nicks 
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edges incident with u,_, € V,_4. Let V,_, (C V,_4) denote the set of other endpoints 
of these edges of Maker, and let u,_, € V,_; be an arbitrary point. It follows from 
the construction (which is a slight modification of the standard proof of the graph 
Ramsey Theorem) that any two of the (q—2) vertices u,, Uy, U3,°-* ,Ug—> are 
joined by an edge of Maker. This means that playing on K,, Maker can build a 
K,_2 of his own in less than 24 moves. This proves Theorem 21.1. 


2. How to beat the Halving Argument? Approaching the Optimal Play via the 
Majority Play. Theorem 21.1 is certainly an improvement, but it is still just “half” 
of the truth. With any kind of halving strategy we are hopelessly stuck at log,N. 
How can we go beyond log,N, and “double” it? It is very instructive to solve first 
a much easier question: “What is the majority outcome of the game?” 

In Section 6 “random” players was mentioned, and whole of Chapter IV focused 
on the topic of “randomness and games.” Here a more detailed, systematic treatment 
of this angle is given. 

What the majority outcome means is the following most naive approach to solve 
a game. Assume we possess the supernatural power to go through and analyze all 
possible plays at once (needless to say most of the plays are hopelessly dull, or even 
dumb), and if the overwhelming majority of the plays ends with a Weak Win (or 
Strong Draw), then we suspect that the outcome of the game is the same: a Weak 
Win Strategy (or a Strong Draw Strategy). The naive intuition is that the outcome 
of the game (which is the outcome of the optimal play between two perfect players) 
is the same as the majority outcome. 

A terminal position of a play in the Clique Game gives a Halving 2-Coloring 
of the edges of Ky, so we have to study the Random Halving 2-Colorings of Ky. 
A technical simplification (in fact a slight “cheating”) is to consider the simpler 
Random Graph model: we include or exclude each edge of Ky with probability 
1/2, and we do this inclusion-or-exclusion for all (7) edges of Ky independently 
of each other. This way we get a Random 2-Coloring of the edges of Ky, which is 
not exactly Halving, but Nearly Halving (with a “square-root error” by the Central 
Limit Theorem). 

We want to understand the mysterious relationship between deterministic Graph 
Games (of complete information) and Random Graphs. The first step in exploring 
this idea is the study of the 


Clique Number of the Random Graph. Since Maker occupies half of the edges 
of Ky, we study the Clique Number of the Random Graph G = R(Ky, 1/2) where 
the edge probability is 1/2. The Clique Number means the number of vertices 
in the largest clique. It turns out that the Clique Number of the Random Graph 
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has an extremely sharp concentration: “almost all” graphs on N vertices have the 
same Clique Number. The common value of the Clique Number is not log, N (the 
natural limitation of the “ramification”), but the (almost) twice as large 2log,N — 
2log,log,N + O(1). The point is that the Clique Number of the Random Graph 
does go beyond log,N + O(1), and this gives us a hope for a similar factor 2 
improvement in the Clique Game. 

The “sharp concentration of the Clique Number,” already mentioned in Section 6, 
is one of the most surprising results in the theory of Random Graphs. It is based on 
the combined efforts of several authors: Erd6és, Rényi, Bollobas, and Matula. The 
statement is very surprising, but the proof itself is shockingly simple: it is an almost 
routine application of the probabilistic First and Second Moment Method. We use 
the standard notation w(G) for the Clique Number of a graph G, and R(Ky, 1/2) 
denotes the Random Graph with N vertices and edge probability 1/2. 


Sharp Concentration of the Clique Number: w(R(K,, 1/2)) is basically con- 
centrated on a single value (depending, of course, on N) with probability tending 
to one as N tends to infinity. 


Remark. This is a pure probabilistic statement which seemingly has absolutely 
nothing to do with the optimal play. The reason why it was decided to still include 
an outline of the proof (see below) was to demonstrate how the critical probabilis- 
tic calculations here will unexpectedly show up again later in the game-theoretic 
considerations. This is an excellent illustration of how the “Probabilistic Method” 
is converted into a “Fake Probabilistic Method” (the method of the book). 


The concentration of random variables in general: We start our discussion with 
the vague intuition that “a random variable is close to its expected value.” For 
example, if one tosses a fair coin N times, the number of Heads is typically in 
the range N/2+cJ/N. The typical fluctuation is described by the Central Limit 
Theorem: the norming factor is the square root of N (which is “small” compared 
to N/2 if N is large). 

Square-root-of-N size fluctuation is very typical, but many “natural” random 
variables are far more concentrated — exhibit constant-size fluctuation. For example, 
instead of counting the number of Heads, we may be interested in the length of 
the longest run of consecutive Heads in N trials; let L = L(N) denote the longest 
run random variable. As far as is known, it was Erdés and Rényi who made the 
first systematic study of the longest run. For simplicity assume that N = 2” where 
n is an integer. Erdés and Rényi proved the following elegant result: if c is a fixed 
integer and N = 2” tends to infinity, then 


Pr[L(N) = log, N+-c] > ee?” (21.1) 


In (21.1) the choice c = —1 gives the maximum probability e~!/? — e~! = .2387; the 
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other choices c = 0, 1, 2 give the probabilities, respectively, e~'/4 — e7'/? = .1723, 
e'/8 — eA“ M/4 — 1037, e716 — e 18 = 057, 

(21.1) shows that the longest run random variable is concentrated on a few values 
log, N + O(1) (centered at log, N) with probability nearly one. 

The proof of (21.1) is based on the Inclusion—Exclusion Principle combined with 
the trick of non-overlapping extensions. The term non-overlapping extensions means 
that if H---H is a block of consecutive Heads, then we extend it in both directions 
into a block TH --- HT (or possibly TH --- H(last), (first)H --- HT). The critical 
property of the extended patterns TH---HT, TH ---H(last), (first)H---HT is 
that they cannot overlap! Working with the extended patterns, the application of the 
Inclusion—Exclusion formula becomes particularly simple, and (21.1) follows easily. 

Another example of a “type (21.1) concentration” is the length of the longest 
monochromatic arithmetic progression in a Random 2-Coloring of [1, N] = 
{1,2,..., N}. Then the longest monochromatic length, as a random variable, is 
concentrated on a few values 2log, N — log, log, N + O(1) with probability nearly 
1. The reader is challenged to prove both (21.1) and the last statement. 

The third type of concentration is so extreme that there is no fluctuation; the 
random variable is deterministic (or almost deterministic). The best illustration is 
exactly what we are interested in, namely the clique number of the Random Graph. 


Outline of the proof of the sharp concentration of the clique number. Let 
N\ (4 
fay = ful) = ("2-0 


denote the expected number of q-cliques in the Random Graph R(Ky, 1/2). The 
function f(q) is monotone decreasing and drops under one around g * 2log, N. 
Let qo be the last integer q such that f(q) > 1, ie. f(qo) > 1 = f(qo +1). The “real 
solution” of the equation f(g) = 1 is q = 2log, N —2log, log, N+2log,e—1+ 
o(1), and qp is the lower integral part of this real number. The crucial fact is that 
f(g) is a very rapidly changing function 


SQ _ ati 

fq+l) N-@q 

if g © 2log, N. The reason why f(q) is rapidly changing is pretty simple: the 
complete graph K, has (2) edges, and changing qg by one makes a large — in fact, 


square-root size — increase in the number of edges: (5) = (2) +q. 


In view of the rapid change, it is very unlikely that either N*® > f(q)) > 1 or 
1 > f(qo +1) = N~* occurs, where ¢ > 0 is an arbitrarily small but fixed constant. 


24 — Nitro) 


Case 1: f(q) > N° > N° > f(qo +1) holds for some ¢ > 0 
In this “typical” case the Clique Number is concentrated on a single value, namely 


Prf o(R(Ky, 1/2) = 4| | 
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as N — oo. Indeed, for each g-element vertex-set S of Ky let 7; denote the indicator 
random variable of the event that “S is the vertex-set of a clique in R(Ky, 1/2)”, 
Le. Vs; is 1 if “S spans a clique” and 0 if “not.” Let 


OS 05 Fx 
IS|=q 
The expected value E(Q) = f(q). The variance of 0, is as follows 
Var Oya 35 SS (Exs, Xs,) -2°0), 
|Sil=q |Sol=q 


where 


E(ys, Xs,) -_ Pr{Xs, => Xs,} = 2-2(8) 
if |S,S,| < 1, and 


E(xs,Xs,) =Pr{xs, =1=Xs,} = 9-2(9)+G) 
if 2<i=|S,S,| < q. It follows that 


var(Q) _ (OCA) (5; am 
E2(0) =2, *) (20 1) = Yad. (21.2) 
where ae 
g(t) = gn q(t) = OG) 20 _ 1). (21.3) 


() 


If q*Zlog, N, then Viz a(0) * a(2)+ a(q). Indeed, a(2) » a = = Er", 8(3) © 
= = chee" , and, on the other end, 9(q) * ma ,a(q-1) naa? aa so on. For 


O=0, wii qd = q by Chebyshev’s inequality 

Var(Q) (log N)* 1 
~ BOQ) Fa) 
as N — oo. So K,, C R(Ky, 1/2) with probability tending to 1. 

On the other hand, for Q = 0, with g = q) +1 Markov’s inequality yields 


PrfO= o| <Pr{io- B(9)| > B(O)} < <N-* +0 


Pr{.o > i} <E(Q) = fq +1) <N~* > 0 
as N — oo. Therefore, K,,,; C R(Ky, 1/2) with probability tending to 0. 


Case 2: Either N* > f(q)) > lor 1> f(q tl) =N* 
Repeating the argument of Case 1, we conclude that either 


Prfo(R(Ky, 1/2)) =@) +1 or ao} ae 
or 
Pr o(R(Ky, 1/2)) = q oF G— | | 
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as N — oo. This completes the outline of the proof of the sharp concentration of 
the clique number of the Random Graph G = R(Ky, 1/2). 


3. How to conjecture the Advanced Weak Win Criterion? As said before, the 
main idea is to convert the probabilistic First and Second Moment argument above 
into a deterministic game-theoretic proof via potentials. Guessing the right criterion 
(“Advanced Weak Win Criterion”) is already a serious challenge; the guess work 
is nearly as difficult as the proof itself. We already formulated the Advanced Weak 
Win Criterion in Section 13, but here we pretend not to know about it. The point 
is to see how the probabilistic considerations give us a strong hint/motivation to 
discover the advanced criterion. 

Note that the advanced criterion is a “Game-Theoretic Higher Moment Method”; 
in fact, a p"” Moment Method, where in the (majority of) applications the parameter 
poo. 

Let’s start with the first moment; what is the Game-Theoretic First Moment? 
This job is already done: “First Moment” means the two linear criterions together, 
the Erdés—Selfridge theorem for Strong Draw (Theorem 1.4) and Theorem 1.2 for 
Weak Win (explaining the title of Part A). To justify this claim, we recall the 
non-uniform version of the Erdés—Selfridge Theorem. 


Non-uniform Erdés-Selfridge: /f 


yo 2-4 <1 («<1/2), 


AceF 


then Breaker, as the first (second) player, has an explicit Strong Draw strategy in 
the positional game on (V, F). 


Consider the Random 2-Coloring of the points of hypergraph (V, F), where the 
points are colored red and blue independently of each other with probability 1/2. 
Then the expected number of monochromatic winning sets is precisely 1, 27!4*1. 
If this expected number is less than 1, then there exists at least one Drawing Terminal 
Position. By the non-uniform Erdés—Selfridge Theorem this Drawing Position can 
be “upgraded” to a Strong Draw Strategy. 

A probabilistic interpretation of the Erdés—Selfridge criterion has just been given: 
it is about the “expected number of monochromatic winning sets in a Random 
2-Coloring.” (Note that the “expected value” is often called the “first moment” in 
probability theory.) But the probabilistic interpretation goes much deeper! It goes 
far beyond the criterion alone: the Strong Draw Strategy itself also has a natural 
probabilistic interpretation. Indeed, the strategy is to minimize the defeat probability 
in the randomized game. To explain what it means, assume that we are in the middle 
of a play where Maker (the first player) already occupied x,,x,,...,x;, Breaker 
(the second player) occupied y,, y5,..., y;_1, and the question is how to choose 
Breaker’s next point y,;, Again we use the concepts of “dead set” (i.e. blocked 
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by Breaker) and “survivor.” A “survivor” A € F has a chance to eventually be 
completely occupied by Maker, so each one represents some “danger.” What is the 
total “danger” of the whole position? Consider the randomized game starting from 
this given position, i.e. we color the unoccupied points of the board V red and 
blue independently with probability 1/2, red for Maker and blue for Breaker. Let 
A, € F be a “survivor” winning set, and let E, denote the event that A, becomes 
monochromaticly red in the randomized game. The probability of F, is clearly 2~“s, 
where u, is the number of unoccupied points of A,. Let {A,: s € S;} be the family 
of all survivor sets at this stage of the play, i.e. S, is the index-set for the “survivor” 
winning sets. We are interested in the “defeat-probability” Pr{U,<s, £,}. By the 
inclusion—exclusion formula 
Pr{ U B,| = DPr(E.}— OPEN E} + DO Pr{E,NE, NE} 


se; seS; S<t S<t<v 


This expression is obviously far too complicated, so we need to approximate. 
ses; P T{E,} 
on the right-hand side and ignore the rest. The first term is nothing else than the 
expected number! This convinces us to evaluate the given position by the following 


A natural choice is the “linear approximation,” i.e. to keep the first term }> 


“total danger” T; = )',<s,2~“*, where u, is the number of unoccupied points of the 
“survivor” A, (s € S;) and the index i indicates that we are at the stage of choosing 
the ith point y, of Breaker. What is the effect of the next two moves y, and x;,,? 
The familiar equality 
Ta=Tt- E ret Yor Yr 
seS;: yicAys SES}! Xi41€As seS;:{y,Xi41}CAs 

explains why the natural choice for y; is the “maximum decrease,” which minimizes 
the “total danger” 7;,,. 

For later application note that hypergraph F can be a multi-hypergraph; a winning 
set may have arbitrarily large multiplicity (not just 0 and 1); the proof remains the 
same: in every sum a winning set is counted with its own multiplicity. 


Random 2-Coloring of a hypergraph. Let yb: V > {red, blue} be a Random 
2-Coloring of the board V of hypergraph F such that the points are colored red and 
blue independently of each other with probability 1/2. Let OQ = Q(w) denote the 
number of red (i.e. monochromatic red) hyperedges A € F in 2-coloring w. Write 
TF) = > 2, (21.4) 
AcF 
(Of course, if a hyperedge has multiplicity (say) M, then it shows up M times in 
the summation above.) Notice that T(F) is, in fact, the expected value EO, of the 
random variable 2. 
Next we compute the variance Var(Q.) of ©. Let v4 denote the indicator variable 
of the event that “A is red,” ie. x, is 1 if “A is red” and 0 otherwise. Clearly 
O. = acer X4, and we have 
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Var(Q) = E(0*) — F(9) = OY (EWaxs) —EWEC)). 
AcF BeF 
If A and B are disjoint sets, then vy, and y, are independent random variables, so 
E(X4X3) = E(X,)E(Xz). It follows that 


Var(Q) = ye (2 a, aul) 49 > (oer m atl), 
AcF {4,B}e(Z):1AnB|>1 


xX 


is) denotes the 


Here we employed the (standard) notation that, if X is a set, then ( 
family of k-element subsets of X. 


Since |A U B| = |A]+ |B] — |ANB| < |A|+|B]—1, we have 
1 
58 < Var(Q) < S where S = T(F)+2T(F;) (21.5) 


and 


Fea {auB: (4.8}e(7), Jana >]. (21.6) 


That is, F; is the family of all union-sets (counted with multiplicity) of the unordered 
pairs of distinct non-disjoint elements of F. 

By Chebyshev’s inequality, the “red set counting” random variable © falls in the 
interval 


E(Q) — O(,/Var(Q)) < Q < E(Q) + O(/Var(Q)) (21.7) 


with probability close to 1. We want to guarantee that O > 1 holds with probability 
close to 1, i.e. the Random 2-Coloring provides a (monochromatic) red winning set 
(“Maker wins”) with probability close to 1. To apply the Chebyshev’s inequality we 
need the Double Requirement that “E(Q,) is large” and “,/Var(Q,)/E(Q) is small” 
hold at the same time. This kind of Double Requirement (we express (21.5)—(21.7) 
in terms of T(F) and T(F;)): 


(1) T(F) is “large” and 
(2) /T(F7)/T(F) is “small”, 


is that we may expect to be the new Advanced Weak Win Criterion. Well, the 
Advanced Weak Win Criterion (“Theorem 24.2”) looks more complicated than 
(1)-(2), but there is a variant of the Clique Game in which the “builder’s win” 
criterion looks exactly like (1)-(2)! This variant is the Picker-Chooser Game, and 
this is what we are going to discuss in the next section. The Picker-Chooser Game 
plays an auxiliary role in our study; it is an ideal “warm up” for the real challenge 
(Sections 23-24). 

We already saw the sharp (“single-valued”’) concentration of the Clique Number 
of the Random Graph R(K y, 1/2) — this justifies the notion of Majority-Play Clique 
Number. Similarly, we can talk about the Majority-Play Lattice Number for each 
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type listed in Section 8. We know the following Majority-Play Numbers (we use 
the notation M(---) similarly to the notation A(---) for the Achievement Number) 


M(Ky; clique) = |2log, N — 2 log, log, N+ 2log,e—1+0(1)], 
M(N x N; square lattice) = | V3l08, V+ o(1) | ; 

M(N x N; rectangle lattice) = | 2viog, N+ o(1)| ; 
M(N x N; tilted square lattice) = | 2viog, N+ o(1) | : 
M(N x N; tilted rectangle lattice) = | 2viog, N+ o(1) | : 
M(N x N; rhombus lattice) = | 2viog, N+ o(1)| ; 
M(N x N; parallelogram lattice) = | V6log, N+ o(1) | ; 


M(N x N; area one lattice) = | 2viog, N+ o(1)| ; 


Exercise 21.1 By using (21.5)-(21.7) prove the Majority-Play Number formulas 
above. 


22 


Game-theoretic second moment: application to 
the Picker—Chooser game 


This section is a detour (but an instructive one!); a reader in a rush may skip it. 
Here we study the 


1. Picker—Chooser and Chooser—Picker games. These games are motivated by 
the well-known “I-Cut-You’ll-Choose” way of dividing (say) a piece of cake 
between two people (it is, in fact, a sequential variant). We have already studied 
the discrepancy version of these games in Sections 18-19. 

First, the special case of Clique Game is discussed; the generalization to arbitrary 
hypergraphs will be straightforward. 

In the Clique Game the board is, as always, the complete graph K,. In each 
round of the play Picker picks two previously unselected edges of K,,, Chooser 
chooses one of them, and the other one goes back to Picker. There are 2 variants. 
In the first variant Picker colors his edges blue, Chooser colors his edges red, and 
Chooser wins if he can occupy all the (2) edges of some complete sub-graph K, 
of Ky; otherwise Picker wins. In other words, Chooser wins if and only if there 
is a red copy of K,. This is the (Ky, K,) Chooser Picker Clique Game. This is 
obviously a Ramsey type game. Indeed, it is a sequential version of the following 
1-round game (“Ramsey Theorem in disguise”): Picker divides the edge-set of K,, 
into 2 parts, Chooser chooses | part, and the other part goes back to Picker; Chooser 
wants a K, in his own part. Chooser has a winning strategy in this /-round game 
if and only if N > R(q), where is the standard (diagonal) Ramsey Number. 

In the second variant Picker wants a K,; we call it the Picker—Chooser game. In 
the (Ky, K,) Picker-Chooser Clique Game the board is the complete graph Ky, 
and just like before, in each round of the play Picker picks 2 previously unselected 
edges of Ky, Chooser chooses one of them, and the other one goes back to Picker. 
In this variant Chooser colors his edges blue, Picker colors his edges red, and 
Picker wins if he occupies all the (2) edges of some complete sub-graph K, of Ky; 
otherwise Chooser wins. In other words, Picker wins if and only if there is a red 
copy of K, in Ky. 
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There is a surprising similarity between the game-theoretic breaking points of 
these Clique Games and the Clique Number of the Random Graph on N vertices 
with edge probability 1/2. We show that the game-theoretic threshold for the Picker— 
Chooser game is 2 log, N — 2 log, log, N + 2log,e — 1+ 0(1), which is exactly the 
Clique Number of the Random Graph on WN vertices with edge probability 1/2. (For 
the Chooser—Picker game the threshold is two less.) 

Of course, one can play the Picker-Chooser and Chooser—Picker games on an 
arbitrary finite hypergraphs. Let (V,F) be a finite hypergraph; the rules are the 
same: in each round of the play Picker picks two previously unselected points of 
the board V, Chooser chooses one of them, and the other one goes back to Picker. 
In the Chooser—Picker version Chooser colors his points red and Picker colors his 
points blue. Chooser wins if he can occupy all the points of some winning set 
A €F; otherwise Picker wins. 

In the Picker—Chooser version Chooser colors his points blue and Picker colors 
his points red. Picker wins if he occupies all the points of some winning set A € F; 
otherwise Chooser wins. 

Observe that in both games there is a builder, who wants to occupy a whole 
winning set. It is the builder whose name comes fist: Picker in the Picker-Chooser 
game and Chooser in the Chooser—Picker game. 

The opponent of builder is a blocker — his name comes second — who simply 
wants to prevent builder from occupying a whole winning set. 

Builder colors his points red, and blocker colors his points blue. Each play has 
two possible outcomes only: either builder wins, or blocker wins. 

Let us return to the Clique Game. It is clear that Picker has much more control 
in the Picker—-Chooser version than Maker does in the Maker—Breaker version (or 
Chooser does in the Chooser—Picker version). In view of the next exercise, Picker 
can occupy a whole winning set even if the hypergraph is not dense. 


Exercise 22.1 Show that, if F contains (at least) 2* pairwise disjoint k-sets, then 
Picker can occupy a whole k-set. 


We challenge the reader to solve this (really simple) exercise. 

The relative simplicity of the Picker-Chooser game explains why it is a good 
idea to understand the “building part” in the Picker—Chooser game first, and discuss 
the more challenging/interesting Maker—Breaker and Chooser—Picker games later. 

Here is a general Picker’s Building Criterion. 


Theorem 22.1 Consider the Picker-Chooser game on hypergraph (V, F). 


Assume that 
MF) > 10" FI" (V 1(F3) + i) 
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where T(F) is defined in (21.4) and ||F|| = max{|A|: A ¢€ F} is the rank of 
hypergraph F. Then Picker (i.e. builder) has an explicit winning strategy. 


Remark. The hypothesis is a Double Requirement (as we predicted in Section 21): 


(1) T(F) has to be “large”; and 
(2)  T(F;)/T(F) has to be “small.” 


The large factor 10!*||F||'4 is accidental. It is (almost) irrelevant in the applications; 
this is why we do not make an effort to find better constants. 

If F consists of pairwise disjoint sets, then F? is empty. In that trivial case the 
large factor can be dropped, and the condition can be reduced to the much simpler 
T(F) = \|F|| (we leave the proof to the reader). 

First we show how Theorem 22.1 applies to the Picker—Chooser Clique Game, 
and postpone the proof of Theorem 22.1 to the end of the section. 


2. Application. Let P, (Ky; clique) be the largest value of g = q(N) such that 
Picker has a winning strategy in the (Ky, K,) Picker—-Chooser Clique Game. I call 
it the Clique Picker-Achievement Number. 


Exercise 22.2 If F is n-uniform and |F| <2", then Chooser can always prevent 
Picker from occupying a whole A € F in the Picker-Chooser Game. 


()20 <1 (22.1) 
q 


holds, then Chooser (i.e. “blocker” ) has a winning strategy in the (Ky, K,) Picker— 


In particular, if the inequality 


Chooser Clique Game. 


Next we apply Picker’s win criterion: Theorem 22.1. Let [N] = {1,2,..., N} be the 
vertex-set of Ky, and define 


F={K;: SC[M, |S|=q}. 
We have 
Fi= {Ks UKs: $,C[N], |Sj|= 4, |Ks,1Ks,| = 1}, 


where {S,, S,} runs over the unordered pairs of distinct g-element subsets of [JN]. 
We have to check that 


T(F) = 10" FI" (1(F?))'? +1). 


Clearly |F || = (2), T(F) = (2°), and 


cae 0)10] Oli 
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where j = |S, S,|. Therefore 


N-q 


nF) 16 


mA 2% () 


y= YE 0, 


() 
Note that this is the same as (21.2)-(21.3) in the calculation of the variance of the 
Clique Number of the Random Graph R(K,,, 1/2) (see Section 21). Thus we have 
Tea. dice g(2)+8(q—-1)_ 4 q 


(Fy = 2 8D* 9 * ant oy 


) 50) = ; Ya, 


where 


Therefore, it remains to check that 
N 4 
T(F) = ( )r® > cq, (22.2) 
q 


where c is a sufficiently large absolute constant. By Stirling’s formula the two 
different inequalities (see (22.1) and (22.2)) 


|) 2-@) <1 and ie ) 2°) > cq’ 


determine the same threshold 
2 log, N —2 log, log, N+2log, e—1+0(1) 
(with different o(1)’s, but 0(1) tends to zero anyway). Thus we obtain: 


Theorem 22.2 Consider the Picker-Chooser Clique Game; the Clique Picker- 
Achievement Number equals 


P, (Ky; clique) = |2log, N — 2 log, log, N + 2log,e—1+o0(1)]. 


It means that for the Clique Game on Ky the Picker-Achievement Number equals 
the Majority-Play Number (well, at least for the overwhelming majority of Ns). 
The same holds for the Lattice Games. 


Theorem 22.3 Consider the Picker—Chooser Lattice Game on an N x N board. 
The Lattice Picker-Achievement Number equals 


(a) P,(N x N; square lattice) = | V3log: N+ o(1) | ; 

(b) P,(N x N; rectangle lattice) = | 2vlog, N+ o(1) | 5 

(c) P,(N x N; tilted square lattice) = | 2Viog, N+ o(1)| : 
(d) P,(N x N; tilted rectangle lattice) = | 2vlog, N+ o(1) | : 
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(e) P,(N x N; rhombus lattice) = | 2Vioe: N+ o(1)| ; 
(f) Pa(N x N; parallelogram lattice) = | Veloe; N+ o(1)| : 
(g) P,(N x N; area one lattice) = | 2Vioe; N+ o(1) | : 


Exercise 22.3 Prove Theorem 22.3 above. 


3. The proof. An important ingredient of the proof of Theorem 22.1 is the Variance 
Lemma below. It will be used as a sort of “game-theoretic Chebyshev’s inequality.” 
We begin with the notation: we use (21.4), that is, for an arbitrary hypergraph 
(V, H) write 
TH) = Yoo, 


AcH 


and for any point x € V of the board write 


T= ys 2, 
AcH: xeA 
(Of course, if a set has multiplicity > 1, then it shows up that many times in the 
summations above.) 


Variance Lemma. For any point x € V of the board 
1/2 
T(H: x) <2 (7023) hy, |. 


We postpone the proof of the Variance Lemma to Section 24 (because the 
Variance Lemma is a special case of the more general Theorem 24.1). 


Proof of Theorem 22.1. Assume we are at a stage of the play where Picker has 
the points x,, x,,...,x;, and Chooser has y,, y,,..., y;. The question is how to find 
Picker’s next 2-element set {v, w}, from which Chooser will choose y,,,, and the 
other one (i.e. x,,,) will go back to Picker. 

Let X; = {x,,x5,...,x;} and Y, = {y,, y.,..., »,}. Let V. =V\ (X,UY,). Clearly 
[Vil =|V|—2i. 

Let F(i) be that truncated sub-family of 7, which consists of the unoccupied 
parts of the “survivors” 


F(i)={A\X,: AEF, ANY, =9}. 


If Picker can guarantee that T(F(i)) > 0 during the whole course of the play, in 
particular if T(F (end)) > 0, then Picker wins. Let x;,, and y,,, denote, respectively, 
the (i+ 1)st points of Picker and Chooser. We have 
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TFU+ 1) = TF) + VFO X40) — THOS Yin) — MIS Sint Ya) 


= TF) —|TFOS x4) — THOS Yin I -— MF O38 Xi Yin): 

(22.3) 

and similarly, but in the other direction 
MF RG+1)) < THO) +1TF OS x4.) — TAOS Yin: (22.4) 
We want to maximize T(F(i+1)) and minimize T(F;(i+1)) at the same time. We 
are going to apply the following lemma. 
Lemma 1: Let r,,, 1 < j < €<m be (", 
m non-negative reals, and, finally, let tis 1 <j <_m be m non-negative reals, where 


) non-negative reals, let r;,, 1<j<mbe 


Assume that m > 10’. Then there exists a pair {j,, j,} with 1 < j, # j, <m such 
that 
62 2u 38 


Te ms/7’ Ir, | = ms/7’ It), t,| S ms/7" 


To prove the rather complicated Lemma 1, we need the following much simpler: 


Lemma 2: /ft,, t,,...,t,, are non-negative real numbers and t,;+t,+-++:+tn <5, 
then 


: s 
min |t,—¢,|< —. 
5 J £1 = (m 
l<j<l<m (3) 
Proof. of Lemma 2. We can assume that 0 < t, <t <---<t,. Write g= 
MIN <j<¢<m |t; — te|- Then t;,, —t; = g for every j, and 


m 
(Demet det. m= Dest tintin SS 


This completes the proof of Lemma 2. O 


Now we are ready to prove Lemma 1. 


Proof of Lemma 1. Consider the graph 


G,, = {ia € () =K,,: rez al 


on m points. Since ¥7)<j)<c<m1j,¢ < Z, it follows that the number of edges |G,,| of 
graph G,,, satisfies |G,,,| < m*/7/6. The average degree d = d(G,,) of graph G,, 
is 2|G,,|/m = m'/7/3, so by Turan’s well-known theorem there is an independent 
point-set J C {1,2,..., m} in graph G,, with |J| > 4 => m(m'/7/3 +1)! > 2m”. 
Let K, denote the complete graph on point-set J; then 
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6 J 
rie < aa for all pairs {j, £2} eK, = ch (22.5) 


Next consider the inequality })j.) 1; < paar r; <u. It follows that there is a subset 
J, of J such that |J;| > |J|/2 = m°/" and r; < um~*"" for all j € J,. Let c= um~°/" 
and m, = |m*/7| (lower integral part), and divide the interval [0, c] into m, equal 
sub-intervals [0, c] = Uy, &,. where I, = [(k — 1)c/m,, kc/m,]. By the Pigeonhole 
Principle there is a sub-interval J, containing at least |J,|/m, > |J,|m-?/7 > m4” 
r;'s. In other words, there is a subset J, of J; such that |J,| > m*/” and 


2u 
I7,--—nl <= —, 7a for all pairs {j, 2} C J. (22.6) 


Finally, consider the inequality }?j<), t; < BAe t; < s. By Lemma 2 there is a 
pair {j,i} C J, with j, 4 j, such that 


KY 38 3s 
Iti, t,|< \Jo| = —_ 8/7" 
(2!) ~ [Jo]? ~ m 


(22.7) 


Since {j,, j2} C J, C J, Lemma 1 follows from (22.5), (22.6), and (22.7). 


Clearly 


y TEU vu) = (Y \no), 


{v,w}CVj0Aw 
TFs v) s |FIT(FO), 
= MFPs v) < 2 FIT FTO). 


If |V,| => 10’, then by Lemma 2 there is a pair {v9, wo} C V; (vo # Wo) of previously 
unselected points such that 


T(F(i); Ug, w) <<” (es neu )), 


vie" 
ITF; v9) — TF (W: wo) = mF IFITIFO). 
IMFO: ) - THO: wo) S Pea FITAC). 


It follows that if Picker offers the pair {v9, wo} C V; for Chooser to choose from, 
then by (22.3) and (22.4) 


(22.8) 


MFi+1)) = TF) {1- ee 


[V,|P7 
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and 
2; ve 6|F || 
TFG ys TF @) 41+ (22.9) 
[Male 
Since |V;,| = |V|— 27, for any M > 0 we have 
ys <f x"dx= ui (22.10) 
atu WI = Su mr | 


We use the trivial inequalities 1 +x < e* and 1—x > e~* for 0 < x < 1/2; then by 
iterated applications of (22.8) and (22.9), and also by (22.10) it follows that 


T(F(i+1)) = ita) and T(F; (i+1)) < 2T(F;) 


for all i with |V,| > M = (70||F||?)’. Let ig be the Jast index with |V,| > M = 
(70||F||7)’. Then 


1 
Vil SM, TF (io + 1)) = 5 MF) and T(F} (ig + 1)) < 2T(F7). 


Note that B €¢ F(iy +1) implies B C V,,,,. We distinguish two cases. 
Case 1: The empty set is an element of F(i) +1). 
Then Picker already completed a winning set, and wins the play. 
Case 2: B € F(iy)+ 1) implies |B| > 1 
We show that Case 2 is impossible. Indeed, in Case 2 
1 
YX MF ligt Ys v) = MF lin +) = STF), 


ve Vin +1 
so by the Pigeonhole Principle there is a point x € V;,,, such that 


ita lca) 


T(F (ip +1); x) = > , 
CSD Saal OM 


(22.11) 


On the other hand, by the Variance Lemma (mentioned above) we obtain the 
following inequality 
1/2 
MF (ip +32) $2(T((FO+D):)) +2. 
By using the trivial fact th (i), C F?(i), we conclude that 
T(F (ip + 1); x) <2 (T(FF (ip +1)” +2. (22.12) 
Comparing (22.11) and (22.12) 


1/2 


MF) < 210 Fy" (2(270F?))'" +2), 


which contradicts the hypothesis of Theorem 22.1. Theorem 22.1 follows. 
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A brief summary of Sections 21—22 goes as follows 
Majority Play Number = Picker Achievement Number, 


which holds for our “Ramseyish” games with quadratic goal sets (for the 
overwhelming majority of the board size parameter NV). 


23 
Weak Win in the Lattice Games 


In this section the “board” is very restricted: it always means the N x WN lattice in 
the plane. Weak Win in the Square Lattice Games, both aligned and tilted, are easy: 
Theorem 1.2 applies and gives the correct lower bounds 


A(N x N; square lattice) > | Vice: N+ o(1)| 


A(N x N; tilted square lattice) > | V2I08; N+ o(1)| 


for the Achievement Numbers, see Section 8. The reason why the simple 
Theorem 1.2 can give the truth is that any 2 given points “nearly” determine a 
q x q Square Lattice; in fact, 2 points determine at most (7) q x q Square Lat- 
tices. This < (7) is polylogarithmic in terms of N; of course, “polylogarithmic” is 
asymptotically negligible because the goal set size is a rapidly changing quadratic 
function. We refer to this property as 2-determinedness. 


1. An ad hoc Higher Moment technique. Next we discuss the much more chal- 
lenging case of g x q parallelogram lattices. The family F of all g x q parallelogram 
lattices in an N x N board is 3-determined: 3 non-collinear points “nearly” determine 
a qx q parallelogram lattice: the multiplicity is < (), which is again polylogarith- 
mic in terms of N. Here we develop an ad hoc Higher Moment technique, which 
works for 3-determined hypergraphs (unlike Theorem 1.2, which heavily requires 
2-determinedness). 

Assume we are in the middle of a Parallelogram Lattice Game on an N x N 
board, Maker owns the points X(i) = {x,,...,x,} and Breaker owns the points 
Y(i) = {y,,..-, »}. The main question is how to choose Maker’s next move x;,,,. 
Let F(Z) be a truncated sub-family of F, namely the family of the unoccupied parts 
of the “survivors” 


F(i) ={A\X(): AEF, ANY(i) =H}. 
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F(i) is a multi-hypergraph: if A and A’ are distinct elements of F and A \ X(i) = 
A’ \ X(i), then A \ X(i) and A’ \ X(i) are considered different elements of F (i). Note 
that the empty set can be an element of F(i); it simply means that Maker already 
occupied a winning set, and wins the play in the ith round or before. 

As usual, for an arbitrary hypergraph (V, 1) write 


TH) = Yo 2, 
AcH 
and for any m-element subset of points {x,,...,x,,} C V (m= 1) write 
TH; X1,...,%,) = S ol. 


AEH: {X1,...Xm}CA 


Of course, if a set has multiplicity (say) M, then it shows up M times in every 
summation. 

We call T(F(i)) the Winning Chance Function; note that the Chance Function 
can be much larger than 1 (it is not a probability!), but it is always non-negative. If 
Maker can guarantee that the Chance Function remains non-zero during the whole 
play, i.e. T(F(i)) > 0 for all 7, then Maker obviously wins. Let x,,, and y,,,; denote 
the (i+ 1)st moves of the 2 players; they affect the Chance Function as follows 


TF + 1)) = TF) + TIO Xi) — MF OS Yin) — MF OS Xin Yin) 


Indeed, x;,, doubles the value of each B € F(i) with x,;,, € B; on the other hand, 
y;41 “kills” all B € F(i) with y,,, € B. Of course, we have to make a correction due 
to those B € F(i) which contain both x,,, and y,,,: these B € F(i) were “doubled" 
first and “killed” second, so we have to subtract their values one more time. 

“Optimizing the Chance Function” was the basic idea of the proof of the Linear 
Weak Win Criterion Theorem 1.2. Unfortunately, Theorem 1.2 gave very poor 
result for the (Ky, K,) Clique Game: it applies and yields a Weak Win if 


() 20°C) 


For this particular family of winning sets the Max Pair-Degree A, < ( 3) (indeed, 
two distinct edges determine at least 3 different vertices); therefore, we have 


CGN) 


This yields N > 2v/2, or taking the inverse, g < ,/2log, N, which is roughly 
square-root of the truth. A very disappointing bound! 

From this example we learn that optimizing the Chance Function alone is not 
enough. The new idea is to maximize the Chance Function T(F(i)), and, at the 
same time, minimize the “one-sided discrepancy” T(F (i); x;4;, ¥;,,). How do we 
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handle these two jobs at the same time? Well, we are going to introduce a sin- 
gle Potential Function, which is a linear combination of the Chance Function 
T(F (i)) (with positive weight 1), and an “auxiliary part” related to the “discrepancy” 
T(F (a); X;41, ¥i4,)- The “auxiliary part” requires some preparations. 

The plan is to involve a key inequality, which estimates the “one-sided dis- 
crepancy” T(F (i); x;,),¥;,,) from above (see inequality (23.7) below). Select an 
arbitrary A, € F with {x,,,,y,,,;} C A; and A; Y@) = @ (which means a “sur- 
vivor”’ g x q parallelogram lattice in the N x N board such that the lattice contains 
the given point pair {x;,,,y,,,;}; such an A, € F has a non-zero contribution in the 
sum T(F (i); X41, Y;41)), and select an arbitrary point z € A,, which is not on the 
X;41¥i4,-line (the x,,,y,,,-line means the straight line joining the two lattice points 


Xx 


i41>Yiqi)- The property of 3-determinedness gives that there are < (“) < q°/6 
winning sets A, € ¥, which contain the non-collinear triplet {x;,), yj,1,z}; as z 
runs, we obtain that there are < q°/6 winning sets A, € F, which contain the pair 
{415 Yi} Such that the intersection A, MA, is not contained by the x;,,y;,,-line. 


For k=0,1,2,... write 


F(Xigt Vink) ={AECF: {Xin Vai} CA, ANY) =G, |ANX(| =k} 


and |F (X41 Vins k)| = M,. Clearly 


2 


q 
TF; Xi41> Vist) = >» TCP Gina: Jit1> k)) (23.1) 
k=0 
and 
T(F (isis Vins K)) = My: ae (23.2) 


Assume that M, > 3q°; then there are at least 


M,:- (M, —q*/6) : (M, — 2q°/6)- (M, —3q*/6) -(M, —4q*/6) = M x, M. 


5! = 35 ~ 243 
(23.3) 


5-tuples 
A A i+1? j ; k 
{ I> 2, A3, Ay, As} € ( i = | ’) 


such that, deleting the points of the x;,,y,,,-line, the remaining parts of the 5 sets 
A,,..., As become disjoint. This motivates the following auxiliary “big hypergraph” 
(we apply it with p= 5) on N x N: given a finite hypergraph H on N x N, for 
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arbitrary integer p > 2 write 


P WU ? 
HE, -|U A AgeixAae (*). () A; is a collinear set of cardinality > 2, 


i=1 


Pp 
the truncated sets A \ (()4;—line), j=1,..., p are asjoint}, 
i=l 


(23.4) 


where “()?_, A; — line” means the uniquely determined straight line containing the 
(> 2)-element collinear set (\?_, A;- 

Hj, is the family of all union sets U_, A;, where {A,,...,A,} runs over all 
unordered p-tuples of distinct elements of having a collinear intersection of 
at least 2 points such that deleting this common part from the sets they become 
disjoint. 

Trivially 


SDMA Juopl> 


where “u.o.p.” stands for unoccupied part. By using this trivial inequality and 
(23.3)-(23.4), we have 


T(F3,(i)) > sie i 95k ) if M, > 3q°. (23.5) 


(23.5) implies 
3 (T(F3,()))" +3q°-2* > M,- 2", (23.6) 


so by (23.1)-(23.2) and (23.6) we obtain the: 
Key inequality 
1/5 # 
: = : 
6q° +3q° (T(F3.@)) "= EM 2° = TF (0) wigs Yin) (23.7) 
k=0 


We are sure the reader is wondering “Why did we pick p = 5 in (23.4)?” This 
natural question will be answered later. 
After this preparation we are ready to define our Potential Function 


L; = T(F(i)) —A-T(F3, (0), (23.8) 
where the positive constant A is specified by the side condition 


TF) 
2T(F 3.) 


1 
Ly = 51(F), that is, A= (23.9) 
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By definition 
Lig = T(F(i+-1)) —A- (FE, (i+ 1)) = 
= T(F(i)) + MF (s x1) — WF Ws Yin) — FW Kits Yess) 
—A(T(FE) + FEO Kins) — TPES Yaa) — TED Xin Ynn)) 
= Ly+ Lis) — Lian) — TFs spt Yes) +A TFRs M41 Yea) 
(23.10) 


where 
Lz) = T(F (i); z) —A- T(F3,; 2) 


for any z€ V\ (X(1)UY(i)). 

A natural choice for x;,, is to maximize the Potential Z;,,. The best choice for 
X;,, is that unoccupied z € V \ (X(i) U Y(i)) for which L;(z) attains its maximum. 
Then clearly L;(x;,,) = L;(;4,), so by (23.10) 


Lig) 2 L;-— TFS ig Vint): 
By using the key inequality (23.7) we have 
ee (69° +3¢° (T(F3,(i)))” ’) ; (23.11) 
or equivalently 
MF G+1))-A- TED) = Las 2 Li (64° +3¢? (1FR@))'"), 23.11) 


that we will call the Critical Inequality. 
Before applying the Critical Inequality, we need an upper bound for T(F3,); this 
is estimated it in a trivial way 


G5) NE Ny a PS NE, (23.12) 


We also need a lower bound for T(F); the picture below 


NxWN board 


Kz 
e 
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explains the easy lower bound 


lz (4) - 5(“4) pee ee 
4 2\q-1 2'4(q—1)4 


T(F) >= MN _o-# (23.13) 
= 28q— 
2. Conclusion of the proof. We distinguish two cases: either there is or there is 
not an index i such that 


which implies 


T(F3,(i)) > N°°- T(F3,). (23.14) 


Case 1: There is no index i such that (23.14) holds. 
Then we finish the proof exactly like in Theorem 1.2. Indeed, by (23.9), the Critical 
Inequality (23.11), and (23.14) 


2 
N 
TT! 


Lend _ Ly = Lo = .z (64° F 3g (HE, ())"”) 


i=0 


2 
> Ly ~ (698 +3¢- NN" (1(F5,(0))"”) 


lig ie 6q° +3¢2-N!!.(1(F5,))” 23.15 
= 5MF)— (6g +3¢°-N(TF))'"). 23.15) 
By (23.12), (23.13), and (23.15) 

1 NG 


L 


a. NP 8 2 11 14 2 
= ; [5 4-P+ 
5 ga (6q°+3q?-N''NS.2-* 44), (23.16) 


By choosing g = (2+0(1)),/log, N we have 27 = N*+°), so by (23.16) 
6 


| Pe 
ome 215(q— 18 


2F 23N7 Gg . (23.17) 


The right-hand side of (23.17) is strictly positive if ¢ = |2,/log, N — o(1)| (with 
an appropriate o(1)) and N is large enough. 

If Lng > 0, then T(F(end)) = L.,q > 0 implies the existence of a “survivor” (i.e. 
Breaker-free) Ay € F at the end of the play. This Ay € F is completely occupied 
by Maker, proving the Weak Win. 


Case 2: There is an index i such that (23.14) holds. 

We will prove that Case 2 is impossible! Indeed, let i= j, denote the first index such 
that (23.14) holds. Then we can save the argument of (23.15)-(23.17) in Case 1, 
and obtain the inequality L; > 0 if q¢ = |2,/log, N — o(1)]| (with an appropriate 
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o(1)) and AN is large enough. By definition (see (23.8)) 
L,= T(F(j,)) —A-T(F3,.Ci)) > 0, 
implying 
TFC) > A TF (i) > AN? TF) 


T(F) 1 
= TTF) Nee Fs, ) = a -T(F). (23.18) 
2x 
By (23.13) and (23.18) 
TFA) > NP ot = yen 23.19 
(F(A) > "25(q—1)4 > ’ (23.19) 


which is clearly false! Indeed, a corner point and its two neighbors uniquely 
determine a g x qg parallelogram lattice, implying the trivial upper bound 


TF) < |FG)I < |Fl < WY HN, 


which contradicts (23.19). This contradiction proves that Case 2 is impossible. This 
completes the proof of the following lower bound on the Achievement Number 
(“Weak Win” part). 


Theorem 23.1 We have 
A(N x N; parallelogram lattice) > | 2vive, N- o(1) | 


with an appropriate o(1) tending to zero as N > ow. 


Notice that the proof technique works if (2 — > pt+2> 6 holds, ie. if p > 4, 
explaining the (at first sight) accidental choice p = 5 in (23.4). 


3. Another illustration. The argument applies, with minor modifications, for all 
lattices in Section 8 (see Theorem 8.2). Just one more example will be discussed, 
the aligned rectangle lattice, and the rest left to the reader. 

An obvious novelty is that in the aligned rectangle lattice the horizontal and 
vertical directions play a special role, which leads to some natural changes in the 
argument. 

Assume we are in the middle of an Aligned Rectangle Lattice Game on an 
Nx WN board, Maker owns the points X(i) = {x,,...,x,;} and Breaker owns the 
points Y(i) = {y,,..., y,;}. The main question is how to choose Maker’s next move 
Xi,,- Again we have the equality 


TFU+ VD) = TIO) + FOS Xin) — THOS Vis) — THOS Xp Yin), 


and again the plan is to involve a key inequality, which estimates the “one-sided 
discrepancy” T(F (i); x;), ¥;,,) from above. 
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Case a: the x;,,y;,;-line is neither horizontal, nor vertical. 
Then trivially 


2 4 
; q q 
TWF X41 Vint) SHAEF: {i451 Yini} C AS S C) = 7" (23.20) 


Case b: the x;,;y;;;-line is (say) horizontal (the vertical case goes similarly). 
Select an arbitrary A, € F with {x,,,,y,,} C A; and A,N Yi) = Y (which means 
a “survivor” g x q aligned rectangle lattice in the N x N board such that the lattice 
contains the given point pair {x;,,, y,,,}; such an A, € F has a non-zero contribution 
in the sum T(F (i); X;41, ¥;,)). Again there are < qg°/6 winning sets A, € F which 
contain the pair {x;,,, y;,,} such that the intersection A,M A, is not contained by 
the x;,;y;,,-line. 
For k=0,1,2,... write 


F (Xin Vin K) = {A EF: {Xin Yin} CA, ANY = GB, |ANX(W| = k} 


and |F (x; ts JP LD k)| = M,. Clearly 


2 


q 
T(F (a); Xints Vint) = is T(F (ints Vins k)) (23.21) 
k=0 
and 
TF Ga eb) aM. (23.22) 


The first change is that we need 6-tuples (instead of 5-tuples): assume that M, > 4q°; 
then there are at least 

My: (M, ~ 4°/6)- (M, = 24°/6) ++: (Mj, —5q°/6) | Me 

6! ~ 46 


F (Xig1> Vis &) 
A,,...,A 
{A, de( 6 


such that, deleting the points of the x;,,y,,,-line, the remaining parts of the 6 sets 
A,,..., Ag become disjoint. This motivates the following auxiliary “big hypergraph” 
(we apply it with p = 6); notice the change that here “line” means horizontal or 
vertical only: given an finite hypergraph H on N x N, for arbitrary integer p > 2 
write 


(23.23) 


6-tuples 


Pp 


P YW 
ye = {Ua :{Ay,...,A,} € ( i () A; is a collinear set of cardinality > 2, 
isl P 


Q* 
i=l 
where the supporting line is either horizontal or vertical 


p 
and the truncated sets A; \ (() A; —line), j=1,..., p are asjoint}, (23.24) 


i=1 
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where “()/_, A; — line” means the uniquely determined horizontal or vertical line 
containing the (> 2)-element collinear set (\/_, A 


Trivially 
Pp 
UA 
i=l U.0.p. 


where “u.o.p.” stands for unoccupied part. By using this trivial inequality and 
(23.23)-(23.24), we have 


as) 


=A oals 


i=1 


1(FS,,()) = SE K 968-0) ig M, = 4¢q°. (23.25) 
(23.25) implies 
ATED) 24g) EF a Meee, (23.26) 
so by (23.21)-(23.22) and (23.26) we obtain the new: 
Key inequality 


8° +49? (TFS (i) > My 2? = TFs Xeon. (23.27) 


k=0 


In view of (23.20), inequality (23.27) holds in both cases (a) and (b). 
After this preparation we are ready to define our Potential Function 


where the positive constant A is specified by the side condition 
I T(F) 
Lo = <1T(F), ie. A= ——. 23.29 
: 2 \ = 27( Fux) ( ) 


Let 
L,(z) = T(F (i); 2) —A- TF (3 2) 


for any z € V\ (X(i) UY(i)). The best choice for x,,, is that unoccupied z € 
V\(X@UY(i)) for which L;(z) attains its maximum; then we get 


Lin = = L;- T(F (i i); Nite Visi) (23.30) 

By using the key inequality (23.27) in (23.30), we obtain 

1/6 
Li >= L,- (8q° +49" (T(F 2... (i))) ), (23.31) 
or equivalently 
1/6 
TF(+1)) — A TFSAG4 1) = Lis 2 Li (89° +40" (1F.))"), 

(23.31’) 


that we call the (new) Critical Inequality. 
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Before applying the Critical Inequality, we need an upper bound for 7(F%,,,); 
this is estimated it in a most trivial way 


T(FS,,) < (N?)-N-N®.2-6@-9 = N9.2-64° +64, (23.32) 
We also need a lower bound for T(F); clearly 
N‘ 2 
T(F) ¥ ———~2°" . 23.33 
TG ay (23.33) 


Conclusion. We distinguish two cases: either there is or there is not an index i such 
that 
T(Fy.4(i)) > N°? TF.) (23.34) 
Case 1: There is no index i such that (23.34) holds. 
Then we have the following analogue of (23.16) 
1 N+ 2 WN 2 

= 7a (89% +4q?-NS/?.NPIS.2-P+1) (23.35 
end — 2 4(q—1)? 2 q a q ( ) 
By choosing g = (1+ 0(1)),/2log, N, we have 2“ = N?*°), so by (23.35) 

4 

> 

om 8(q— 1)? 


The right-hand side of (23.36) is strictly positive if g = |,/2log, N — o(1)| (with 
an appropriate o(1)) and N is large enough. 
If Leng > 0, then T(F(end)) > L,,,q > 0 implies Maker’s Weak Win. 


L 


L 


7? AN2q8 — N23/1240(0), (23.36) 


Case 2: There is an index i such that (23.34) holds. 
Again we will prove that Case 2 is impossible! Indeed, let i= j, denote the first 
index such that (23.14) holds. Then we can save the argument of Case 1 and obtain 


the inequality L; > 0 if q = |,/2log, N — o(1)] (with an appropriate o(1)) and N 
is large enough. By definition 


L, =T(FG,))—-A- T( Fee) > 9, 
implying 
T(F(i,)) >A TFSi) > AN? - TFS.) 


T(F) 2.5 6 1 2.5 
= ——— -N”.-T(F,,) = =N”-T(F). 23.37 
oT) (Fi..) = 5N TF) (23.37) 
By (23.33) and (23.37) 
. 2.5 N* -¢ 4.5—o(1) 
T(F(j,)) > N°: Sqae De? =N ‘ (23.38) 


which is clearly false! Indeed, a corner point and its two non-collinear neighbors 
uniquely determine a g x qg aligned rectangular lattice, implying the trivial upper 
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bound 
T(F(i)) <|FG)I SIFIS (A) NN =, 


which contradicts (23.38). This contradiction proves that Case 2 is impossible. This 
completes the proof of the following lower bound on the Achievement Number 
(“Weak Win” part). 


Theorem 23.2 We have 
A(N x N; aligned rectangular lattice) > | V2l08; N- o(1) | ; 


with an appropriate o(1) tending to zero as N > o. 


Again the reader is wondering “Why did we pick p = 6 in (23.24)?” The reader is 
challenged to explain why the (at first sight) accidental choice p = 6 is the right 
choice. 


24 


Game-theoretic higher moments 


The proof technique of the last section does not apply for the Clique Game. Indeed, 
3 non-collinear points nearly determine a qg x q parallelogram lattice, but 3 edges 
determine at most 6 vertices, and the remaining (q— 6) vertices of a clique K, (ie. 
the overwhelming majority!) remain completely “free.” 

A straightforward application of Section 23 doesn’t work, but we can develop 
the proof technique one step further. This is exactly what we are going to do here. 


1. Big auxiliary hypergraphs. The basic idea of Section 23 was to work with a 
Potential Function 


L, = TF) —A- T(F3.(0) 
with p = 5 for the parallelogramm lattice, and 
L, = T(F()))—A-T( Fy.) 


with p = 6 for the aligned rectangle lattice, involving big “auxiliary” hypergraphs 
H4,, (see (23.4)) and H5,, (see (23.24)). These auxiliary hypergraphs are defined for 
the N x N board only: the definitions included geometric concepts like “collinear,” 
“horizontal,” “vertical”; these concepts do not generalize for arbitrary hypergraphs. 
What we use in this section is a simpler concept: a straightforward generalization 
of the “second moment” hypergraph 7 (see Sections 21-22) to a “higher moment” 
hypergraph #3 (to be defined below). Note in advance that, for an optimal result in 
the Clique Game, parameter p has to tend to infinity! (In Section 23 it was enough 
to work with finite constants like p = 5 and p= 6.) 

In general, for an arbitrary finite board (not just N x N), for an arbitrary 
finite hypergraph H, and for arbitrary integers p > 2 and m > 1 define the “big” 


hypergraph H? as follows 
> n| : 


P 


(Ai 


i=1 


J H 
HW = UAH (Ane Ade(™), 
i=1 


340 
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In other words, H”, is the family of all union sets U?_, A;, where {A,,...,A p} Tuns 
over all unordered p-tuples of distinct elements of # having at least m points in 
common. Note that even if H is an ordinary hypergraph, i.e. a set has multiplicity 
0 or | only, H? can become a multi-hypergraph (i.e. a set may have arbitrary 
multiplicity, not just 0 and 1). More precisely, if {A;,...,A,} is an unordered 
p-tuple of distinct elements of H and {A',..., A’} is another unordered p-tuple of 
distinct elements of H, |(j_, Ail =m, |Mj21 44] =m, and U?_, A; = Uj 4}, ive. 

1 A; and j_, A’ are equal as sets, then they still represent distinct hyperedges 
of hypergraph H?.. 

As usual, for an arbitrary hypergraph (V, #.) (where V is the union set), write 


TH) = yo 2, 
AcH. 
and for any m-element subset of points {x,,...,x,,} C V (m= 1), write 
TH; X1,.-.,X,) = a 1A: 


AEH: {X1,..,Xm}CA 


Of course, if a set has multiplicity (say) M, then it shows up M times in every 
summation. 

We shall employ the following generalization of the Variance Lemma (see Sec- 
tion 22). We shall apply Theorem 24.1 below in the special cases of m = 1 and 
m = 2 only, but we formulate it for arbitrary m anyway. 


Theorem 24.1 (“Generalized Variance Lemma”) For arbitrary integers p > 2 and 
m > 1, and for arbitrary points x,,...,X,, of the board 


T(H3 X15 + 2-5 Xin) < r( (7) + ) 


Proof. Let i: V > {red, blue} be a Random 2-Coloring of the board V. Let 
Q, = Oy) denote the number of red hyperedges A € H with {x,,...,x,,} C A. The 
expected value of © is equal to E(Q.) = T(H; x,,...,X,)- 

On the other hand, the expected number of (monochromatic) red unordered 
p-tuples {A,, A,,...,A,} such that A;, i= 1,2,..., p are distinct elements of H 
and ()/_, A; > {%,,---,X,,}, is equal to 


(= 
4 {Aj.Ap} 


where » indicates that A;€ H, i= 1,..., p are distinct elements and ()/_, A; > 


{X,,.-->X,}- It follows that 7 
c@) 
riz) =B((%)). 
P 
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We distinguish 2 cases. 


Case 1: p= 2 and m= 1, i.e. the Variance Lemma in Section 22. 
Note that g(x) = (3) is a convex function for every x. By using the general inequality 


E(9()) = ¢(E()) 


which holds for any convex g(x), we conclude 
TH; 
T(Hi) = ( ( 5 a 


and Case | (i.e. the Variance Lemma) easily follows: 


Case 2: The general case. 
The general case is technically a little bit more complicated because for p > 3 the 


function g(x) = (') = x(x-—1)---(x-— p+1)/p! is not convex for every x. But 
luckily g(x) is convex if x > p—1, which implies the following inequality for 
conditional expectations 


a ed a aa 


Since 


if x > p, we obtain 


Q 1/p 
(el ( Jie=}) 2 E[Q|O > p]. 
P 
By definition 


rin) =e((7)) =e] (“ins feria =n) +e|()io <p] prio <p) 


—E (i = P| Pr{Q > p}, 


since random variable © has integer values > 0 and (°) = 0 if 0 < p. Therefore 


sk 
? 


; 1/p 
P(TH?))  (Pr{Q> p}) * = BLO|O> p]. 
Summarizing, we have 
T(H; x), +++) Xm) = E(Q) = E[QO|O > p] Pr{Q > p} + ELQ|O < p]Pr{Q < p} 


J— 


<p(T(HE)) ” (Pr(a> P}) " + p-PriQ <p} < p(TiHe)) "+p, 


completing the proof of Theorem 24.1. 
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2. Advanced Weak Win Criterion. The main objective of this section is to prove: 


Theorem 24.2 [“Advanced Weak Win Criterion’’] [f there exists a positive integer 
Pp = 2 such that 


ANA) > p+4p(T(F2)) ka 


then the first player has an explicit Weak Win strategy in the positional game on 
hypergraph (V, F). 


Remarks 


(a) Note that under the same condition Chooser (i.e. “builder”) has an explicit 
winning strategy in the Chooser—Picker Game on hypergraph (V, F). 

(b) Observe that Theorem 24.2 means a Double Requirement that (1) T(F)/|V]| is 
“large”; and (2) (1(F2))""” /TF) is “small” (in fact, less than 1/|V|, where 
|V| is the duration of the play). 

(c) If F is n-uniform, then T(F)/|V| equals AverDeg(F) -27"/n. 

(d) If F is Almost Disjoint, then F? is empty. In this special case Theorem 24.2 is 
essentially equivalent to the old Linear Weak Win Criterion Theorem 1.2. 


In both Weak Win Criterions — Theorems 1.2 and 24.2 — the Average Degree 
is the key parameter; on the other hand, in the “Neighborhood Conjecture” about 
Strong Draw (see Open Problem 9.1) the Maximum Degree is the key parameter. 
If the hypergraph is degree-regular, then the Maximum Degree equals the Average 
Degree. This is the reason why for degree-regular hypergraphs, like the clique- 
hypergraph and the lattice-hypergraphs (the latter are nearly degree-regular), we 
can prove exact results. 

Unfortunately, the n‘-hypergraph (“multidimensional n“ Tic-Tac-Toe”) is very 
far from being degree-regular. 


3. Technique of self-improving potentials. An alternative (very instructive!) name 
for this proof technique is “sliding potentials,” see Figure on p. 346. 


Proof of Theorem 24.2. Assume we are at a stage of the play where Maker, as 
the first player, already occupied x,,x,,...,x;, and Breaker, the second player, 
occupied y,, y),..., yj. The question is how to choose Maker’s next point x;,1. 


Let X; = {x,,x5,...,x;} and Y, = {y,, y,..., y,}. Let F(a) be a truncated sub- 
family of F, namely the family of the unoccupied parts of the “survivors” 
F(i) = {A\X;: AEF, ANY, =9}. 


F(i) is a multi-hypergraph: if A and A’ are distinct elements of F and A\ X; = 
A’\ X;, then A\ X; and A’\ X; are considered different elements of F(i). Note 
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that the empty set can be an element of F(i): it simply means that Maker already 
occupied a winning set, and wins the play in the ith round or before. 

We call T(F(i)) the Winning Chance Function; note that the Chance Function 
can be much larger than 1 (it is not a probability!), but it is always non-negative. If 
Maker can guarantee that the Chance Function remains non-zero during the whole 
play, i.e. T(F(i)) > 0 for all i, then Maker obviously wins. Let x,,, and y,,, denote 
the (i+ 1)st moves of the two players; it is easy to describe their effect 


TFG +1) = THO) + TF OS X41) — TOS Yin) — TIO X41 Vit1)- 
(24.1) 


Indeed, x,;,, doubles the value of each B € F(i) with x,;,, € B; on the other hand, 
y;4, “kills” all B € F(i) with y,,, € B. Of course, we have to make a correction due 
to those B € F(i) that contain both x,,, and y,,,: these B € F(i) were “doubled” 
first and “killed” second, so we have to subtract their values one more time. 

Following Section 23, the new idea is to maximize the Chance Function T(F(i)), 
and, at the same time, minimize the “one-sided discrepancy” T(F (i); x;1, Y;41). To 
handle these two jobs at the same time we introduce a single Potential Function, 
which is a linear combination of the Chance Function T(¥ (i)) (with positive weight 
1) and an “auxiliary part” 7(F3(i)) related to the “discrepancy” T(F (i); xi41, Yin1) 
via Theorem 24.1 with negative weight. Naturally 


FP(i) ={A\X,: AE F?, ANY, =9}. (24.2) 


Note that the relation (F(i))5 C F}(i) is trivial; it will be used repeatedly in the 
proof. 
The Potential Function is defined as follows: 


L,;=T(F(i))-A- FE), (24.3) 


where the positive constant A is specified by the side condition Ly = S1(F ). In 
other words 


SMF) Sol Fy): (24.4) 


Note that the Potential Function L,; is Jess than the Chance Function T(F(i)). 
If the Chance Function is 0, then every winning set is blocked by Breaker, and 
Breaker wins. If the Chance Function is positive, then Maker hasn’t lost yet (he 
still has a “chance” to win). Therefore, if the Potential Function is positive, then 
Maker still has a“‘chance” to win; if the Potential Function is negative, then we call 
it “inconclusive.” 
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By (24.2)-(24.3) 
Liss = T(FCi4+1))-—A-T(FE i+ D) 
= MF) + MF Os Xie) — MF Os Yeas) — MIO Hears Year) 
—A( TFS) + TFS Os ass) — FL OS Yeas) — TIP OS Kiss Yn1)) 


= L; +L; (X41) — LiQin:) — TAOS int Yin) + A> T(F; (i); Kitts Vig) 
(24.5a) 


where 


L,(z) = TF; 2) —A- TF? (i); 2) (24.5b) 


for any z€ V\(X,;UY,). 

A natural choice for x;,, is to maximize the Potential Z;,,. The best choice for 
X;,, is that unoccupied z € V \ (X;U Y,) for which L,(z) attains its maximum. Then 
clearly L;(x;41) = Li(¥j41), so by (24.5a) 


Lig 2 L;-— TFS Xi, Yin): 


Since (F (i))} C F? (i), by Theorem 24.1 we obtain the following critical inequality 


ae 1/p 
Lis = Li—P(TIFO))  —P. 


The last step was a kind of “Chebyshev’s inequality”: we estimated the “one- 
1/p 
sided discrepancy” T(F (i); x;,1.¥,;,;) with a “standard deviation” (71 ())) 
(“Theorem 24.1”). 
In view of (24.3), we can rewrite the critical inequality as follows 


TF i+ 1) -A- TLD) = Lia 2 L,—p(TRO)) —p. 24.6) 


The reason why the proof (to be described below) works is that the “consecutive” 
terms T(F}(i+1)) and T(F?(i)) show up in different powers at the two ends of 
inequality (24.6). 

We divide the whole course of the play into several phases. In each phase we use 
a new Potential Function, which will lead to a surprising “self-improvement.” Right 
before the old Potential Function turns into negative (“inconclusive”), we switch to 
a new Potential Function which will be “large positive” again. At the end of each 
phase we employ formula (24.6), and as a result we gain a multiplicative factor: a 
“p-power.” In other words, the more phases we have, the better for Maker; this is 
how we increase Maker’s “chances” to win. 
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Maker’s 
chances 
to win 


Potential 


Potential 


Potential 


Ist 
Potential 


The picture above should help the reader to visualize the machinery of the proof. 
The first phase of the play is 0 <i < jj, i.e. the “time index” i runs in an interval 
0<i<j,, where j, is defined by 


T(F2(i)) < 4°T(F3) for 0<i< J, (24.7) 


and 
T(F3(j1)) = 4? T(F2). (24.8) 


That is, inequality T(F)(i)) > 4?T(F!) happens for first time at i = j,. 
We claim that, for every i with 0 <i < j,, L;,, > 0. Indeed, by (24.4) and 
(24.6)-(24.7) 


HAS ol s(r) wen ) 


= ; (71-491 ((n@)"" ;)) = 


by the hypothesis of Theorem 24.2. 

In particular, we get the inequality L; > 0. If the first phase is the whole play, 
then we are clearly done. Indeed, L; > 0 implies T(F(i)) > L; > 0, i.e. the Chance 
Function is always positive, and Maker wins. The idea is to show that, if there is a 
next phase, that just helps Maker, i.e. Maker has a better “chance” to win! 
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By (24.8) there is a real number t, > 1 such that we have the equality 
(Fz (i) = (401)? T(F2). (24.9) 
Since L, = T(F(j,)) —A- T(F3(j;)) > 0, it follows by (24.4) and (24.9) that 


TM(F (A) > ATF) = (40, )PATF2) = STP), (24.10) 


“Time index” j, is the beginning of the second phase j, < i < j,, where the 


“endpoint” j, will be defined by (24.13)-(24.14) below. In the second phase j, < 
i < j, we modify the Potential Function L; by halving the value of A: let 


LP =T(F(i))- cat ')). (24.11) 


Comparing (24.10) and (24.11), we see that in (24.11) we “lost” a factor of 2, but in 
(24.10) we “gained” much more: we gained a factor of 4”/2, meaning that Maker’s 
“chance” to win is definitely improved. 

Since L A> 0, we have 


L® — SMF) fe STFU). (24.12) 


al 


The second phase of the play is the “time interval” j, <i < j,, where j, is defined by 


nF) <(F) MU) for i si<h (24.13) 
and : 
TFL) = (F) GD) (24.14) 


By (24.9) and (24.13), for every i with j; <i < j, 
\E/P 4p I/p 
(717 ())) <4 (5) ty (7172) (24.15) 


In the second phase we use the new Potential Function Le, so the analogue of 
(24.5a) goes like this 


2 2 2 2 
Ly = rs +L) "Ge, aw) Lf} Oi) 


; A . ; 
= TF Oi Xie Yea) 3 F205 Xigts Vina)» (24.5a’) 
where 


L°(z) = T(F(i);2) — A TFSi: z) (24.5b’) 


for any z€ V\(X,UY;). 
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In the second phase Maker’s (i+ 1)st move x;,, is that unoccupied z € V\ (X,UY,) 
for which Be (z) attains its maximum. Then clearly Le (x;4,) = Be (Vin1), SO by 
(24.5a’) 


2 2 ; 
Lig = LP — TFs Xin Yen): 
By Theorem 24.1 we obtain the analogue of 24.6 


Fade ce p(T) =p (24.6’) 


t+] — 


We claim that for every i with j, <i < jy, i > 0. Indeed, by (24.4), (24.6’), 
(24.10), (24.12) and (24.15) 


apse ees r((neten)""+ ) 


l=) 


> SMF) = Hols (F) (TB) + ) 
ae (71=)-s91n((n@)""s ;)) >0 


by the hypothesis of Theorem 24.2. In particular, rae > 0. If the second phase is 
the last one then we are done again. Indeed, Le > 0 implies T(F(i)) = Ee > 0, 
and Maker wins. We show that if there is a next phase, then again Maker’s chances 
to win are improving. 

By (24.14) there is a real number ¢, > 1 such that 


TFG) = (Fn) THU. (24.16) 
Since L") = T(F(jx)) — AT(F2 (jz) > 0, it follows by (24.4), (24.9), and (24.16) 


that 
Are) 
2 


WF (i) > $TPRG)) = (ity MP). (24.17) 


The general step of this “self-refining procedure” goes exactly the same way. Let 


4? Bo ay as 
2 


By =4, B, = = 5 P= > Bri = penee 


We have 
| eee san a a) (24.18) 
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ie., B,, K=1,2,3,... is a very rapidly increasing sequence. This is how rapidly 
Maker’s chances are improving — see (24.20) below. 

We are going to prove by induction on the “phase-index” k (k > 1) that there 
are positive integers j, (jp = 0) and real numbers f, > 1 such that for every i with 
Je-1 <1 < J, (Kth phase”) 


Le =FU+))— 35 A TFP+1)) > 0, (24.19) 


and if the play is not over in the kth oe yet, then 
TFA) > Bi Bo +++ Beltith +t)’ TF), (24.20) 


and \ 
T(F3 (ix) = (BoB: + By yt: t.) LCS) (24.21) 


Statements (24.19)-(24.21) are true for k = 1 and 2. Assume that they hold for k, 
and we prove them for k+ 1. 

If the play is over in the kth phase, ie. j, = |V|/2, then let j,,, = j, and t,,) = t. 
Otherwise “time index” j, is the beginning of the (k+1)th phase j, <i < jx4), 
where the “endpoint” j,,, will be defined by (24.24)-(24.25) below. In the (k+ 1)st 
phase jy, <i < j,,, we modify the kth potential function Ee by halving A 


L'*) = 1 FQ@)- 2 1FE(i). (24.22) 
By induction Le > 0, so 
1 : 
Lo = ST(FG)) + 5L8 > STFU). (24.23) 
The (k+1)st phase of the play is the “time interval” j, <i < j,,,, where j,,, is 
defined by 
T(F3 (i) < BeT(F2 ik) for ie S 8 < Sess (24.24) 
and 
T(F3 (Gest) = BrT(F3 (ik))- (24.25) 


If there is no j,,, satisfying (24.25), then the play is over in the (K+ 1)st phase 
and we write j,,; =|V|/2. By (24.21) and (24.24), for every i with j, <i < jx) 
DoRS\ UP p\\1/? 
(TARO) © < BoB Betta (T0FB)) (24.26) 
In the (k + 1)st phase we use the new Potential Function ie. : 


of (24.5a) goes like this 
Ava LEY 4 LHD ays Ey.) 


so the analogue 


— TF (i); Xt, Ya) + TTFL(: Kita Viti) (24.5a”’) 
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where 
LY) = TF; 2- 2 MFR: z) (24.5b’”’) 


for any z€ V\(X;,UY,). 

In the (k+ 1)st phase, Maker’s (i+ 1)st move x;,,, is that unoccupied z € V \ (X;U 
Y,) for which (aes (z) attains its maximum. Then clearly Con (X41) = pe (Vi41) 
so by (24.5a’’) 

LE? > LY — TFs Kit Yu) 


By Theorem 24.1 we obtain the analogue of (24.6) 


c : I/p 
LE? = L — p(T1R@))  -p. (24.6") 


We claim that, for every i with j, <i < jxyy, fete > 0. Indeed, by (24.4), 
(24.6”), (24.20), (24.23), and (24.26) 


(k+1) (k+1) a p '/p 
fig 2a = a P\ (T(F3(6) +1 
C= jx 


SMF) = Solve é + Betite (FD) + ) 


IV 


5B vo Bytity +t (« +t)? 'T(F) —4p|V| ((xe0) es :)) 


a 5Bi Betta ty (71-s01n((n)""s :)) +0 


IV 


by the hypothesis of Theorem 24.2. This proves (24.19) for +1. In particular, we 
have Saree > 0. 

Now assume that the play is not over in the (K+ 1)st phase yet, i.e. j,,, < |V|/2. 
By (24.25) there is a real number ¢,,, > 1 such that 


TFS (ics) = (Betezs)” MF i))- (24.27) 


Combining (24.21) and (24.27), we obtain (24.21) for k+1. 
Since L''*” > 0, it follows by (24.4), and by (24.21) for k+1, that 


TFs) > ETE Ge) 


= 27" (Bo Bi ++ Bytity + ti) TF) 
= BB: + Byir(tity es i) EP); 


since B;,, = Lm This proves (24.20) for k+1, and the induction step is complete. 
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In view of (24.19), T(F(i)) > 0 during the whole course of the play, and Maker 
wins. This completes the proof of Theorem 24.2. 


The proof of the Chooser—Picker version of Theorem 24.2 is exactly the same except 
one natural change: instead of choosing a point of maximum value (as Maker does), 
Chooser chooses the one from the two points offered to him (by Picker) that has 
the larger value. 


25 
Exact solution of the Clique Game (I) 


We recall that A(Ky; clique) denotes the largest value of g = q(N) such that 
Maker has a winning strategy in the (Ky, K,) Clique Game (“Weak Win”). The 
Erdés—Selfridge Strong Draw Criterion gives that if 


(")2@ oe (25.1) 
q 2 


then Breaker can force a Strong Draw in the (Ky, K,) Clique Game. By Stirling’s 
formula this means N < e~!q2\-))/?, Let gy be the smallest integer g for which this 
inequality holds; gp is the upper integral part 


qo = [2 log, N — 2 log, log, N+2log, e—1+0(1)], (25.2) 
and so the Clique Achievement Number has the upper bound 
A(Ky; clique) < gy) — 1 = |2log, N —2log, log, N+2log,e—1+o0(1)]. (25.3) 


Upper bound (25.3) is a good starting point: it is not optimal, but it is very close to 
that. Next comes: 


1. The lower bound. It is a direct application of Theorem 24.2. Unfortunately, the 
calculations are rather tiresome. Let [N] = {1,2,..., N} be the vertex-set of Ky. 
Define the hypergraph 


F={Ks: SCINL |S] =a}, 


where K, denotes the complete graph on vertex-set S. We have to check that 


T(F) > (3) (ne) f i) 


holds for some integer p > 2. For simplicity consider the first “useful choice” of 
parameter p: let p = 4 (later it will be explained why p < 3 doesn’t give anything). 
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T(F) = (*) 2), 


Technically it is much more complicated to find a similar exact formula for T(F;), 


We clearly have 


but luckily we don’t need that: we are perfectly satisfied with a “reasonably good” 
upper bound. By definition 
K,| > | | 


: F 
={Urs: (Ks Kade (4). 
i=1 


What it means is that F} is the family of all clique-unions Ut, Ks, where 
{S,,..., S,} runs over the unordered 4-tuples of distinct g-element subsets of [J] 


i=1 


for which Nhe K ‘| > 2. Two edges of a graph are either vertex-disjoint or have a 
common vertex, i.e. two edges span either 4 or 3 vertices. It is easy to guess that 
the main contribution of T(F}) comes from the two extreme cases: (1) from the 
“3-core sunflowers,” which represent the most sparse case, and (2) from the most 
crowded case. 


sparse crowded 
Sy qt 1 
So 
missing 
(B) missing from S4 
ce from $; Nie 
@ 5 missing missing 
S3 ‘i from Sy from $3 
(1) vi “3-core sunflowers” are those elements alae Ks. of family Fy for which 
‘an , 5; 1s a 3-element set and the sets S, \ (Cie 1 5). £=1,...,4 are pairwise 
disjoint. 


The corresponding contribution in T(F;) is that we call the first main term; it is 
precisely 


ail N\ (N—3\ (N—-q\ (N—2¢4+3)\ (N-3q+6 -4(4)+9 
1.9 = (3) (03 )(4 a) ps )( i3 )p 7 


It is easily seen 


12 


fng~ mE (("\rO) = Flay. esa 


(f(N, g))"4 < TIF) N84), 


sO 


The critical fact is that 9/4 > 2: this is why we need p > 4 (see later). 
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(2) The most crowded elements of F} are those elements ?_, K s, for which Saray 
is a (q+ 1)-element set. The corresponding contribution in T(¥;) is what we call 
the second main term; it is precisely 


=( ™ \(4t!)2-@-« 
nagar ee 


3 
q N_ TF) 
h(N, q) © i MF) 5, = Hao) 


It is easily seen 


if g = (2+ 0(1)) log, N. Clearly 
T(Fy) = f(N, Q) + RUN, Q), 


and assume that 

T(F3) © f(N, Q) + AUN, 9). (25.5) 
Then 
1/4 


(TFD)'” < (f(N, D)" + (AWN, @)) 


< T(F)N 7/4) a: (TFN ey, 


(25.6) 
To apply Theorem 24.2 with p = 4 we have to check 


T(F) > 16() ) ((r3) ae i) (25.7) 


Inequality (25.7) follows from 
T(F) > O(N?’ NM T(F)) + O(N?N-(T(F))'4) +2N? = 
= O(N“ T(F)) + O(N (TF) 4) +.2N?, (25.8) 


(see (25.6)) where N > e~'q2%-!/? and q = (24+ 0(1)) log, N. 
The first part 
TF) O(N POT )) 


of (25.8) is trivial. The second part of (25.8) 
T(F) > O(N (1(F))'/*) 


holds if T(F) > N7/*+°, which, of course, implies the entire (25.8). The condition 
T(F) = ) 2-@) > NIA) 
q 
is equivalent to (Stirling’s formula) 


10 
q = 2log, N — 2log, log, N +2 log, e— = + o(1). (25.9) 
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If q is the lower integral part of the right-hand side of (25.9), then (25.7) holds, and 
Theorem 24.2 yields a Maker’s win (“Weak Win”) in the Clique Game (Ky, K,). 
Looking back to the calculations of the proof, now we see why it works: two edges 
determine at least 3 vertices, and N* is much larger than es ie the duration of a play. 

Of course, we are not done yet: we have to justify the vague assumption (25.5). 
Also we hope that working with F?, where p > ov, instead of F, will lead to 
an improvement; note that the “3-core sunflowers” (the most sparse case) have the 
following contribution in F 


2 REN ENS SN EN Sg N—(p—1)q+3(p—2)\,_5(9) 4300-1 
nea F(s)(G-a)as) "Cees Ne 


and 
=n ee ald ne 
nna=(1))( P )p 


represents the most crowded case (we assume p < q—2). The analogue of (25.5) is 
T(F3) © f,(N, g) +h, (N, 9). (25.10) 


Under what condition can we prove (25.10)? To answer this question we divide F? 
into 3 parts 


FP =G,UG,UG;, 
where (parameter A = A(q) below will be specified later): 


(1) G, is the family of those L_, Ks € F3 for which there is a pair i,, i, of indices 
with 1 <i, <i, < p such that A < |S; NS,,| < q—A (“irrelevant case”); 

(2) G, is the family of those U/_, Ks € F} for which |S;S;| < A for all 1 <i < 
j <p (“sparse case,” the main contribution is expected to be f,,(N, q)); and, 
finally, 

(3) G; is the family of those U_, Ks, € F; for which |S; S;| > q—A for all 
1 <i<j< A (“crowded case,” the main contribution is expected to be h,,(N, q)). 


To estimate 7(G,) from above, let i;,i5,..., i, be a permutation of 1,2,..., p 
such that |S, 1S;,| =m, with A<m,<q-—A 


2 p-l 
(U S;,)NSi, = Hiei Cl | S;,)S;, =My-1, 
j=l j=l 
and let G,(m,, m,...,m,) denote the corresponding part of G,. 


We have 


q-A q q 
G.= U Lo U G,(m,, Mz, ...,My-1), 


m,=A m)=3 my) =3 
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so 


T(G,) < x yee > T(G,(m,, mM, --.,M,_1))- 


m,=A m=3 my_1=3 


It is easy to see that 


CAC ee E G ) & 5) (7~ 7 (ae (anes . ’) 
N-—2q+m, (p—1)qg—m,—--- My_9 ’) 
( q— My, eal Mgog 23 
 Galiaciaiee ak *).2 o)+CDHCE) HCE), 


q-—My-1 


Comparing this upper bound of T(G,(m,, m,,...,m,_,)) to the main term f,,(N, q), 
after some easy computations we have 


T(G,(m,, Mz, --.,M,_-1)) q q m,—3 mas 
Fo(® 9) <(m(,.43) eo 
p-l iq q m;,—3 a 
Gs Cer a ) 


Therefore i 
Gu) < p!S,S,---S,1, 
SAN, : 
where 
q-A q q m-—3 (n)43 
S,= — Q2 
Dae) (x45) 
and 


q ; m—3 
Jd q m)43 
‘ Xu m—3)\N—jq 


with 2 < j < p—1. Let j€ {2,3,..., p—1}; then by N > e7!q2%” we have 


5,52") 1)" 20 
G23) \N-Jq 


(indeed, the sum behaves like a rapidly convergent geometric series, and it roughly 
equals the last term), so 


‘ q-3 
5,< 2( iq )( q ) 5 (3)+3 
q-—3/\N-—jq 


294/241 \ I-3 3 
<2) ejq 2 <2) (2v2ej)" < 25447 ja, 
(q—3)N 
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and so 


p-l 
S5S3 ++ Sy-1 < I] Qpar isa 


j=2 


< 27P+5P4(p!)4 < (27/932p)"" : 


On the other hand 


q q_\ 543 q gq \* > L543 
vs,<20((,4,)(@5) an Oe eee, a 


< plot, 


It follows that T(G,) < f,(N, @) if 
p! (27/232 p)”" < QaA/4 
which follows from 


(27/4 p'/9732p)? ao: (25.11) 
Next we estimate 7(G,); in this case 


< JA, 


U S)OSi41 


i=1 


for j= 1,2,...,p—1, so, exactly the same way as we estimated 7(G,), we obtain 
(we separate the suspected main term f,,(N, q) from the sum) 


1G)=fND yy (= ( ia \(ptq) 2) 


SN, 9) i<j<p-1 \mj=3 in; —3) N= fq 


where the asterisk « indicates that in the expansion of the product at least one 
m, = 4 (due to the fact that f,(N, g) is separated from T(G,)). It follows that 
TG.) — f (ND) 1 


< p!2? —_; 
S,(N, 9) JN 
noting that in the argument above we used the inequality pA < q/4, i.e. A < q/4p. 
Finally, consider T(G3). If Ui; Ks, € Fy’, then |S; S;| > q—A for all 1 <i < 
J <p. Write 


2 


(US)NS; 


i=1 


p-l 


|S;NS,| =m, =m,---,\(US)NS,|=m,_1. 
=I 
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Clearly 
q-Ax<m,<q-1, q-Ax<m,<q fori=2,...,p—1, and 
P 
qt+1s|US) <qt+(p- IA. 
i=l 
Let G,(m,, my, ...,m,_,) denote the corresponding part of G,. Since m; is almost 


equal to q, it is a good idea to introduce a new variable: let d) = q—m,,1<i<p-—1. 
Clearly, 1 <d,; < A and 0 <d, <A fori=2,...,p—1. If h,(N, q) is subtracted 
from T(G,), then d,+...+d,_, = 1 (we already know d, > 1). We have 


* 


11G:)—h,(N9) <= EL NGG— dy. g— dy... 9-41), 


dj=1d)=0 0<m,_1<A 


where the * indicates the above-mentioned restriction d,+...+d,_) = 1. 
It is easy to see that 


N\ (N—-3\ (q—-3\ (N-@\ (a+4,—-3 
ct ae aoe @9 | Oe) |W | | EA 


Coe ee \(" qd d, i es, 
d, q—-d,-3 d, a 


oe *)2 (3) d,(q—d,)—dy(q—dy)— + —d,_1 (4 dpi). 
dy-1 
Since 
(ager te air ane 
q—4d,—3 djt+---+d, 
we obtain 


T(G3) —h,(N, q) < = > = » Git N 2 


dy=1dy=0  0<m,_1< q—3 


(joerc p (Cares as 
d d, 


( a’ bdo tdp 1 9—dp (dpa) < TFN) 
p-l 


(noting that * indicates the above-mentioned restriction d,+...+d,_, = 1). 
Summarizing, we have just proved the following: 


Key Technical Lemma. /f p = +, / faeg 2 4 then 


T(F2) < 2f,(N, q) +2h,(N, q)- 
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Remark. The condition p = ; ma > 4 comes from (25.11). The Key Technical 


Lemma is the precise form of the vague (25.10). 
Repeating steps (25.7)-(25.9) we conclude: if q is the lower integral part of 


2log, N —2 log, log, N+2log, e—3+0(1), (25.12) 


then Maker can force a Weak Win in the (Ky, K,) Clique Game. This proves the 
Weak Win part of Theorem 6.4 (a). 

We already have a remarkable result: the gap between the Strong Draw bound 
(25.2)-(25.3) and the Weak Win bound (25.12) is an additive constant, namely 2, 
which is independent of N. The last step is to eliminate constant 2; this will be 
done in Section 38 (first we need to develop the technique of BigGame—SmallGame 
Decomposition). 

Note that the implicit error term “o(1)” in (25.12) is in fact less than the explicit 
bound 10/(log N)'/° if N > 210° — we challenge the reader to prove this technical 
fact by inspecting the proofs here and in Section 38. 


2. Game-theoretic law of large numbers — is it an accidental phenomenon? The 


condition p = 7 jag > 4 in the Key Technical Lemma holds for g/log g > 256, 


i.e. when q is in the range g > 2000. Since g © 2log,N, Theorem 24.2 works and 
gives a very good Weak Win result in the range N > 2!°°. For small Ns such as 
in the range N < 2! the proof technique of Theorem 24.2 does not seem to work. 
Then the only result we can use is Theorem 21.1, which leads to a large amount of 
uncertainty. 

For example, if N = 20, then the Erdés—Selfridge Theorem implies that 
A(K3p; clique) < 7, so A(K39; clique) = 4 or 5 or 6, and we do not know the 
truth. 

If N = 100, then the Erdés—Selfridge Theorem implies that A(K 9); clique) < 10, 
so A(K,9; clique) =5 or 6 or 7 or 8 or 9, and we do not know the truth. 

If N = 2!, then Theorem 21.1 yields a Weak Win if g < 98; on the other hand, 
the Erdés—Selfridge Theorem (see (25.1)-(25.2)) implies that the (Ky, Kjg9) Clique 
Game is a Strong Draw (this is the best that we know in this range). This means, 
in the (Ky, K,) Clique Game with N = 2’ and q = 99, 100,..., 187, 188 that 
we don’t know whether the game is a Weak Win or a Strong Draw; i.e. with this 
particular “mid-size” N there are 90 values of g for which we don’t know whether 
Maker or Breaker can force a win. 

In the range N > 2!°°, Theorem 24.2 begins to work well: for a fixed N there 
are at most 3 values of g = q(N) for which we don’t know the outcome of the 
Clique Game (“Weak Win or Strong Draw”). 

Finally, in the range N > 2!°00 we (typically) know the exact threshold 
between Weak Win and Strong Draw, or — very rarely — there is (at most) one 
value of g = q(N) which we don’t know. In other words, the larger the N, the 
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smaller the uncertainty. This sounds like a “paradox,” since larger N means “larger 
complexity.” We refer to this “paradox” as a “game-theoretic law of large numbers.” 

Of course, there is no real paradox here; the “game-theoretic law of large num- 
bers” is simply the shortcoming of this proof technique. This is why it is called an 
“accidental phenomenon.” We are convinced that (25.12) holds with an error term 
o(1), which is actually uniformly < 2 for all N, including small Ns. For example, 
if N = 2°, then 


2log, N — 2 log, log, N +2 log, e—3 = 200 — 13.29+ 2.88 —3 = 186.59, 


and we are convinced that the Achievement (Avoidance) Number is equal to one 
of the following four consecutive integers: 185, 186, 187, 188. Of course, these are 
the closest neighbors of 186.59 in (25.13). Can anyone prove this? 


3. How long does it take to build a clique? Bound (25.12) is sharp (see Theo- 
rem 6.4 (a)), but it does not mean that every question about cliques is solved. Far 
from it! For example, the Move Number remains a big mystery. 

What can we say about the Move Number of K,? Well, an equivalent form of 
(25.12) is the following (see also (6.11)): playing on Ky with N = 2 g292(] +o(1)), 
Maker can build a clique K,. This way it takes at most 


1) _ 1400) Jay, 


2\2 2e7 


moves for Maker to get a K,. 

Now here comes the surprise: (the otherwise weak) Theorem 21.1 gives the 
slightly better bound < 27+? for the Clique Move Number. This is in fact the best 
known to the author. Can the reader improve on the bound O(2/)? 


Open Problem 25.1 For simplicity assume that the board is the infinite complete 
graph K,, (or at least a “very large” finite Ky); playing the usual (1:1) game, how 
long does it take to build a K,? 


In the other direction the best known to the author is formulated in: 


Exercise 25.1 Show that, playing the usual (1:1) game on K,,, Breaker can prevent 
Maker from building a K, in 24? moves (let q = 20). 


Which one is closer to the truth, upper bound 2? or lower bound 24/7? 
Next we replace the usual board Ky with a “typical” graph on N vertices. What 
is the largest achievable clique? We can adapt the proof above, and obtain: 


Exercise 25.2 Show that, playing the usual (1:1) game on the symmetric Random 
Graph R(Ky, 1/2), with probability tending to I as N tends to infinity, Maker can 
occupy a clique K, with 
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q = |log, N —log, log, N+log,e—1+0(1)|. (25.13) 
Note that (25.13) is the best possible (this follows from the technique of Section 38). 
Another adaptation is: 


Exercise 25.3 Prove the Maker’s part in formulas (8.7) and (8.8). 


Exercise 25.4 What is the Avoidance version of Theorem 21.1? That is, what is 
the largest clique that Forcer can force Avoider to build in Ky, assuming N is not 
too large (i.e. N is in the range before Theorem 24.2 begins to work)? 


26 


More applications 


1. The Weak Win part of Theorem 6.4 (b)-(c)-(d). The good thing about 
Theorem 24.2 is that it extends from (ordinary) graphs to k-graphs (k > 3) without 
any problem. We illustrate this briefly in the case k = 3. 

First an easy Strong Draw bound: the Erdés—Selfridge Theorem applies and 


yields a Strong Draw if 
N\ (4 1 
2 (3) <x 
qd 2 


the upper integral part of <f 6log, N+ o(1) is a good choice for q. 
Next the other direction: to get a Weak Win we apply Theorem 24.2 to the 


hypergraph 
S 
F={(5): sci Isl=al. 
Ss 


noting that (3) denotes a set — in fact a “complete 3-uniform hypergraph” — and not 
a binomial coefficient. We have to check that 


T(F) > (3) ((x#)" + i) 


holds for some integer p > 2. We clearly have 
N 4 
T(F) = ( )z®. 
q 


Let p =5; we need a good upper bound for T(F3). By definition 


(3)|=4) 


where {S,,..., 55} runs over the unordered 5-tuples of distinct g-element subsets 
of [n]. 

Two 3-edges of (%) span either 4, or 5, or 6 points. It is easy to guess that the 
main contribution of T(#;) The most sparse case is the “4-core sunflowers": the 


5 S. 
Fi= {U(;) : S$, CIM, ISl=a 1si<s, 
i=1 
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elements Bee ie of family F} for which ae S; is a 4-element set and the sets 
S,\ (x S;), €=1,...,5 are pairwise disjoint. The corresponding contribution of 


T(F3) is what we call the first main term; it is precisely 


Pod= aC )e-ale-a) ae Cana) 


. N—4q+12 2-4(Qt16- 
q—4 


We have 
: 28 q\'6 ((N (4 ge q\'6 : 
rae (4) ((“)2) =F (2) amy. 


1 T(F) 
(3) 5 
(f (N, q)) = N16/5+0(1) * 


So 


The critical fact is that N'°° is much larger than (¥), the duration of a play. 
The second main term comes from the “most crowded” configurations 


h®(N, q) = (.) @ ir. 


T(F) . 
h(N, q) x ito) if q~v blog, N. 


Clearly 


Again we have to show that 
T(F3) © fO(N, q) +h (N, q). 


The choice p = 5 was just an illustration; it is good enough to approach the truth by 
an additive error O(1). Again the optimal result comes from applying Theorem 24.2 
with p — oo. The technical details are very much the same as in the case of ordinary 
graphs. We stop here and leave the rest of the proof to the reader. 


2. Weak Win part of Theorem 12.6. Let F(n, d) denote the family of all Comb- 
Planes (“2-parameter sets”) of the n¢ Torus. F(n, d) is an n?-uniform hypergraph 


a d_9d+1 ee < % a 
of size tn! 2 and its board size is, of course, n?. Assume that 


T(F(n,d 34-2414 1 pd—-2 9-0? 34 dtl 44 = 
( i )) = 2 a = Ayo 27" > 2p. (26.1) 
To apply Theorem 24.2 we have to estimate T((F(n, d))5) from above (p > 2). 
Fix 2 points P and Q, and consider the difference vector P—Q (mod n). If the 
coordinates of the vector P— Q (mod n) have at least two different non-zero values, 
then there is exactly one Comb-Plane containing both P and Q. This case, therefore, 
has no contribution to the sum T((F(n, d))5). 
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It remains to study the case when the coordinates of the vector P— Q (mod n) 
have precisely one non-zero value; let j denote the multiplicity of the non-zero 
value, and let J denote the set of places where the non-zero coordinate shows up in 
vector P— Q (mod n). Clearly |J| = j => 1. If S is a Comb-Plane containing both P 
and Q, then S$ has the form P+ ku-+/w and the equation Q = P+ ku+ /w has an 
integral solution (k, J). Let U denote the set of places where vector u has coordinate 
1, and let W denote the set of places where vector w has coordinate 1 (U and W 
are disjoint non-empty sets). It is easily seen that there are three alternatives only: 


(a) either J = U, 
(b) or J= W, 
(c) or J= UUW. 


This explains the following upper bound 


s d\ (2424-4 

MF. d)8) <a (Z)ne(2 OE) caret 
ome J Dp 
j=l 


indeed, n“ is the number of ways to choose P, ({)n is the number of ways to choose 
Q; Ce) is an upper bound on the number of ways to choose p Comb-Planes 
each, containing P and Q; and, finally, the exponent —(pn? — (p—1)n) of 2 is 
motivated by the fact that the p Comb-Planes, all containing the PQ-line, are in 
fact disjoint apart from the PQ-line (“n points”). 


Taking pth root 
(EG ayy) Soe er, 
By choosing p around constant times log n, the critical term 


(T((F(n, dy)” 


becomes much smaller than T(F(n, d))/|V]|, i.e. Theorem 24.2 applies and yields 
a Weak Win if (26.1) holds. 

We already settled the issue of “Weak Win in the Lattice Games” in Section 23 by 
using an ad hoc Higher Moment technique. It is worth knowing that our Advanced 
Weak Win Criterion (Theorem 24.2) applies, too. In the next two applications we 
give alternative proofs for the aligned rectangle lattice and the parallelogram lattice 


games (they were covered in Theorems 23.1—23.2). 


3. Weak Win part of Theorem 8.2: case (b). The case of aligned rectangle lattices 
follows from Theorem 24.2; luckily the calculations are much simpler than in the 
Clique Game (Theorem 6.4 (a), see Section 25). Let P, and P, be two points of the 
N x.N board. The typical case is when P, and P, are neither on the same horizontal, 
nor on the same vertical line; then the number of g x g aligned rectangle lattices 
q 


containing both P, and P, is estimated from above by the same bound (7) <5 
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(“log N-power”) as in Case (a) (“Square Lattices”). However, if P, and P, are on 
the same horizontal or vertical line — non-typical case! — then we may have much 
more, namely (around) N q x q aligned rectangle lattices containing both P, and 
P,. This is why Theorem 24.2 works better than Theorem 1.2: in Theorem 24.2 the 
non-typical case has a very small “weight.” The actual application of Theorem 24.2 
goes as follows: by (8.4) 


4 2 
TF) aqapet N? 
ee a Cee a 


where, of course, F denotes the family of all g x q aligned rectangle lattices in the 
N x N board. Next we estimate the more complicated T(F;) from above. We have 
the typical and the non-typical parts 


T(F2) = Tiyp(F3) + Tno-ryp(F2)- 


o—typ 


Here is an easy upper bound for the typical part 
nf 2 
Tyyp(Fz) < N° -(N? —-2N +1): (‘ : ) ae 
P 


where N? is the number of ways to choose P, and N* —2N +1 is the number of 
ways to choose P, (they are in “general position”). 

To estimate the non-typical part T,,,_,,,(F;), assume that P,; and P, are on the 
same (say) horizontal line, and consider p distinct g x g aligned rectangle lattices 
L,, Ly, ..., L,, each containing both P, and P,. The projection of an aligned g x q 
rectangle lattice on the vertical axis is a g-term A.P. (“arithmetic progression’); 
I call it the vertical A.P. of the lattice. Consider now the vertical A.P.s of the p 
lattices Ly, Ly, ..., L,; they all have a common element: the projection of the 
P,P,-line. Throwing out this common element, we obtain p (q—1)-element sets 
(“almost A.P.s”). Here comes a key concept: how many pairwise disjoint sets can 
be selected from this collection of p (q—1)-element sets (“almost A.P.s’”)? The 
answer is denoted by k; it is a key parameter — note that k can be anything between 
l<k<p. 

Parameter k is a key concept, but we also need the following simple fact. Let 
P; be a point of the N x N board which is not on the (horizontal) P, P,-line; then 
the number of g x g aligned rectangle lattices containing the non-collinear triplet 
{P,, P,, P;} is at most (“y’ <q'/4. 

Now we are ready to estimate. For a fixed point pair P,, P, on the same 
(say) horizontal line, and for a fixed value of parameter k introduced above, the 


corresponding contribution T,,,_jp,p,,p,,.(F2) in T,o—1p(F3) is at most 


Vf ON GY ae 
Tre-rp en Fl) = (W-(8)) (4) (4) OEE S969) 
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Since there are N? ways to choose P, and (2N — 1) ways to choose P,, by (26.2) 


4 


we have 
q k kq q p-k ; 
FL) < N°(2N-1 ¥ Lo) gk Hk Da 

Tro op ) ( ) »(v (G)): i ) (5) 


Using the trivial fact 
(a +a,t+...+a,)'/? <a? +a? +...+a}!, 


we have Y 
ue) ae c 
p\ 1/P 3 24 
(7, no— pplha)) <2: mony (Te 2 ce are 
Summarizing, if 
Ue. N? 
( LAs >100q and p=q’, (26.3) 


IVI (q— 12%? = 
then Theorem 24.2 applies, and yields a Weak Win. Indeed, by (26.3) 


D VP 3/p 8 P es 
ar BNO Gr Ne 


o ome k=1 
a“ 4 N2 I/p 
(T,,(F2))? <n”. a (y) 
implying the desired inequality 
eee? 


py\1/p Pp UP ss py) iP 
(T(F2)) " < ( LT yp(F 2 OF Tro op F2 )) * 8p \V| 


4. Weak Win part of Theorem 8.2: case (f). The case of parallelogram lat- 
tices is similar to case (b) discussed above. Let F denote the family of all qx q 


parallelogram lattices in the N x N board. The figure below 


NxXN board 


e/e 
e 


al2 


explains the easy lower bound 


=(4)-()(24)) = ae 
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Therefore 
T(F) . Ne = Nt 
|V| — N2-2'4(q—1)4-2¢ ~ 2'4(q—1)427° 


Next we estimate the more complicated T(F;) from above. We begin with an easy 
observation: if P; and P, are two different points in the N x N board, and L,, L, 
are two different g x g paralelogram lattices, each containing both P, and P,, then 
the intersection L,L, is either the P, P,-line alone (“collinear intersection’), or it 
is a larger non-collinear set. 

Let L,, Lo,..., L, be a collection of p q x q parallelogram lattices, each containing 
both P, and P,. Here comes a key concept: select the maximum number of members 
among L,, L, ..., L, such that any two intersect in the P, P,-line only (“collinear 
intersection”). Let k denote the maximum; it is a key parameter — note that k can 
be anything between | <k < p. 

We use the following simple fact: given 3 non-collinear points P,, P,, P; of the 
N x .N board, the total number of g x q parallelogram lattices each containing triplet 
P,, P>, P; is less than (q’)?. 

Since there are N? ways to choose P, and N? — 1 ways to choose P,, we have 


MF2) < NPN? 1) (N?-@PY)- i ) t(Ca i ec 


k=1 


P 6 ny2.\ k 
4 CONEY gee 
<N > (55) (kq ) , 
k=1 
It follows that 
P 6 y72\ */P 
/ q?N a 
(ery ewer (EE) cea. 
k= 


If 


T(F) Nt 0 3 
IV > (g— ae" >100g™~ and p=q’, (26.4) 


then Theorem 24.2 applies, and yields a Weak Win. Indeed, by (26.4) 


us 1 T(F) 
T(F?) I/p < NAP. gi? 1\ ; 
( 2 ) X 8 Dp |V| 
5. Weak Win part of Theorem 8.2: case (g). The case of area one parallelogram 
lattices is similar to cases (b) and (f) discussed above. Let F denote the family 
of all g x q area one parallelogram lattices in the N x N board. A g x q area one 
(parallelogram) lattice can be parametrized as follows 


{ut+kv+iwe[N]x[N]: 0<k<q—-1,0<!l<q-}}, 
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where [N] = {1,2,..., Jue Z’, v=(a, b) € Z’, w=(c, d) € ZH with ad—be= 
+1. To estimate |F| from below, let u € [N/2] x [N/2], and let 1<a<b< Ga 
be coprime integers: there are 

3 N \ 

mW \2(q-1) 


integral vectors v = (a,b) with this property. Since a and b are coprime, the 
equation ax — by = | has an integral solution (x, y) = (c, d) with the same bounds 


N 
Vsxsys ua 


Fie (™ ee Neo, _“3Nt 
~\2)) m\q-1)) ~~ 1672(q—1)?’ 


TF) . N? 
|V| ~~ 162(q— 1)?29° 


as for a and b above. It follows that 


and so 


Next we estimate the more complicated 7(F;) from above. Fix two distinct points 
P, and P, in the N x N board, and let L € F be a q x q area one paralelogram 
lattice containing both P, and P,. Let P; be a third point of lattice L which is not 
on the P,P>-line; then the area of the P, P,P, triangle is between 1/2 and q?/2. It 
follows that P; has to be in a strip around the P,P,-line of height h = q*/|P,P)|, 
where |P,P,| is the distance of the two points. 

Since every lattice triangle has area > 1/2, this strip contains at most 
O(Nq?/|P; P|) 


lattice points of the N x N board; i.e. there are at most O(Nq?/|P,P,|) options for 
a third point P; € L. 


The rest of the argument is similar to case (f). Let L,, L5, ..., L, be a collection 
of p q x q area one lattices, each containing both P, and P,. Here comes a key 
concept: select the maximum number of members among L,, Lp, ..., Ly such that 


any two intersect in the P, P,-line only (“collinear intersection”). Let k denote the 
maximum; it is a key parameter — note that k can be anything between | <k < p. 

We use the following simple fact: given 3 non-collinear points P,, P,, P; of the 
N XN board, the total number of g x q parallelogram lattices each containing triplet 
P,, Py, P; is less than (q”)° = g°. Now we are ready to estimate T(F!) from above. 
Assume that |P;P,| is around 2/; then there are N* ways to choose P,; and O(4/) 
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ways to choose P,, so we have 
log» 


. DY ho OPN Ne tee - 
T(F{) = UN* YOM’) (-«) ( 7 )-w" gk +h 
j=l 


k=1 


It follows that 


8N k/p 
(2 ) -(kq®)'->, 


2"-4 


Me 


(1(F2)) 1/p < N‘/P 


If 
T(F) 3N? 


20 —) 


then Theorem 24.2 applies, and yields a Weak Win. Indeed, by (26.4) 


P 
1/ xk 
(T.F2)) ? < N*? Gg? SO N® < SV” 
k=1 


and the hypothesis of Theorem 24.2 is satisfied. 


6. Concluding remarks. The reader must be wondering, “Why did we skip cases 
(d) and (e)?”. Recall that case (d): tilted rectangle lattices and case (e): rhombus 
lattices give two different kinds of extensions of case (c): tilted Square Lattices, 
but these extensions are negligible. What does negligible mean? These extensions 
are very minor in the quantitative sense that the Max Degree of the hypergraph 
hardly increases. To justify the point, we are going to discuss the following three 
questions: 


Question I: What is the Max Degree of the family of all g x q tilted Square 
Lattices in the N x N board? 
Question IT: What is the Max Degree of the family of all g x q tilted rectangle 
lattices in the N x N board? 
Question III; What is the Max Degree of the family of all g x g rhombus lattices 
in the N x N board? 


one of the e g=1 
qXxq points" 


In view of the picture above the answer to Question I is 


gq O((N/(q—1)°) = O(N"). (26.6) 


370 Self-improving potentials 


The answer to Question II is 


3 * g.c.d.(a, b) 
O(7") 2s O(N/(q- par a 


0<a<N/(q-1),0Sb=N/(q-1) 


(26.7) 


where the asterisk * in the summation indicates that (0,0) is excluded, and 
g.c.d.(a, b) denotes, as usual, the greatest common divisor of integers a and b. 
If g.c.d.(a, b) = d, then a= kd and b=/d with some integers k, /, and (26.7) can 
be estimated from above by the sum 


N/Q~1) * 1 
oq-N) > aa (26.8) 
d=1 0<k<N/d(q—1),0st<N/a(q—l) ®t 
Since 
1 3 2 2 
k+l J/T+RST40 
(26.8) can be estimated from above by 
n/(q-1) 7\° 
O(g i. N) = x ay a > 
d=| \1<j<2N/dq Vi 
which gives the following answer to Question II 
N N 
O(N) 
O(q:N) >- ar O(N’) 5> = O(N? log N). (26.9) 
d=1 d=l 


Comparing (26.6) and (26.9) we see that case (d) (“tilted rectangle lattices”) repre- 
sents a larger hypergraph than case (c) (“tilted Square Lattices”), but the increase 
in the Max Degree is a small factor of log N, which has a “negligible” effect in 
the “advanced Strong Draw criterion” later. This explains why the Achievement 
Number is the same for cases (c) and (d) (well, almost the same: the same apart 
from o(1)). 

The answer to Question III is estimated from above by 


N/(q-1) * 

Og) > a t(a’ +b’), (26.10) 
d=1 0sasN/(q-1),0Sb<N/(q-1) 
where again the asterisk * in the summation indicates that (0,0) is excluded, and 
(a, b) denotes, as usual, the divisor function; T(m) denotes the number of divisors 
of integer m. In the upper bound (26.10) we used the well-known number-theoretic 
fact that the number of solutions of the equation m= a? + b* is at most 47(m). 
Sum (26.10) is estimated from above by 


Og) YY rm). (26.11) 


I<m<2(N/(q-1))? 
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A theorem of Ramanujan states that 


2 7°(m) = O(M(log M)’); (26.12) 


l<m<M 


see e.g. in Section 18.2 of Hardy-Wright: An introduction to the theory of numbers. 
Formulas (26.10)-(26.12) lead to the following upper bound in Question III 


O(q°)- O(N*/(q— 1)*))- (log N)* = O(N? - (log NY”). (26.13) 


This time the increase in the Max Degree is a factor of (log N)*, which is still 
“negligible.” 
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Who-scores-more games 


There are two large classes of sports and games: the class of who-does-it-first and 
the class of who-scores-more. Every race sport (running, swimming, cycling, etc.) 
belongs to the class of who-does-it-first, and most of the team sports (basketball, 
soccer, ice-hockey, etc.) belong to the class of who-scores-more. The same applies 
for games: Chess is a who-does-it-first game (who gives the first checkmate) and Go 
is clearly a who-scores-more type of game (who captures more of the opponent’s 
stones). Tic-Tac-Toe, and every other Positional Game, belongs to the class of 
who-does-it-first (the winner is the one who occupies a whole winning set first). 
Unfortunately, we know almost nothing about ordinary win; this is why we had 
to shift our attention from ordinary win to Weak Win. So far everything (well, 
nearly everything) was about Weak Win (and its complementary concept: Strong 
Draw) — it is time now to expand our horizons and do something different. A 
natural extension of the class of Positional Games is the class of “who-scores-more 
games.” As usual, the players alternately occupy new points, but we have to clarify 
the notion of “scoring.” In a Positional Game the most natural way of “scoring” is 
to occupy a whole winning set, so “who-scores-more” actually means “which player 
owns more winning sets at the end of the play.” The symmetric version, when the 
two players share the same hypergraph, seems to be hopelessly complicated (just 
like “ordinary win,” i.e. the “who-does-it-first” version); what we discuss in this 
section is: 


1. The asymmetric version. Here the two players have two different hypergraphs — 
say, First Player has hypergraph F and Second Player has hypergraph G (the board 
is the same!) — and each player wants to occupy as many hyperedges of his own 
hypergraph as possible. The player who owns the most hyperedges is declared the 
winner; equality means a draw. 

Here is an illustration. Two players are playing on the N x N board, First Player’s 
goal is to occupy a maximum number of g, x g, Aligned Square Lattices and Second 
Player’s goal is to occupy a maximum number of gq, x q, aligned rectangle lattices. 


372 


Who-scores-more games 373 


In view of Theorem 8.2, the case 
a> | Vlog, N+ 0(1) | and q, > | v2To8; N+ o(1) | (27.1) 


is a boring scoreless draw (if the players play rationally); to have some action we 
assume that 


gi <|Vlog:N+0(1)| and q,<|V2I0g,N+o(1)]. (27.2) 


How about the first interesting case itself 


gi = | Vlog N + o(1)| and qo = | V2log; N+ o(1) |. (27.3) 


Which player ends up with more copies of his own? More precisely, which player 
has a winning strategy in the “square-lattice vs. rectangle-lattice who-scores-more 
game with (27.3)? 

Before answering this question, let me briefly recall where the “critical values” 
in (27.3) come from. Let F = Fy, denote the family of all s x s Aligned Square 
Lattices in the N x N board, and let G = G,,,, denote the family of all r x r aligned 
rectangle lattices in the same N x N board. In Fy, we keep the value of N fixed and 
sis a variable; then s = | vive: N+ o(1) | is the largest value of integral variable 
s such that 


1 a 1 oe 
a 2 i) = ya Fl ae (27.4) 


AéFys 


Similarly, if N is fixed, then r= | V2loe; N+ o(1)| is the largest value of integral 
variable r such that 


1 1 2 
= 2781) = |G, |2-" > 1. (27.5) 
IV os apres 
Looking at (27.4) and (27.5), we see that the factor 1/N? is the same, so it is 
natural to come up with the conjecture that what really matters in the (Fy,.,, Gy.) 
who-scores-more game is the relation of the two sums 


eee ( > a and T(Gy,,) = ( $3. a 
ACF ys BeGy,, 
We would guess that if T(Fy,,) > T(Gy,,), then First Player (“Square Lattice guy”) 
should have more copies of his own goal, and if T(Fy,,) < T(Gy,,), then Second 
Player (“rectangle lattice guy”) should have more copies of his own goal. This 
vague conjecture can be justified by the following variant of Theorem 24.2. 


Theorem 27.1 ((“Who-Scores-More Criterion”)) Let F and G be two finite 
hypergraphs sharing the same board set V. 
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(a) If the inequality 
T(F) — 1007(G) 


[V| 


holds for some integer p > 2, then First Player can force the following: at the 


> p+4p(T(F?))” 


end of the play the number of As with A € F completely occupied by him (i.e. 
First Player) is more than 100 times the number of Bs, with B € G completely 
occupied by Second Player. 
(b) Assume that G is m-uniform, if 
T(G) — MaxDeg(G)2~” — 1007(F) 
[V| 

holds for some integer p > 2, then Second Player can force the following: at 
the end of the play the number of Bs with B € G completely occupied by him 
(i.e. Second Player) is more than 100 times the number of As, with A € F 
completely occupied by First Player. 


> p+4p(™(G8))” 


Remarks. The factor of “100” in (a) and (b) was accidental: we just wanted to 
make sure that | player overwhelmingly dominates. Of course, “100” and “100 
times” can be replaced by any constant (like “2” and “twice”’). 

The proof of the Who-Scores-More Criterion above is exactly the same as that 
of Theorem 24.2; we leave it to the reader as an exercise. 

Let’s return to the the “square-lattice vs. rectangle-lattice who-scores-more game 
with (27.1).” How large is 

T Fg) 1 


_72 
|V| i. N2 Frql°2 My 


where gq; = | Vlog: N| ? Writing ({x} is the fractional part of x) 


n= | Vice, W | = Vlog, N — { Vlog, N} 


we have 
(f= log," -2{ Vlog | Jog N+ 000). 
Since 
N? 
Fi aN 
| Na 3(q, — 1) 
we obtain 
J gy ta Nghe] RU 
N 3(q 1) 
= O(1) 2 Jie} /i0g2 (27.6) 
vi 


Similarly 
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alG ql = PO Vee MA 
QD 


_ (1) ,2v2| v2 Vive] ioe (27.7) 
vb) 


Combining the Who-Scores-More Criterion with (27.6)-(27.7), the “Square Lattice 
vs. rectangle lattice who-scores-more game with (27.3)” converts into an easy 
fractional part problem. 


2. Fractional Part Problem. 
(a) Which fractional part is larger 
| Vlog, N] or V2 | V2v/iog, WN}? 


Another natural question is: 


(b) If we “randomly select” a positive integer N, then what is the “chance” that 
| vlog, N] > /2 [V2viog, N}? 
For typical N the fractional parts | Vlog, N | and /2 | v2ylog, N | are not too 


close, implying that the ratio 
T(Fyz) _ lFrn.a 2-4 
T(Gniq,) IGv.a, 2-4 
S o(1y2(l v8 ¥}-v2| ¥2/1082 9} 082 8 


is typically either very large (much larger than 100) or very small (much smaller 
than 1/100). Therefore, by the Who-Scores-More Criterion, for a typical N one 
player overwhelmingly dominates the “who-scores-more” game. 

Randomly choosing an N, what is the chance that the “Square Lattice over-scores 
the rectangle lattice”? By the Who-Scores-More Criterion this question is equivalent 
to part (b) of the Fractional Part Problem. Notice that the problem is not well-stated 
(what does “randomly chosen” mean) unless we introduce a density concept for 
integers. To guarantee that {,/log, NV} is uniformly distributed in the unit interval, 
the simple fact 


1 
2N,/log, N 
makes it plausible to work with the following sub-logarithmic density: given an 


infinite subset A C N of the natural numbers, we say that A has density a if the 
limit below 


vVlog,(N + 1) — Vlog, N © 


ae — 
aeA: asx 0 oo 
jin —__—__“¥* (27.8) 
* Pines na/logn 
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exists and equals to a. Working with density (27.8) the following facts are clear: 


(1) | Vlog, N | is uniformly distributed in the unit interval; 
(2) | v2Vlog, N | is also uniformly distributed in the unit interval; 
(3) | Vlog: N | and [/2/log2 N | form independent random variables. 


Statement (3) easily follows from the well-known fact that the “na sequence” 
a, 2a, 3a,... (mod 1) is uniformly distributed in the unit interval if @ is irrational 
(we apply it with a = /2). 

(1)-(3) imply that part (b) of the Fractional Part Problem above is equivalent to 
the following elementary problem in Probability Theory: if X and Y are indepen- 
dent, uniformly distributed random variables in the unit interval, then what is the 
probability of X > /2Y? 


X=V2Y 


Pr [X>V2Y]= xi 


X and Y are independent 


1 2 


Since X and Y are independent, we can visualize the problem on the product 
space [0, 1] x [0, 1] (see figure), which is, of course, the unit square, and then the 
answer is simply the area of the shaded triangle: 1/2./2 = .35355. 


Theorem 27.2 (a) Consider the “aligned square-lattice vs. aligned rectangle lattice 
who-scores-more game” on the N x N board with the largest achievable sizes 
(27.3). If we randomly select the board-size parameter N — we work with the sub- 
logarithmic density (27.8) — then the “Square Lattice” over-scores the “rectangle 
lattice” with probability 1/2/2. 
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3. More Fractional Part Problems. What happens if “Aligned Square Lattice 
vs. aligned rectangle lattice” is replaced by the “Aligned Square Lattice vs. par- 
allelogram lattice’? This case is even simpler. A straightforward application of 
the Who-Scores-More Criterion reduces the problem to the following very simple 
fractional part question: If X is a uniformly distributed random variable in the unit 
interval, then what is the probability of the event X > 2{2X}? Comparing the graphs 
of the two functions y= x and y = 2{2x} in 0 < x < 1, the answer is clear: the 
probability is 1/6. 


Theorem 27.2 (b) Consider the “Aligned Square Lattice vs. parallelogram lattice 
who-scores-more game” on the N x N board with the largest achievable sizes: 
q, X q, Aligned Square Lattice with q, = |,/log,N| and q, x q, parallelogram 
lattice with q, = |2,/log,N]. If we randomly select the board-size parameter 
N — we work with the sub-logarithmic density (27.6) — then the “Square Lattice” 
over-scores the “parallelogram lattice” with probability 1/6. 


What happens if the “square shape” is replaced by arbitrary lattice polygons (see 
Section 8 around formula (8.5))? For example, how about the “aligned pentagon 
vs. aligned triangle who-scores-more game” on the N x N board if from each shape 
we take the largest achievable size? In view of (8.5) the largest achievable size is 


1 B 
| vie" TA +0(0)| : (27.9) 


where A is the area of the initial shape S = S(1) and B is the number of lattice 
points on the boundary of S$. The Who-Scores-More Criterion reduces this problem 
to the following fractional part question: Given two lattice polygons S, and S,, 
which one is larger 


or 


st lo Wee ae lo Wo ? 

70 2 4A, 7 82 4A, ) 
Here A, is the area of the initial shape S, = S,(1), B, is the number of lattice 
points on the boundary of S,, and, similarly, A, is the area of the initial shape 
S, = S,(1), and B, is the number of lattice points on the boundary of S,. If A,/A, 
is not a rational square number — this happens, for example, if S, is the “pentagon” 
of area 3 and S, is the “triangle” of area 1/2 — then we can repeat the argument of 
Theorem 27.2, and obtain the following simple answer to the “probability question” 
(notice that the probability is irrational). 


Theorem 27.2 (c) Consider the “aligned lattice polygon S, vs. aligned lattice 
polygon S, who-scores-more game” on the N x N board with the largest achievable 
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sizes (27.9). Assume that the ratio A,/A, of the areas is not a rational square 
number. Let A, > A,; if we randomly select the board-size parameter N — we work 
with the sub-logarithmic density (27.8) — then shape S, over-scores shape S, with 
probability \/A,/2,/A,. 

Theorem 27.2 does not cover the case when A,/A, is a rational square number. 
The simplest way to make A,/A, a rational square number is to assume A, = A); 


then we can repeat the argument of Theorem 27.2, and get the following simple 
result (notice that the probability is rational). 


Theorem 27.2 (d) Consider the “aligned lattice polygon S, vs. aligned lattice 
polygon S, who-scores-more game” on the N x N board with the largest achievable 
sizes (27.9). Assume that the areas are equal: A, = A, = A, and B, > B, (i.e. the 
boundary of S, contains more lattice points). If we randomly select the board-size 
parameter N — we work with the sub-logarithmic density (27.8) — then shape S, 
over-scores shape S, with probability (B, — B,)/4A. 


Of course, cases (c) and (d) do not cover everything; for example, in the “fish vs. 
octagon who-scores-more game” the ratio 28/7 = 4 = 2? of the areas is a square 
number, so case (c) doesn’t apply. We discussed cases (c) and (d) because the 
answer to the probability question was particularly simple. By the way, the “fish” 
over-scores the “octagon” with probability 13/84 (why?). 

The last example is a graph game played on Ky. First Player’s goal is to occupy 
a maximum number of copies of K,,, (“complete bipartite graph”) and Second 
Player’s goal is to occupy a maximum number of copies of K,,, (“complete 


tripartite graph”). 
K3,3 


Ky 0,2 
Let 
b = D(N) = |2log, N — 2log, log, N+ 2log, e—3| (27.10) 
and 3 
t=t(N)= tos, og; 1og, N+ 10g, ¢— 4 : (27.11) 


note that taking the upper integral part in (27.10)-(27.11) would lead to a boring 
scoreless game: (27.10)-(27.11) represent the largest achievable values (see (8.7)). 
Which player wins the who-scores-more game? A straightforward application of 
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the Who-Scores-More Criterion reduces the problem to the following elementary 
question: consider the expression ({y} denotes, as usual, the fractional part of real 
number y) 


2 {2log, N — 2 log, log, N +2 log, e— 3} —3 {log, N — log, log, N+ log, e—2/3} 


2 
=3 (Feaon+ 1/3} — (409)) 


where 
A(N) = log, N — log, log, N + log, e — 2/3; (27.12) 


is 2{2A+ 1/3} — {A} positive or negative? If ={2A + 1/3} — {A} is positive, where 
A= A(N), then First Player has more bipartite graphs K, ,; if ={2A + 1/3} — {A} is 
negative, then Second Player has more tripartite graphs K, ,,. 

Note that working with the usual logarithmic density 
er asx : 


1 


nsx n 


lim 


X00 


(27.13) 


the following fact is clear: {A()} is uniformly distributed in the unit interval as 
N—->o. 

It follows that the fractional part problem above is equivalent to the following 
elementary problem in Probability Theory: if X is a uniformly distributed random 
variable in the unit interval, what is the probability of 


Xx = 2X + : ? 
>s =f? 
3 3 
Comparing the graphs of the two functions y= x and y= ={2x+ 1/3} nO< 
x <1, the answer is clear: the probability is 2/3. 


Theorem 27.2 (e) Consider the “bipartite vs. tripartite who-scores-more game” 
on the complete graph Ky with the largest achievable sizes (27.10) and (27.11). 
If we randomly select the vertex-size parameter N — we work with the logarithmic 
density (27.13) — then K,, over-scores K,,, with probability 2/3. 


Chapter VI 


What is the Biased Meta-Conjecture, and why is it 
so difficult? 


There are two natural ways to generalize the concept of Positional Game: one way 
is the (1) discrepancy version, where Maker wants (say) 90% of some hyperedge 
instead of 100%. Another way is the (2) biased version like the (1:2) play, where 
underdog Maker claims | point per move and Breaker claims 2 points per move. 

Chapter VI is devoted to the discussion of these generalizations. 

Neither generalization is a perfect success, but there is a big difference. The 
discrepancy version generalizes rather smoothly; the biased version, on the other 
hand, leads to some unexpected tormenting(!) technical difficulties. 

The main issue here is to formulate and prove the Biased Meta-Conjecture. The 
biased case is work in progress; what we currently know is a bunch of (very 
interesting!) sporadic results, but the general case remains wide open. 

We don’t see any a priori reason why the biased case should be more difficult 
than the fair (1:1) case. No one understands why the general biased case is still 
unsolved. 

The Biased Meta-Conjecture is the most exciting research project that the book 
can offer. We challenge the reader to participate in the final solution. 

The biased Maker—Breaker and Avoider—Forcer games remain mostly unsolved, 
but we are surprisingly successful with the biased (1:s) Chooser—Picker game where 
Chooser is the underdog (in each turn Picker picks (s+ 1) new points, Chooser 
chooses one of them, and the rest goes back to Picker). In this case we come very 
close to the perfect analogue of Theorem 6.4 (“Clique Games”) and Theorem 8.2 
(“Lattice Games”) with the natural change that the base 2 logarithm log, is replaced 
by the base (s+ 1) logarithm log,,, (see Theorem 33.4). 
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1. What is the right conjecture? Recall that the Clique Achievement Number 
A(Ky; clique) is the largest integer g = g(N) such that Maker can always occupy a 
whole sub-clique K, in the usual (1:1) play on Ky. The exact value of A(Ky; clique) 
is the lower integral part of the function 


f(N) = 2log, N — 2 log, log, N +2 log, e—3; (28.1) 
more precisely, this is true for the overwhelming majority of Ns, and to cover 
every N we usually add an extra o(1) (which tends to 0 as N — oo) to (28.1) (see 
Theorem 6.4 (a)). 

Function (28.1) is explained by the Phantom Decomposition Hypothesis (“Neigh- 
borhood Conjecture” and “local randomness” are alternative names for the same 
thing, see Sections 8, 18, and 19). The Phantom Decomposition Hypothesis says 
that there is a virtual decomposition into “neighborhoods”: for a fixed edge e, € Ky, 
d =) copies of K, in Ky containing edge eo, and (28.1) is the (“real”) 


there are eae 
solution of the equation 
N = 2 q 
( }r = (28.2) 
q-2 


in variable g = q(N). Here the term (X2\2-@ has a probabilistic interpretation: 
it is the expected number of monochromatic red copies of K, with ey « K, ina 
Random 2-Coloring of the edges of Ky (using colors red and blue). 

Next we modify Maker’s goal: instead of owning a whole K,, Maker just wants 
a given majority, (say) > 90% of the edges from some K,, or, in general, he wants 
> a(4) edges from some K,, where 5 <a <1 isa given constant. Fix an 5 <a<l; 
the largest g = g(N) such that, playing the usual (1:1) game on Ky, Maker can 
always own at least a(4) edges from some K, in Ky, is called the a-Clique Achieve- 
ment Number, denoted by A(Ky; clique; a). How large is A(Ky; clique; a)? The 
Phantom Decomposition Hypothesis suggests to solve the equation 


iS) y (@)x¢ =1 (28.3) 


—2 m 
4 m>a(3) 
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in variable g = q(N, a); observe that (28.3) is the perfect discrepancy version of 
(28.3): the left-hand side of (28.3) is the expected number of (> @)-red copies of K, 
with e) € K, in a Random 2-Coloring of the edges of Ky (using red and blue). Of 
course, “(> a@)-red” means that at least a part is red and at most (1 — @) part is blue. 

To find a “real” solution of (28.3) we use the weak form k! ~ (k/e)* of the Stirling 
formula (the ignored factor /2ak gives a negligible contribution in g = q(N, a) 


anyway) 
q q 
C= 9) CBee 
q-2 mza() 2 q—-2 a() 
N-2 _(4 —2 7 
~ ( ) (2a°(1 —a)!-*) @) x (* ce: (28.4) 

q-2 = 

where H(a) = —a log, a—(1—a@) log, (1 — a) is the well-known Shannon’s entropy. 


Notice that, if a goes from 1/2 to 1, the term (1 — H(q@)) goes from 0 to 1. 
Returning to (28.3)-(28.4), we have 


pa (N27) 9-4-2) 
q-2 


which is equivalent to 


(1—H@)(2) =108, ("~7) =102. (*)" = @—2)o2,(eW79). 


which is equivalent to 


qd 1 
(1 H(@))$= (1) (og, W tog, 4+ 10g, 6) = 


log, N 
a +log, e+ o(1), 


=log, N — log, g— 


which is equivalent to 


2 log, N 
q= T-Ha) (Ios, W — tog, ¢- Seat 4 log,€-+0(1)) = 
2 2 log, N 
= ——— | log, N — log, | ————~ log, N ] —- —,~—— + log, e+ o(1) ] = 
1—H(a) ( o 2 (as a ) iHitay 1082 N = ( ) 


2 
= Ta) log, N — log, log, N+ log, (1 — H(a@)) + log, e—1})—1+ 0(1). 
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That is, the real solution of the Phantom Decomposition Hypothesis equation (28.3) 
is (@ and N are fixed) 


q=q(\) = (1o8:. log, log, N+log,(1— A(a)) +log, e—1}—1+ 0(1). 


(28.5) 


2, 
1—H(a) 


Notice that choosing a = | in (28.5) we get back (28.1). 

Is it true that A(Ky; clique; a) is the lower integral part of (28.5)? Let’s see how 
far we can go by adapting the proof of the case a = 1. In the proof of the case 
a = | we used the self-improving Potential Function 


L,=T(F())-A- TAY) 


with an appropriate positive constant A, where T indicates the usual Power-of-Two 
Scoring System 


T(H) = S24! and T(H3 uy, ..., Up) = an, (28.6) 


AEH AEH: {uy,...,Uy}CA 


Switching from a = | to a general ; <a <1 we have to change scoring system 
(28.6). Assume we are in the middle of a play where Maker already occupies 
X(i) = {x,,...,x;} and Breaker already occupies Y(i) = {y,,...,y,}, and with 
a=(1+e)/2 define 


T,.(H) = > (i+ e)A0X@I-(1+6)1A1/2 (1 _ e)40VI-C-2)141/2, (28.7) 
AEH 


we use the special cases H = F and H = F;. We employ the Potential Function 
L,=T,.(F(@))—-A-T,.(FZ@) 
with the usual side condition Ly = $Ty,(F ), or equivalently 


= To,.(F) 
22yalFs) 


If Maker chooses that unoccupied z = x;,, for which the function 
L,(z) = T,,.(F(@); z) —A-T,.(F3 O32) 
attains its maximum, then we obtain the usual inequality 


Lig ZL + Li 41) — & L041) — Be T,,.(F@; Xints Yai) = 
). (28.8) 


>L,—&- T, (FO: Xis1, Vis 


384 That is the Biased Meta-Conjecture ? 


So far so good! Next we need a discrepancy analogue of the Generalized Variance 
Lemma (Theorem 24.1). A straightforward adaptation of the proof of Theorem 24.1 
would require an inequality such as 


(1 e) Ei XO- 4142.1 — gp) Efe lA VOI-C-8IAN2) < 
eis e)! ja AXOI-C+2)1 Uj Ail = e)!Ui1 AjOY()|—C—2)| Uy Al /2 (28.9) 


Unfortunately, we get stuck here: inequality (28.9) is false in general! Here is a 
counter-example: assume that: 


(1) |Aj|=n, j=1,...,p; 

(2) the p intersections A;M X(i), j=1,...,p are equal to the same set B with 
|B] = (1+ e)n/2; 

(3) the p intersections A, Y(i), j= 1,..., p are pairwise disjoint; 

(4) |A;NY@| = (1 —e)n/2, j=1,..., p. 


Then (28.9) simplifies to 


(1-8) (Xf AgI-1U5 2) Aj) 

(14 2) fas4l-ail) (+ : ) ii (28.10) 
—€é 

which is clearly non-sense. Indeed, inequality (28.10) cannot hold in general, 

because both bases, (1+) and 1/(1—¢«), are > 1, and their exponents can be 

arbitrarily large, so the left-hand side of (28.10) can be arbitrarily large. 


The failure of (28.9) explains why we cannot solve the following: 
Open Problem 28.1 Js it true that the a-Clique Achievement Number 
A(Ky; clique; a) is the lower integral part of 


q=q(N, a) = (108: log, log, N + log,(1 — H(a)) + log, e- 1) 


2 
1— H(a) 
—1+o()), 


or at least the distance between the two quantities is O(1)? Here the function 
H(a) = —alog, a— (1— a) log,(1 — @) is the well-known Shannon’s entropy. 


2. Nearly perfect solutions. Inequality (28.9) is false in general, but it holds (with 
equality!) for any family of disjoint A;s. This is very good news, because the auxiliary 
big hypergraphs F!, and F2., in Section 23 (“ad hoc argument”) had some “near- 
disjointness.” This gives us a hope to solve the analogue of Open Problem 28.1 for 
at least the Lattice Games; and, indeed, we are going to prove the following precise 
statement (see Theorem 9.1 below, which was already formulated in Section 9). For 
every a with 1/2 <a <1, let A(N x N; square lattice; a) denote the largest value of 
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q such that Maker can always occupy > a@ part of some qg x g Aligned Square Lattice 
in the N x N board. We will call it the a-Discrepancy Achievement Number. We can 
similarly define the a-Discrepancy Achievement Number for the rest of the Lattice 
Games in Section 8, and also for the Avoidance version. 


Theorem 9.1 Consider the Nx N board; this is what we know about the 
a-Discrepancy Achievement Numbers of the Lattice Games: 


(a) ees + o(1) | > A(N x N; square lattice; a) > | 285 - Co(a@) — o(1) | ; 
(b) Fi ie +o(1)| > A(N x N; rectangle lattice; a) > | Toa —Cy(a) — o(1) | : 
(c) Fi = +o(1)| > A(N x N; tilted square latt.; a) > l = —c)(a)— o(1) | ; 
(d) Fi Toihiay +0(1)| > A(N x N; tilt. rect. lattice; a) > je —cy(a)—o(1)], 
(e) rE +o(1)| > A(N x N; rhombus lattice; a) > | [2B — ela) —o(1)| ? 
(f) | 2 a +0(1) > A(N x N; parall. lattice; a) > E Ho —c,(a) — o(1)| ; 
(2) Fez +o(1)| > A(N x N; area one lattice; a) > Jeet - Co(a) — o(1) |, 


and the same for the corresponding Avoidance Number. Here the function H(a) = 
—alog, a—(1—a)log,(1—@) is the Shannon’s entropy, and 


esa) = EF SU og, (2) 


is a constant (depending only on a) which tends to 0 as a — 1. 


If @ is close to 1, then the additive constant cy(@) is small, so the upper and lower 
bounds coincide. Thus for the majority of the board size N we know the exact 
value of the a-Discrepancy Achievement (and Avoidance) Numbers for the Lattice 
Games. 

Here and in the next section we prove the lower bounds; the upper bounds require 
the techniques of Part D. 

We begin the lower bound proof with cases (a) and (c), i.e. the two: 


3. Simplest lattice games: the Aligned and the Tilted Square Lattice Games. 
For these two games the Weak Win part of the special case a = 1 was solved 
by a trivial application of the “linear” criterion Theorem 1.2 (see Section 13); we 
didn’t need any sophisticated “higher moment hypergraph.” The most natural idea 
is to try to develop an a-Discrepancy version of Theorem 1.2. Is the extension 
trivial? The answer is “no”; at some point we need a technical trick. To understand 
the necessary modifications, first we briefly recall the proof of Theorem 1.2. The 
simple basic idea was to study the Opportunity Function 
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T= “sev Beer gS 012s. (28.11) 


AcF: ANY(i)=0 


and to guarantee that T.,,,(F) > 0. If T.,,,(7) > 0, then at the end of play there still 
exists an Ay € F which is not blocked by Breaker — this Ag is clearly occupied by 
Maker, and the Weak Win is confirmed. 

Let a = (1+ €)/2; the natural analogue of (28.11) is the sum (see (28.7)) 


TF) = = (1 + ey Ol CAAA Cy S eg) ANKOI-G—s)Al/2 (28.12) 
AcF 


Notice that if a = 1, (28.12) simplifies to (28.11). 
Now assume T,,,;,.(F) > 0; does this imply that at the end of play there exists 


an Ay € F from which Maker owns > a part? Well, not necessarily! Even if Maker 
can force a “large” lower bound such as 


Dena, ad = 2 Tait: (F)= a=, large, 


that still implies nothing. Unfortunately, the sum T,,,,,(F) can be large for the 
“wrong reason”: that there are an unusually large number of sets A € ¥ from which 
Maker owns £ part with some B < a, and a part may not occur at all! We refer to 


this “wrong reason” as the “concentration on small discrepancy.” 


4. A technical trick. We can prevent the “concentration on small discrepancy” by a 
technical trick that is very similar to what we did in the first proof of Theorem 16.2 
(see formula (16.13)). We modify (28.12) as follows, let 


R,=T,,(F)— DT ,p,(F) = 


j20 
=> (« 4 yyAox@l-mlal cy — yylArvol—nl4l_ 
AcF 
2 6; “d+ p,)4rxOl-aill = pyynmarsi) ; (28.13) 
jz0 
where 7 = (1+ y)/2 
1+£6 1+£, 2c, 
a lar * a= 5 “and B; = Bo- OME, ry Ree 
(28.14) 


Here c, is a positive constant, depending only on a, and 6; — 0 very rapidly; both 
will be specified later. 

It will be enough to show that R.,.q > 0 (the explanation comes later). The proof 
argument of Theorem 1.2 gives the usual inequality (the analogue of (1.18)-(1.19)) 
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_ || 


Rend = R start aay 2 * A), (28.15) 


where |V| = N? is the board size, and A, = A,(F) is the Max Pair-Degree of the 
q’-uniform hypergraph F; here F is either the family of all g x q Aligned Square 
Lattices, or the family of all g x g tilted Square Lattices in N x N. Clearly 


Rago Roa ls oe =o) eee (28.16) 
jz0 


In view of (28.15) we want R,,,,, to be “large.” 
We claim that the choice of parameters 


5 =(57yr" =(452)" (28.17) 
oT + y ~Mdty) ? ; 


and, in general 


< = LfF= y (n-@,;)q° . 1 y Cq(it+1)q . (28.18) 
i. I+y Lay 


where 6;, j = 0 will prevent the “concentration on small discrepancy” (the proof 
comes later). 
By (28.16)-(28.18) 


Ream = |F| ee =o? ((1-H(@;)+(n—a@;) loga((1+y)/(1 al ; (28.19) 


jz0 


In order to guarantee that R,,,,,, is “large,” by (28.19) we certainly need the inequality 


start 


l+y 
I= H(a) <1 Hay) + (9a) tog, (77), 
which is equivalent to 


(.—HA(n)) - d—H(@;)) ()- ( n ) 
< log, {| —— ]} = log, | —— 
na; ae = 


= g'(n), where g(x) = 1— A(x). 
(28.20) 


In (28.20) g’(x) denotes, of course, the derivative of function g(x) = 1 — H(x). 
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Inequality (28.20) follows from convexity: in the figure below the chord is below 
the tangent line 


y=g(x)=1-H(x) where 


tangent at 7 


H(x)=—x log, (x) — (1 —x) log,(1 — x) 


Nie 


By Taylor’s formula 


(x8) g(x) —2-¢(a) +8"), 


so by computing the two derivatives 


x log x —log(1 — x) \’ 1 
(x) =(1—H(x)) =1 (—) dg"(x)= = 
#0) = (1 HGs))'=Hog, (2) and ¢"() = (EB mer 
we get 
n (n— aj) I 
1—H(a,)) ¥ (1—H(n)) -(n—a@,))1 ; 
(1 H(a))) * (1H) = (=a) tog, (2) 4 FP 
or equivalently, by (28.14) 
n (n-a,) 1 
1—H(a,))—(n—a,) log, (—- ) — 1 — a(n) & ; = 
(1- Ha) — (=a) tog, (2) — = Hem ~P 
Se AT) 
~ 2log2-a(1—a)q?’ 
(28.21) 
By (28.21) and (28.19) 
~(1-Him))@? eS: 
R stant © |F|-2 wee 1-)°2 2log2-a(I-a) J , (28.22) 
j20 
so by choosing 
Cy = ¥ 2log2-a(1— a) (28.23) 


in (28.22) we have 


Rigel eee (: ie zt) = sf jo Bea (28.24) 


j20 
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Now let’s return to (28.13). Assume that 


Roan > V \ViA, =’ N’A, (28.25) 


start 


holds; then by (28.13) and (28.24) 


1 1 
Rag 


1 
R wart © Ran 2 Z|F|-2- 0 MOF > 0. (28.26) 


end za 2 


We claim that (28.26) implies a-Discrepancy, i.e. We are going to derive from 
(28.26) the existence of an A, € F such that Maker owns at least a part from Ap. 
Indeed, if there is no a-Discrepancy, then from every A ¢ F Maker owns less than 
a part. In other words, |AM X(end)| < aq’, implying that a;,,q° < |AN X(end)| < 
ag holds for some j = j(A) > 0. Then trivially (see (28.17)-(28.18) and (28.14)) 


(1 y)4rXlenai-na? . (1 — yylAnWlend)|-—ma? = 
= (1+ ysonenOl- ar ae Gee y)lAnMend)|- Aaj) +(1-a))@° = 
= 5; : (1 a yylArX lend) aja? (1 = y)lArWend)|-C aye? < 
< 5; . (1 + BAM end)l-aya? (1 =. ro aa a (28.27) 


(28.27) immediately gives that 
(yee. (Tan) Area Vong 


fe y 5.-(1+B lanx(end)|—ay9? A= Bye ane (28.28) 
= Jj Jj Jj : : 
j20 
holds for every A € F. Combining (28.28) and (28.13) we conclude that R,,,4 < 0, 


which contradicts (28.26). This contradiction proves that, if (28.25) holds, then 
Maker forces an a-Discrepancy. 
It remains to guarantee inequality (28.5) 


R > y|VIA, = yN7A,. 


start 


We recall (28.24) 
Roan & g|FL-2-0- HO 
so it suffices to check 
1 
3/7 -2-C-HO)? > NPA, (28.29) 


where by (28.13) and (28.23) 


/2log2-a(1 — 
fe aoe ep ESO (28.30) 
q q 
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Let g(x) = 1 — A(x); by using (28.30) and the linear approximation 


J/2log2-a(1—a) a 
‘log, (= ), (28.31) 
qd —-a 


s(n) © g(a) + (— a)g'(a) = g(a) + 
in (28.29), we have 
\FI >3A, 2-H)? 
Nz = 
235,25 le) 
= 3A, 26 70a) (28.32) 


¢)(a) = peas Sa (—) (28.33) 


(28.32) clearly follows from the (slightly stronger) inequality 
|F | 


where 


ye 2 BAe: 2iareol@), (28.34) 
(28.34) is equivalent to the key inequality 
1 |F | 
———_] ——__ ] -— > q. 28.35 
—_ 0: (phe) - ala) = 4 (28.35) 


Now we are ready to prove the lower bounds in Theorem 9.1 for the two Square 
Lattices. 


5. Case (a) in Theorem 9.1: Here F is the family of all g x q Aligned Square 
Lattices in N x N 
Then 


N? 7 q’ 
F| x — and A,(F) < <-, 
Fla Z and a) < (4) <4 


so (28.35) is equivalent to 


1 2N3 ie 
a (sean) —¢)(@) = 1 Ha) log, N —co(a@) — o(1) > g. 


(28.36) 


Therefore, if g is the lower integral part of 


1 
iw log, N —cy(a) — o(1), 


then Maker can always force an a-Discrepancy in the Aligned Square Lattice Game. 
This proves the lower bound in Theorem 9.1 (a). 
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6. Case (c) in Theorem 9.1: F is the family of all g x q tilted Square Lattices in 
NXxXN 
Then 


2 4 
FI~ Nt and a7) = (9) = &, 


so (28.35) is equivalent to 


ae toe: (33) Co(a) — o(1) = ahem Co(a) — o(1) > ¢. 


(28.36) 


Therefore, if g is the lower integral part of 


2 
Tae 8 N cola) — 010). 


then Maker can always force an a@-Discrepancy in the Tilted Square Lattice Game. 
This proves the lower bound in Theorem 9.1 (c). 


29 
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In the last section we proved Theorem 9.1 for the two Square Lattice games; how 
about the rest? We consider next: 


1. Case (f) in Theorem 9.1: F is the family of all g x q parallelogram lattices in 
NXN. 

Then the Max Pair-Degree A, = A,(F) = N2~°) is very large, so Theorem 1.2 
becomes inefficient. We can save the day by developing a discrepancy version of 
the ad hoc Higher Moment method of Section 23; in fact, we are going to combine 
the techniques of Sections 28 (preventing the “concentration on small discrepancy’’) 
and Sections 23 (involving the auxiliary hypergraphs F?, and F?.,). 

Assume that we are in the middle of a play where Maker owns X(i) = {x,,..., x;} 
and Breaker owns Y(i) = {y,,...,x,}. We want to prevent the “concentration on 
small discrepancy” by a technical trick of Section 28; by using the notation of 
Section 28, let 


L.= (T.fF)- Eig (F)) ~A-T.y FB). (29.1) 


jz0 


where parameter p will be specified later (note in advance that p = 9 will be a good 
choice) and A is determined by the natural side condition 


Ly= (TF) =), Top, (7). 


which is equivalent to 


(EO Ca ay Ge a) 
27 (Fox) 


(29.2) 


Similarly to Section 28, it will be enough to show that L,,,, > 0. 


392 
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If Maker chooses that unoccupied x,,, = z for which the function 


L(2) = (TiglFi2)-D Mig) — 27: Ty FR50 


jz0 


attains its maximum, then 


Lia = L4+Lin)-LOn)-y- Ti y(F3 Xint Yin) = 
>L,-y- Ty (F 3 Xinas Yin) (29.3) 


The plan is to estimate T; ,(F;x;41,Yi41) from above. We follow the ad hoc 
technique of Section 23. 
For k=0,1,2,..., gq’ and/=0,1,2,...,q° write 


F (Xis1 Vin ke DY ={ACF: {iti Vii} CA, ANY) 
=6,|ANX()| =k, |ANY@| =} 


and |F (Xis1, Yin k, |= M,.. 

We develop a key inequality (see (29.5) below), which estimates the “one- 
sided discrepancy” T(F (i); x;,;,¥i,,) from above. Select an arbitrary A, € 
F (Xi44> ¥in13 K, 2) and an arbitrary point z € A, which is not on the x;,,y;,,,-line 
(the x,,,;,,-line means the straight line joining the two lattice points x;,), y;,)). 
The property of 3-determinedness gives that there are < (“) < q°/6 winning sets 
A, € F, which contain the non-collinear triplet {x,,,, y;,;, z}; as z runs, we obtain 
that there are < q*/6 winning sets A, € F, which contain the pair {x;,,, y;,,} such 
that the intersection A, A, is not contained by the x;,;y,,-line. 

Assume that M;.; > p°q*; then there are at least 


M,.° (M, = q*/6) ‘ (M,.; —2q°/6) ee (M,; =(p= 1)q°/6) = Gor 
p! “Xp 


p-tuples 
F (X41. Vigis kel 
{A,,...,A,} € ( (X41 Jit1 ’) 


P 


such that, deleting the points of the x,,,y,,;-line, the remaining parts of the p sets 
Assess A, become disjoint. 
It follows that, if M,., > p?q®, then 


P 


M 2 
Eee (“#) (1+ yO NP 12-04, (1 — yyP(HU-P/2)+(P-Da (294) 


where the extra factors (1+ y)~~7 and (1 — y)~"4 are due to a possible over- 
lapping on the x;,,,y,,;-line (note that a straight line intersects a given q x q 
parallelogram lattice in at most q points). By (29.4) 
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l+y)\! 1 
eae cy “(Ti (Fi)) 
mak 
> M,)°(U+ yy NEP) 1 — yy OEP), 
which implies the Key inequality 


ve izes Xigd> Vist) a 3 M,.° d+ yy One?) (hs yan") 


k+l<q*: k>0,1>0 


l+y)\! By liy 
<pq’+pq (=) y (T,,,(F)) ae (29.5) 
By (29.3) and (29.5) 
lege? > \\1/p 
Li, <L,- y: (ora +pq* (=) ; CE) as (29.6) 


2. Distinguishing two cases. Similarly to Section 23 we distinguish 2 cases: either 
there is or there is no index 7 such that 


Ty Poe) > Ne . Fog Foy) (29.7) 


Case 1: There is no index i such that (29.7) holds. 
Then by (29.6)-(29.7) 


1/ 
Lend = Lyp = Lo i (p°4” + pq’ (7, (FS) ‘ 


N? N? (1+y\" (5-5 l/p 
= Ly— Pa +P 5 (=) N°? (T,,(FB)) (29.8) 


By (29.1)-(29.2) 
1 
i= 7 |F| (« $y) GNP 2 GY — yy-G-Ve?2 yo 5;-(1 +B) Rrra a py-t-soee 
j20 
1 rs ees 2 _W_ a: Bb] 
=31Fi(2 (I-H(m))¢ —>°5,-2 (1-H(aj))q : 


7 j20 


where 7 = (1+ y)/2 


1+6, ji 
A=Ay, a= eZ and ay =a" for JH 123.00, 7 At (29.9) 


here cy = /2log2-a(1—a), and 6; > 0 very rapidly as follows 


—a,)gq2 Ca (J 
tes l-y (n—a@;)q _ l-y atl . (29.10) 
e l+y l+y 


j=0,1,2,.... 
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By repeating the calculations in Section 28 we obtain the analogue of (28.24) 


1 
Lean = Lo = 5 |F | Ca = > 6; a age) 


j20 
> aIFl y(n) (29.11) 
Trivially 
Diy Faye ON) (Et yy Le yy Oe 
where the extra factor (1+ y)?”4 comes from the possible overlappings on the 


intersection line (}/_, A;-line (see (23.4)), which means the uniquely determined 
straight line containing the (> 2)-element collinear set (?_, A;. Thus we have 


(Ty, (FE)? = NPP yen (1 yy me 
= N**D. (1+ yy 2-0, (29.12) 
We have the analogue of (23.13) 


T(F) > Ne 9-U-H()¢ 
= 2(q— 19 | 


so by (29.8), (29.11), and (29.12) 


6 


Lend = = 
ome 28(g— 18 


2 
aa a 
aN? (A+7\* 0-5 yes — (Hm)? 
aa ie ere Mice ai pot sbyytd ue 
ey. 


= Ne pg’ yo-3 (1+ 9) 
3-2P(q-1f* 2 (h=9)? 


2 
) g--H) oq" -N?. (29.13) 


By choosing 2¢-#™)a° — N4+0()), that is 


q=(2+0(1)),] aD log, N, (29.14) 


6 


N 
end = Al7/,.. 14 
2'7(q—1)4 


(29.13) simplifies to 


2 
L gimme? P12 yp? (29.15) 
2 
Assume that L,,; > 0. Then the choice of parameters 6;, j = 0 prevents the 
“concentration on small discrepancy” exactly the same way as in Section 28, and 
implies the existence of an a-Discrepancy. 


396 That is the Biased Meta-Conjecture ? 


It remains to guarantee L,,,; > 0. By (29.15) and (29.10) we have to check 
N° 
217(q—1)4 


which is equivalent to 


2 
Q--HM) es 5a" -N?, 


N4 
3. 2'6(g _ 1)4q? 


where y= a+ = with c, = /2log2-a(1—a). 


Repeating the calculations at the end of Section 28 we see that (29.16) follows 


from 
24) AG log, N—cy(a) — 0(1) = 4, (29.17) 
c(a) = / egret =a) log, (——) (29.18) 


This completes Case |. It remains to study Case 2. 


a (29.16) 


where 


Case 2: There is an index i such that (29.7) holds. 

Again we show that Case 2 is impossible. Let i= j, be the first index such that 
(29.7) holds. Repeating the argument of Case 1 we can still save the following 
weaker version of (29.15): L;, > 0. By definition (see (29.1)) 


Ti, y(F)—A-Ty, (Fix) 2 Lj, > 0, 
so by (29.2) and (29.7) 


Lilt) >X- T; (F,) > nvr A: Ty Foes 


LY 


which by the side condition (29.2) equals 


= NPs. (To) => Te ()) se (29.19) 


j20 


Combining this with (29.11) we have 
1 2 
Ty.y(F) >NPO Ly = NOP*- =F] -2-0-H 


= N??-5 . |F | . N40) = N2P-9+ 0) 7 |F |. (29.20) 
By definition 
T,;,.y(F) = Ss d+ yylAnxGvi-mlAl (i- yy 4ArGvIR Gm IAl (29.21) 


AcF 


We can assume that 


JAN X(j)|-|AN YG )| S 2y/ Al; 
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indeed, otherwise there is a lead > 2y|A,| > 2B|Ao| in some Ay € F that Maker 
can keep for the rest of the play, and ends up with 


1+ 
= —— [Aol > a IAdl =aAo| 


points in some Ay € F. That is, Maker can achieve an a-Discrepancy. 
We can assume, therefore, that 


1 
|ANX(j,)|- (=) |ANY(j,)| < 2y|A| holds for every A € F, 
my. 


which implies the inequality 


(1 + yyAnxGvI- + plAl/2 (q = yy4rGvl-G-nlAl/2 
S14: sy) l40XGDI- FAN) : (1 + yy On] = yy ci mylale reg4nr 


< (1+ y)27Al.2-G-BM)(14l- 15 ANF!) (29.22) 
We distinguish two cases: 
(1) If |ANYVj,)| > A— y)|A|/2, then |AN X(j,)| < + y)|A|/2, and so 


(1 yy ArXUDIRC+ M1412] — y)IAMYUDIRG=DIAI2 < 4, 


(2) If |AN Y(J,)| < (— y)|Al/2, then [A] > 5|AN Y(j,)|, and so by (29.22) 
[AN X(j,)| < + y)IAl/2, and so 


(14 yArxGnl-G+nial/2(7 — yylAYGDI-C-VIAI2 < (14 y)274l, 
Summarizing, in both cases we have 
(1+ yx nlal2 (7 — yyANGDdIRG-nlAl/2 < (1 4 -y)?4l, (29.23) 
We need the following elementary inequality. 
Lemma 1: For every 1/2<x<1 
(2x)?! < 921 -H(x)) 
where H(x) = —x log, x — (1—x) log,(1 — x). 
To prove Lemma 1 we take binary logarithm of both sides 
(2x — 1) log, (2x) < 211+ xlog, x+ (1 — x) log,(1 — x)), 
which is equivalent to 
2x — log, x —2(1 — x) log,(1 — x) <3. (29.24) 
Substituting y= 1 — x in (29.24), we have to check that 


2y+2ylog, y+log,(1 — y) > —1 holds for all 0 < y < 1/2. (29.25) 


398 That is the Biased Meta-Conjecture ? 


But (29.25) is trivial from the fact that in the interval 0 < y < 1/2 the function 
f(y) = 2y + 2ylog, y+log,(1— y) is monotone decreasing. Indeed, computing the 
first two derivatives 


2 log y 2 1 
/ =? 
LOPSES ogo ies) =a) 
: 2 1 1 2—Sy+2y? 
f"Q) = = ea 


log2y log2(1—y)? log2 y(1—y)? 


if 0 < y < 1/2. So f’(y) is monotone increasing, and 


max  f'(y) = f'(1/2) =0, 


Osys1/2 


completing the proof of Lemma 1. 


By choosing 20-“()4" = N4+()), that is 


g=2+0(1)] arm lows 


and applying Lemma 1, we have 
(+ yy" =(1+ yr & 920-A((1+9)/2)) 
= 2-H)? = +o) 
so by (29.21) and (29.23) 
soe 2 a a a (29.26) 
On the other hand, by (29.20) 
2p—9+0(1) 
Tiel FON Oe SP, 


which contradicts (29.26) if p = 9. This contradiction proves that Case 2 is 
impossible with p = 9. 

Returning to Case 1, we have just proved the following result: if g is the lower 
integral part of 


1 
2 1—H(a) 082% Co(a@) — o(1), 


then Maker can always force an a-Discrepancy in the Parallelogram Lattice Game. 
This proves the lower bound in Theorem 9.1 (f). 


3. Case (b) in Theorem 9.1: F is the family of all g x q aligned rectangle lattices 
inNxWN 

We proceed similarly to Case (f) (“Parallelogram Lattice Game”), the only minor 
difference is to work with the other auxiliary hypergraph F?,,, defined in (23.24) 


4K? 
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(instead of F},, defined in (23.4)). This way we obtain the following result: if q is 
the lower integral part of 


log, N —c)(a)—o(1), 


2 
1— H(a) 


then Maker can always force an a@-Discrepancy in the Parallelogram Lattice Game. 
This proves the lower bound in Theorem 9.1 (b). 

The rest of the lattice games go similarly. 

Summarizing, the Discrepancy Problem remains unsolved for the Clique Game, 
but has an almost perfect solution for the Lattice Games (see Theorem 9.1), where 
the only minor “defect” is the appearance of an extra additive constant co(q@), 
which — luckily(!) — tends to zero as a > 1. 


30 
Biased Games (I): Biased Meta-Conjecture 


Section 17 was a triumph for the biased case: we could successfully generalize a 
fair (1:1) game (Theorem 17.1) to the general (p: q) biased game (Theorem 17.5). 
This kind of a “triumph” is very rare; the following Sections 30-33 are more like 
“defeats”; we discuss sporadic results where the upper and lower bounds rarely 
coincide. 


1. When do we have a chance for an exact solution? We begin our discussion 
of the biased games with recalling the two simplest — but still fundamentally 
important — results in the book: the two “linear” criterions. 


Linear Weak Win criterion (Theorem 1.2): If hypergraph F is n-uniform, Almost 


Disjoint, and 
FILf1\" 1 
Lal >=, (30.1) 
|V| \2 8 

then playing the (1:1) game on F Maker, as the first player, can force a Weak Win. 


Linear Strong Draw criterion (special case of Theorem 1.4): If hypergraph F is 


n-uniform and 
wi(z) <2 (30.2) 
at < 5 . 
2, 2 


then playing the (1:1) game on F Breaker, as the second player, can force a Strong 
Draw. Both criterions contain the same factor “(})"”; the ratio } = zt is clearly 
explained by the (1:1) play. 

Next consider the (m: b) play, where Maker (as the first player) takes m points 
and Breaker (the second player) takes b points per move. We know the following 


biased versions of (30.1)-(30.2). 


Biased Weak Win criterion (Theorem 2.2): If hypergraph F is n-uniform, Almost 


Disjoint, and 
|F| m \" mb? 
, 30.3 
Vi \m+b) ~ (nt+bp Or 
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then playing the (m:b) game on F Maker (the first player) can force a Weak Win. 
Biased Strong Draw criterion (Theorem 20.1): If hypergraph F is n-uniform and 


|F\(a+5y"")" < (30.4) 


1 
I+ 
then playing the (m:b) game on F Breaker (the second player) can force a Strong 
Draw. 


Notice that (30.2) and (30.4) are sharp. Indeed, for simplicity, assume that n is 
divisible by m, and consider the regular “tree” of n/m levels, where every vertex 
represents m points, and the out-degree is b+ 1 (except at the bottom level): 


m points 


The full-length branches of the “tree” represent the winning sets of hypergraph 
F; F is clearly m- (n/m) = n-uniform and has (1+ 5)/")-! winning sets. By 
“stepping down” on the tree the first player can always occupy a full-length branch, 
proving that this F is an Economical Winner. 

It is good to know that this Economical system is the only extremal system for 
Theorem (30.4) with b > 2. This result was proved by Kruczek and Sundberg; the 
proof is long and complicated. 

In sharp contrast with the biased case b > 2, in the fair (1:1) game Theorem 
(30.2) has many other extremal systems. Here is an extremal system which is not 
an Economical Winner: it is a 4-uniform hypergraph with 2? = 8 winning sets, 
where Maker (the first player) needs at least 5 turns to win 


deficit one 
hypergraph 


The players take vertices, and the winning sets are the 8 full-length branches. The 
reader is challenged to check that this is not an Economical Winner. 
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Comparing the pair (30.1)-(30.2) with (30.3)-(30.4) we see a major difference: 
in (30.3)—(30.4) the critical factors 


Gay me cry 


are different. In fact, we have a strict inequality 

m —1/m ‘ ‘ . a . 
aa < (1+5)~’", which holds for all pairs (m:b) except the special case (1:b) 
m 


when we have equality. Indeed, if m > 2, then by the binomial theorem 


Ce Oma 


The ultimate reason why we can determine the exact value of the Achievement and 
Avoidance Numbers for the usual (1:1) play is the appearance of the same factor 
a Os i (where the fraction 5 = wT comes from the (1:1) play). 

The exponentially large difference between 


m n 
—— d (+b)-/")" wh >2 
() an (( +b) ) when m> 


prevents us from doing any kind of straightforward adaptation of the machinery of 
the (1:1) case to the general (m:b) biased case. The (1:5) case is the only solution 
of the equation = = (1+ b)~'/", The importance of the ratio aap iS obvious: it is 
the probability that a given point of the board is taken by the first player (Maker). 

With the available tools (30.3)-(30.4), the best that we can hope for is to find the 
exact solution for the (1:b) play (i.e. when Maker, the first player, takes 1 point and 


Breaker, the second player, takes b points per move; b > 2 can be arbitrarily large). 


Question 30.1 Can we prove exact results for the underdog (1:b) Achievement 
Game (b > 2) where Breaker is the topdog? 


For the Avoidance version the “hopeful” biased case is the (a:1) play, where Avoider 
takes a(> 2) points and Forcer takes 1 point per move. To justify this claim, 
we formulate first the simplest (1:1) Avoidance version of the Erdés—Selfridge 
Theorem. 


(1:1) Avoidance Erdés-Selfridge: [f hypergraph F is n-uniform and |F| < 2", 
then playing the (1:1) game on F, Avoider, as the first player, can always avoid 
occupying a whole winning set AEF. 


The proof of the “(1:1) Avoidance Erd6és—Selfridge” is exactly the same as that 
of the Erdés—Selfridge Theorem itself, the only minor difference is that Avoider 
minimizes the potential function (where in Section 10 Breaker was maximizing the 
potential function). 
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2. Avoidance Erdés-Selfridge: the (a:1) play (the rest is hopeless!). It is not too 
difficult to extend the “(1:1) Avoidance Erdés—Selfridge” for the (a:1) play with 
arbitrary a > 2 (Forcer is the underdog), but to find a useful criterion for the general 
(a: f) case with f > 2 remains unsolved! Why is the general case so hard? 

The “(a:1) Avoidance Erdés—Selfridge” for the a > 2 case was already formulated 
at the end of Section 20 without proof, see Theorem 20.4. Here we recall the 
statement and give two different proofs. The second proof is longer, but it supplies 
an extra information that we need later (to prove Theorem 30.1). 


Theorem 20.4 Let a > 2 be an arbitrary integer, and let F be an n-uniform 


hypergraph with size 
+1)" 
|F| < (‘ ) . 
a 


Then, playing the (a:1) Avoidance Game on F, where Forcer is the underdog, 


Avoider (as the first player) has a winning strategy. 


First Proof. This is the “natural” proof: a straightforward adaptation of the proof 
technique of Theorem 20.1. Assume we are in the middle of a play, Avoider (the 
first player) owns the points 


: 1 1 1 F 
KOS rane te aa eae ea fy and Y(i) = {y,, yo,---, yi} 


is the set of Forcer’s points. The question is how to choose Avoider’s (i+ 1)st 


(1) (a) ; 
move X;,,---,%X;,,- Write 


F(i)={A\X(@): AEF, ANY(i) = B}, 
i.e. F(i) is the family of the unoccupied parts of the “survivors.” In the (a: 1) play, 


it is natural to switch from the Power-of-Two Scoring System to the Power-of- (4+) 
Scoring System (since the (a: 1) play gives the ratio “*) 


a 


1\72 iyo) 
70H) => (= ) and T(H; uy, ...,Up_) = >> (= ) 7 
BeH:{uy,...,Um_}CB 


BeH. GOP Bett Fy oa a 


For every | < j < a, write 
bo ‘ I 
RE D=AOU ase 
and 


F(i, ) ={A\X(i, f): AEF, ANY(i) =H}. 
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The effect of the (i+ 1)st moves ree ie x and y,,,; can be described by an 


inequality as follows 


T(F(i+ 1) < TF) + - “TF ( jaye FG 1); xO)+ 


“TF 2); xO) +e tH “TF (i a—1); x01) —T(F(i, a); yin). 
(30.5) 


Notice that (30.5) is an inequality due to the effect of the sets B € F(i), 
which (1) contain y,,, and also (2) have a non-empty intersection with the set 


MQ) 
{Xipi. it} tt Xi}. 


Let Fae be defined as the z € V \ (X(i) U Y(4)) (where V is the union . of 
hypergraph F) for which the function 7(F (i); z) attains its minimum; let x? ne be 
defined as the z € V \ (X(i, 1) UY(i)) for which the function T(F (i, 1); z) attains its 
minimum; let Pa be defined as the z € V \ (X(i, 2) U Y(i)) for which the function 
T(F (i, 2); z) attains its minimum; and so on. We have the inequality 


T(F (i); x)\) < TFs Vins) < TFG @)s Yin) 


where the first half is due to the minimum property of ce and the second half is 
trivial from the definition. Similarly we have 


TFG, 3541) = TES Ih ea) = TPG os ya): 


T(F (i, 2): xi) S TFG 2)s Yin) S TFG); is) 
and so on. Substituting these inequalities back to (30.5), we obtain 
T(F(i+1)) < T(F(i) + - “TF (i 4); Yui) + — “TF (i 4); Vis) 
ie “TF (i a), Nar ee “TF (i a); Visi) — FG, a) Yin) 


= T(F(i)), 


which is the key decreasing property. The rest of the proof is standard. 


Second Proof. The starting point of the first proof was inequality (30.5); here the 
starting point is an equality (see (30.6) below). 

To illustrate the idea on the simplest case, we begin with the (2:1) play, i.e. 
a= 2. Assume that Avoider (the first player) owns the points 


. 1) 2 1 2 1 2 5 
(i) = {x0 009,32, coal a and YO) = Pi dee) 
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is the set ue suas s points. The question is how to choose Avoider’s (i+ 1)st 


move x" ) 


He cai As usual write 


F(i) ={A\ X(): ACF, ANY(i) = 9}. 


In the (2:1) play it is natural to switch from the Power-of-Two Scoring System to 
the Power-of-(3) Scoring System 


g\o17| 3\ 18 
TH) = D7 (5 and T(H; uy, ...,Um) = y 7 ae 
7 BeH: {uy Un}CB 2 


BEH \TF OO BEH: fy 0ee 


Let T, = T(F(i)); the effect of the (i+ 1)st moves xt n ; ra and y,,, goes as follows 


Ties ST + 5MFOs A) + MFO 22, 


1 ; 1 
+ gMF (Os Mi tie) — TF OS Yin) — GPF OS wie Ya) 


i 
— SPF: 22, yas) — GF Os A 2, Yad. (30.6) 


Identity (30.6) is rather long, but the underlying pattern is very simple: it is described 
by the expansion of the product 


1 1 1 
(1 + x”) (: + 51) (d-y)-l= se + a 


1 
grey. (30.7) 


1 
4 ae pe ay 
For every unoccupied pair {u,, u,} € V \ (X(i) U Y(@)) (where V is the union set of 
hypergraph F), define the sum 
S(uy, Uy) = TIF); uy) + TF 3 Ua) + TFs uy, Wy). (30.8) 


By using function (30.8) we are ready to explain how Avoider chooses his (i+ 1)st 
(1) Pace Let {x (1) Pace 


move Xj). Xj41- Xi44>%;4,} be that unoccupied pair {u,, u,} for a the the 
function f(u,,u) attains its minimum. Since y,,, is selected after fey ae wih we 
have 
) 2 ) (2 
Fx MP) SAR Yea) and fare AEE) S AOR Yan): (30.9) 
By using notation (30.8) we can rewrite equality (30.6) as follows 
1 
) 2 rl 2 
Tras = Tet FQ, 2) 5 AOR Yad — 5 AOR Ya) 
) _@ ee) 
— FTF; 204,284) —FTFOs 822, yuav) 0.10) 


Combining ee 9) and (30.10) we obtain the decreasing property T,,, < T,, which 
implies 7,4 < Tsar. By hypothesis Tyan = T(F) < 1, $0 Tong < 1. This proves that 


406 That is the Biased Meta-Conjecture ? 


at the end of the play Avoider cannot own a whole winning set; indeed, otherwise 
Tend = (3/2)° = 1, a contradiction. This solves the special case a = 2. 


A similar idea works for every a > 2. We apply the Power-of-( att) Scoring 
System (since the (a:1) play gives the ratio att 


“iy —|B| 
(aay (St) mn Teh SS =). 
a BeH:{ Um}CB 


BeH B cee ni 


Let T, = T(F(i)). The analogue of (30.7) is the expansion 


1 1 1 D2 a, 
(142%) (14252). (1425) (l—y)-1=-)ox¥ 
a a a ait 


1 : . 1 . : ' 
zie s > x) x Gr) + = 3 I) G2) 4G) Aes 
@ 1<j<jsa @ I<i<h<h<a 


a 
y aj» (i) Cir) 
y Se > Baten ec 
@ jai @ rejpchsa 


y (it) Cio) Cia) 
=e DIE te ee ee (30.11) 


ISji <p) <j3Sa 


We are ready to explain how Avoider chooses his (i+ 1)st move x! ue ee cae 


For every unoccupied a-tuple {u,,...,u,} € V\ (X(i) U Y(i)), define the sum 


PG eats te =F LMF OMT BED : ye THO ae) 


a(a—1) I<ji<psa 
1 
SS A T(F (i); uj, Uj,>4j;,) 
a’(a—2) l<f, 2 Uj» Uj, 
1 
MF (is uj Uys Uys My) +--> - (30.12) 


3 = 
(a 3) ISj\ <i <i3<jgS@ 


Let eae pies Be be that unoccupied a-tuple {u,,..., u,} for which the the func- 
tion f(u,,...,u,) attains its minimum. Since y,,, is selected after fxm Bead ae : 
we have 


() (a) (2) (a) 
Prise tia) a ae ere td , 

() (a) (1) Pace (a) 
f(x; sesh) =O 1 Vito Xipo eee xia)» 


1 2 4 
F(x eer Se) < f(x! ee a9 Me chen oe > 


and so on, where the last one is 


(1) (a) () (a—1) 
fig tee ae ees s fii tees Kai » igi): 
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Adding up these inequalities, we get a new inequality, which has the “short form” 


caer 1 
ol a-—1 > 


I<ji<jsa 


j=l 


a—3 


oD 


a*(a—2) Isf<hp<ji3Sa 


which is equivalent to 


Gv Ga) as 


! cae 
a(a re 2) ISji<in<jigSa 


a-—2 
Gd G2) 
———  y es 
a(a— 1) I<ji<psa 


(i) 
ow 


——y © 


l<j,<jo<a 


a—2 
a’(a—2) 


Iv G2) xs) 4 xx) 1. ; 


1 2 
Fes, 1) = foie Xess Tea 


la 
— of; LEDs 


1 
— = 
fat), 


xt) 


| eye 
=a” yt+ 


3 


eB 


a(a—2) <5 Speiyca 


@) (a) () .Q) (4) (a) 
ere coe oe fx, Misys Yigds Signe oe Sin) — 
Yan) 
a 
3 Yo xWx) _ > Sox 4 
a(a—1) fF <a @ nl 
i) U2) is) = yo xx 4...<0. 
I<ji<psa 
(30.13) 


Combining (30.11)-(30.13) we obtain an equality that will be used later (in the 


proof of Theorem 30.1) 


1 a mo) 
TFG 1) =1FO)+ feges%a)— “fin reeset 
@) mo () ,Q) (4) (a) 
— =f Yan ® it} Xi] = 4082, Nigae Vitae Migte es Mig) 77° 


1 
mc _ Figs : 


T(F (i); x) x) 


i+1? Niqd 


2 1 
Pits 1) Ee ys 
Xi Jini) — (SS =) a 


TF; PAC (iz) x) 


( a 2) 


i+1? Ni] ? Nid 


1<j\<jo<a 
) ys 


3 
WT i<j <in<is<a 


T(F(i i); x) (iz) 3) x0) = 


(aaa 


1 
— —T(F(i); x 
at 


() x 
it]o +t Xi4d> Vie) 


‘ 3 


a it)? Xi¢n> Xi Xi41 
ISji <i <i <j4Sa 


(30.14) 
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Notice that the following coefficients in (30.14) are all positive 


(25 -4)> (acsy-a)> (et 
a(a—1) @ "\@(a-2) a3 eA Pla=3y ae waaas 


Combining (30.13)-(30.14) we obtain the crucial decreasing property T.,, < T,, 
and Theorem 20.4 follows. 


Theorem 20.4 is complemented by the Avoidance analogue of (30.3). 
Biased Forcer’s Win criterion: If hypergraph F is n-uniform, Almost Disjoint, 


and 
Five w NP. ay 
iv (5) TGAae Co) 


then playing the (a:f) Avoidance game on Ff, Forcer (the second player) can force 
Avoider to occupy a whole A € ¥. 


The proof of (30.15) is very similar to that of (30.3), the only minor difference 
is that Forcer minimizes the potential function (where Maker was maximizing the 
potential function). 

In the (a:1) Avoidance Game (where Avoider takes a points and Forcer takes 1 
point per move) both Theorem 20.4 and the Biased Forcer’s Win criterion (30.15) 
have the same critical factor Cans where =< is the probability that a given point 
is taken by Avoider. This coincidence gives us a hope to answer the following: 


Question 30.2 Can we prove exact results for the (a:1) Avoidance Game (a > 2), 
where Avoider is the topdog? 


Questions 30.1 and 30.2 lead to sporadic cases when we have exact solutions in the 
biased game. We will return to these questions later in Sections 32-33, but first we 
make a detour and study the opposite case 


3. When the exact solution seems to be out of reach. How about the (2:1) 
Achievement Game (where Breaker is the underdog)? The ratio (2:1) does not 
belong to the class (1:b) mentioned in Question 30.1 (see the beginning of this 
section), due to the fact that we cannot prove the “blocking part” of the Biased 
Meta-Conjecture. Can we at least do the “building part” of the Biased Meta- 
Conjecture? The answer is “yes,” but it doesn’t make us perfectly happy. Why is 
that? The good news is that for the (2:1) play we can prove the perfect analogue 
of the Advanced Weak Win Criterion (Theorem 24.2), which implies one direction 
of the (2:1) Meta-Conjecture; the bad news is that the (2:1) Meta-Conjecture may 
fail to give the truth! Indeed, in the (2:1) play (where Maker is the topdog) there 
is a trivial, alternative way for Maker to occupy a whole winning set, and this 
trivial way — described by the Cheap Halving Lemma below -— can occasionally 


Biased Games (I) 409 


beat the sophisticated (2:1) Advanced Weak Win Criterion, disproving the (2:1) 
Meta-Conjecture. 


Cheap Halving Lemma: Let H. be an n-uniform hypergraph which contains > 2"? 
pairwise disjoint sets. Then playing the (2:1) game on H, topdog Maker (as the 
first player) can occupy a whole A €H. in < 2"? moves. 


We leave the easy proof of the Cheap Halving Lemma to the reader. 

We will discuss the applications of the Cheap Halving Lemma later. First we 
prove the (2:1) Advanced Weak Win Criterion. The proof is a combination of the 
proof technique of Section 24 with identitities (3.10) (the special case a = 2) and 
(30.14) (“the general case’’). 

Assume we are in the middle of a play, Maker (the first player) owns the points 


° Gd) 12) 0) 2) x (P . 
x(i) = [x es is ey ss J, and YC) = (15 925-594) 
is the ss of Breaker’s points. The question is how to choose Maker’s (i+ 1)st move 
ene oe ooh Write 


F(i) ={A\ X(): AEF, ANYV(i) = 9B}, 


i.e. F(Z) is the family of the unoccupied parts of the “survivors.” We use the usual 
Potential Function (see the proof of Theorem 24.2) 


L, =F) —d- TR), 
and also 
L(y, «++ 3 Um) = TFs uy, «2+ Um) — A+ TFS (03 Uy, © 0-5 Um) 


where the Power-of-Two Scoring System is replaced by the Power-of-(3/2) Scoring 
System 


3\-I 3\ HI 
TH) = >> (5) and T(H; uy, ...,Um) = x (5) . 
BeH 2 BeH: {uy,...,U_,}CB 2 


The effect of the (i+ 1)st moves es ae and y,,, is described by the following 
perfect analogue of (30.10) (in the application we take H = F and H = F?) 


TH(i+1)) =THG)) + fy, x, 
=i sue Yin) ae ae Yi) 


_ STH i); ue 7) — STH i); coe Ken Vist)» 
where (see (30.7)) 
fu (Uy, Ur) = THA); u) + TH); ur) + THD); uy, up). 
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Combining these facts, and using the notation 
8(U), Uy) = fr(Uy, U2) —A fre(u, Uy), 


we obtain 


1 
1 2 1 p) 
Lin, = Lj tala, Be = S80, Visi) = 580%; I Visi) 


1) 2 1 2 
IFO: 2, x5 SMF; x0, aed) 


1) _Q) 9 
= L; tala, x Ni4 eet) sale ioe 1) 


— TF Os x 2H)- (30.16) 
Following the second proof of Theorem 20.4, Maker chooses his (i+ 1)st move 
M .@ 
i+]? Xi+1 


attains its maximum. Since y;,, is selected after {x0 ris rae by (30.16) we have 


x to be that unoccupied pair {u,, u,} for gs the the function g(u,, u,) 


Lh STE Ga as 


it1> %i41 
which guarantees the success of the technique of self-improving potentials (see 
section 24). Just like in the second proof of Theorem 20.4, we can extend the 
argument from the (2:1) game to every (m:1) game where m > 2 by replacing the 
analogue of equality (30.10) with the analogue of equality (30.14). This way we 
obtain the following biased version of Theorem 24.2. 


Theorem 30.1 (“(m : 1) Advanced Weak Win Criterion”) Let m > 2 be an integer, 
and for every finite hypergraph H we use the notation 


1) => ey 


BeH 


If there exists a positive integer p > 2 such that 


T \/p 
AZ) > p+4p(1(F2)) : 
[V| 
then, playing the (m:1) Achievement Game on hypergraph F with board V, topdog 


Maker (the first player) can occupy a whole A ¢€ F. 


Let’s apply Theorem 30.1 to the (2:1) Aligned Square Lattice Game. Playing on an 
N x N board topdog Maker can always build a g x q Aligned Square Lattice with 


(c = 3/2) 


log(3/2 


Next apply the trivial Cheap Halving Lemma mentioned above. There are N7/q* 


2 | Viog, N+ 0(1) | = eo (30.17) 


pairwise disjoint winning sets, so, by the Cheap Halving Lemma, Maker can trivially 
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ocupy a g x q Aligned Square Lattice with 


ot. N? 
qg = log, (=). 
q 
2log N 
Pe on ane (30.18) 
log2 


The surprising fact is that bound (30.17) (which was proved by a sophisticated 
potential technique) is weaker(!) than (30.18) (which has a trivial proof). Indeed 


2 1 
i ee 
jog2~ log(3/2) 


which is equivalent to 


= 2.466, 


demonstrating the failure of the Biased Meta-Conjecture for a (2:1) Achievement 
Lattice Game (Maker is the topdog). 


Open Problem 30.1 Playing the (2:1) game in an N x N board, what is the largest 
q x q Aligned Square Lattice that topdog Maker can always build? 


4. The correct form of the Biased Meta-Conjecture. Open Problem 30.1 is a 
special case of a much more general question: “What is the correct form of the 
Biased Meta-Conjecture in the achievement case (m: b) with m > b?” The unique 
feature of the biased case (m: b) with m > b is that topdog Maker has a “cheap” 
way of building. The following lemma is a straightforward generalization of the 
Cheap Halving Lemma above. 


Maker’s Cheap Building Lemma. Consider the (m:b) achievement play with m > b 
m—b 
winning sets. Then Maker (the first player) can always occupy awhole A € F. 


on an n-uniform hypergraph F,, which contains at least (“~)"~" pairwise disjoint 


Proof. Let G C F be a family of (—",)""” pairwise disjoint winning sets. Maker’s 
opening move is to put m marks into m different elements of G (1 in each). Breaker 
may block as many as b of them, but at least m — b remain unblocked. Repeating 
this step several times with new sets, at the end we obtain a sub-family G, CG 
such that 


m \hom-1 
(1) IF, | = Ga) in 
(2) Maker has | mark in every element of G,, 
(3) Breaker has no mark in any element of G,. 


Next working with G, instead of G, we obtain a sub-family G, C G, such that 


(1) |Gl> (4) 


m—b 


(2) Maker has 2 marks in every element of G,, 
(3) Breaker has no mark in any element of G). 
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We keep doing this; at the end of the process we obtain a sub-family G,,_,,, such 
that 


(1) 1Gp-ml = (25) = 1, 
(2) Maker has n — m marks in every element of G, 
(3) Breaker has no mark in any element of G,,_,,. 


n—m? 


Finally, Maker selects an arbitrary element A € G and marks the last m unmarked 


points of A. 


n—-m? 


In the fair (1:1) play the Meta-Conjecture (see Section 9) says that, if F is a “nice” 
n-uniform hypergraph and V is the board, then n > log,(|F|/|V|) yields a Strong 
Draw, and n < log,(|F|/|V|) yields a Weak Win. 

An intuitive explanation for the threshold n = log,(|F|/|V|) is the following 
“Random Play plus Pairing Strategy” heuristic. Consider the inequality 


1 n—2 
n-lFI-(5) = (Vs (30.19) 


which is “almost” the same as n > log,(|F|/|V|). In (30.19) the factor (1/2)""? 
means the probability that in a random play (n—2) points of a fixed n-set are 
occupied, and they are all taken by Maker (none by Breaker; 2 points remain 
unmarked). Such an n-set represents a “mortal danger” for Breaker; the product 
|F|-(1/2)"? is the expected number of winning sets in “mortal danger.” Inequality 
(30.19) means that there is room for the winning sets in “mortal danger” to be 
pairwise disjoint. Assuming that they are really pairwise disjoint — we refer to it as 
the Disjointness Condition — Breaker can easily block the unmarked point-pairs of 
the winning sets in “mortal danger” by a Pairing Strategy. The crucial point here 
is that, even if there are a huge number of winning sets in mortal danger, Breaker 
can still block them in the last minute! 

In the biased (a: f) avoidance game (Avoider takes a and Forcer takes f points 
per move) the corresponding threshold is 


n= logays (F) 
@ AVI 


Similarly, in the biased (m:b) achievement game (Maker takes m points and Breaker 
takes b points per move) with m < b (i.e. Maker is not a topdog), the corresponding 


threshold is the “same” 
n = 10g m+n (5) : 
mA 


i.e. there is no surprise. 
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The surprise comes in the (m:b) achievement game with m > b, i.e. when Maker 
is the topdog: in this case we conjecture that the corresponding threshold is 
|F | 


The best intuitive explanation for (30.20) is the following “Random Play plus Cheap 
Building” heuristic. We divide the whole play into two stages. In the First Stage 
we assume that Maker and Breaker play randomly. The First Stage ends when the 
number of Breaker-free winning sets (“survivors”) becomes less than {|V|. The 
equation 


La A ee (30.21) 
m+b 7 : 


tells us that at the end of the First Stage there are about iIV| Breaker-free winning 
sets such that Maker has y marks in each. The number ‘IV of these n-element 
survivors leaves enough room for disjointness: it seems perfectly reasonable to 
assume that the iIV| n-element survivors are pairwise disjoint. Then the end-play 
is obvious: the Second Stage is a straightforward application of Maker’s Cheap 
Building Lemma above applied to the (roughly) tIV| pairwise disjoint n-element 
survivors (“Disjointness Condition’). If 


m n—-y—m 1 

(—_) > =|VI, (30.22) 
m—b n 

then Maker can occupy a whole winning set (y points in the First Stage and n — y 

points in the Second Stage). Note that (30.21) is equivalent to 


F 
y = log m+s (=) + O(log n), (30.23) 
and (30.22) is equivalent to 
n—y=log_n |V|+ O(logn). (30.24) 


Adding up (30.23) and (30.24), we obtain (30.20) with an additive error term 
O(logn), which is negligible compared to the “legitimate error” o(./n), which 
corresponds to the fact that in the exact solutions n = (3) or q’, i.e. the goal sets 
are 2-dimensional. Two-dimensional goals mean that the crucial step is to “break 
the square-root barrier.” 

In the (m:1) play, when we have Theorem 30.1, it is surprisingly easy to make 
the “Random Play plus Cheap Building” intuition precise; well, at least half of it is 
doable: the Maker’s part. The critical step in the proof is to enforce the Disjointness 
Condition, which can be done by involving an extra auxiliary hypergraph. This 
section is already too long, so we postpone the (somewhat ugly) details to Section 46 
(another good reason why it is postponed to the end is that in Section 45 we will use 
very similar ideas; in fact, the arguments in Section 45 will be more complicated). 
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What we cannot solve is Breaker’s part. 
The “correct” form of the Biased Meta-Conjectured, applied in the special case 
of the clique-hypergraph, goes as follows: 


Open Problem 30.2 (“Biased Clique Game’’) Js it true that, in the (m: b) Biased 
Clique Achievement Game with m > b, played on Ky, the corresponding Clique 
Achievement Number is 

A(Ky; clique; m : b) = |2log. N —2 log. log. N+2log.e—2log.2—1 


2loge 
4 g 


+o(1)], 
log co 


m+b 
m 


Is it true that, in the (m -b) Biased Clique Achievement Game with m < b, played 


where c= and cy= =? 


on Ky, the corresponding Clique Achievement Number is 

A(Ky; clique; m: b) = |2log. N —2log. log. N+2log.e—2log.2—1+ 0(1)], 
where c= mth 

Is it true that the Avoidance Number 
A(Ky; clique; a: f; —) = |2log. N—2log. log. N+2log.e—2log.2—1+0(1)], 
al) 


where the base of logarithm is c= 


Note that the “logarithmic expression” in Open Problem 30.2 comes from the 
equation (“Neighborhood Conjecture for the clique-hypergraph”’) 


q N 

m+b @) G) BPN (30.25) 

vm) ~~ \ena) : 
2 

which has the “real’’ solution 


q=2log, N —2log. log. N+2log.e—2log.2—1+0(1), (30.26) 


where the base of the logarithm is c = "”. 


The deduction of (30.26) from (30.25) is easy. First take base c = ™*® logarithm 


of (30.25) ‘ 
(3) =1e-(," 9} 


Then apply Stirling’s formula, and divide by (q— 1) 


q_4-2 
2 q-i1 


N log. N 
log. ( ) =log.N— aa log. g+log..e. 
q—2 q-1 
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Then multiply by 2, and apply the approximation g ~ 2log. N 


log. N 
2log. N 


q=2log,N—2 —2log,(2log. N)+2log.e+o(1), 
which gives (30.26). 

Open Problem 30.2 remains unsolved; what we can prove is the following lower 
bound result. 


Theorem 30.2 Jn the (m:1) case the Biased Clique Achievement Number is at least 
as large as the logarithmic expression in Open Problem 30.2. 


The proof of Theorem 30.2 applies Theorem 30.1 and the precise version of the 
“Random Play plus Cheap Building” intution; for the details see Section 46. 

What we cannot prove is whether or not the logarithmic expression in Open 
Problem 30.2 is the best possible. In other words, is it true that Breaker can always 
prevent Maker from building a clique K,, where q is the upper integral part of the 
logarithmic expression in Open Problem 30.2. 

Next consider the Lattice Games of Section 8 (but not the case of “complete 
bipartite graph”). The analogue of Open Problem 30.2 (in fact, a generalization of 
Open Problem 30.1) goes as follows: 


Open Problem 30.3 (“Biased Lattice Games”) Is it true that, in the (m:b) Biased 
Lattice Achievement Game with m > b played on an N x N board, the corresponding 
Lattice Achievement Number is: 


(la) A(N x N;, square lattice; m: b) = | /log, N+2log, N+o(1) |, 

(Ib) A(N x N; rectangle lattice; m: b) = Lf2 log. N+2log,, N+ o(1) | ‘ 

(Ic) A(N x N; tilted square lattice; m: b) = | /2log, N + 2log,, N+ o(1) | : 
(Id) A(N x N; tilted rectangle lattice; m: b) = |./2 log, N+2log,, N+ o(1) | ; 
(le) A(N x N; rhombus lattice; m : b) = | /2log, N + 2log,, N+ o(1) | ; 

(If) A(N x N; parallelogram lattice; m : b) = | 2,/log, N+ 2log., N+ o(1) |, 
(1g) A(N x N; area one lattice; m: b) = | /2log, N +21og,, N+ o(1) |, 


where c= ™*® and cy = 4? 
m m—b 


Is it true that, in the (m:b) Biased Lattice Achievement Game with m < b played 
onan N x N board, the corresponding Lattice Achievement Number is: 


(2a) A(N x N; square lattice; m: b) = | Vlog. N+ o(1) | : 

(2b) A(N x N; rectangle lattice; m: b) = | v2 Toe, N+ o(1)| ; 

(2c) A(N x N; tilted square lattice; m: b) = | v2I0g, N+ o(1)| ; 
(2d) A(N x N; tilted rectangle lattice; m: b) = | v2 Tog, N+ o(1)| ; 
(2e) A(N x N; rhombus lattice; m : b) = | V2log, N+ o(1) | : 
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(2f) A(N x N; parallelogram lattice; m: b) = | 2Viog, N+ o(1) | ; 
(2g) A(N x N; area one lattice; m: b) = | v2To8. N+ o(1)| ; 


where c= mtr? 


Ts it true that the Lattice Avoidance Number in the (a: f) play is the same as in 
(2a) —(2g), except that c= aly 


Applying Theorem 30.1 and the precise version of the “Random Play plus Cheap 


Building” intution (see Section 46) we obtain: 


Theorem 30.3 In the (m:1) Achievement Game the Biased Lattice Achievement 
Number is at least as large as the right-hand sides in Open Problem 30.3. 


Theorems 30.1-30.3 were about the (m:1) Biased Achievement Game (where 
Maker was the topdog); we can prove the same results about the (1: f) Biased 
Avoidance Game, where Forcer is the topdog. (Note there is a hidden duality here) 


Theorem 30.4 (“Advanced Forcer’ win Criterion in the (1: f) Avoidance Game’) 
Let f > 2 be an integer, and for every finite hypergraph H write 


TH) = 0 (ft+1y". 


BeH 


If there exists a positive integer p > 2 such that 


T(F) 


vp > p+4p(1F8)) , 


then, playing the (If) Avoidance Game on hypergraph F, topdog Forcer (the first 
player) can force Avoider to occupy a whole A € F. 


Proof. It is similar to the proof of Theorem 30.1. For simplicity we start with the 
case f = 2. The analogue of expansion (30.7) is the following 


(14+2x)(1—y®)(1—y®) — 1 = 2x— yO — y 
~2xy) — 2zy 4 yOy@ 4 axyDy® 
= f(x,y) + fx, y) — 2f0, y) 
- Sx $y) + 2xyVy, (30.27) 
where 


1 
=U, Uy. (30.28) 


f(Uy, Uz) = uy + uy — 5) 
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Equality (30.27) leads to the following analogue of (30.10) 
Tig =T + fir Yee) + fi Yee) — 26 Yee 
3 : 1 : 2 E ) _e 
= 5 (TFs x41. YL) + FOS Keg YOY) +273 eat OL VED: 
(30.29) 
By using the trivial inequality 
Ti): x... yO.) + WE): x... v2.) > IF): x... yO. y® 
(FO) ists Vin) + TF OS Xia, Vie) = 2T(F OS Xin Ya Ya 
in (30.29), we obtain the key inequality (“Decreasing Property”) 
Ti ST; +f Gin a) + fin yi) = 270 ’ ae , 


which, together with (30.29), guarantees the success of the methods of Section 24 
(“self-improving potentials”). The rest of the proof of Theorem 30.4 with f = 2 is 
standard. O 


The proof of the general case f > 2 requires more calculations, and goes very 
similarly to another proof in Section 33. This is why we postpone the proof of the 
general case to Section 33. 

Applying Theorem 30.4 to the Clique Avoidance Game, we obtain: 


Theorem 30.5 In the (1:f) case the Biased Clique Avoidance Number is at least as 
large as the right-hand side in Open Problem 30.2. In other words, playing on Ky 
topdog Forcer can always force Avoider to build a clique K, where q is the lower 
integral part of 


2log. N —2log. log. N+2log. e—2log.2—1-—o(1) 
withhc=f+l. 


What we cannot prove is that whether or not this lower bound is best possible. 
Applying Theorem 30.4 to the Lattice Avoidance Game we obtain: 


Theorem 30.6 Jn the (1:f) Avoidance Game the Biased Lattice Avoidance Number 
is at least as large as the right-hand sides in Open Problem 30.3. 


Again what we don’t know is whether or not this lower bound is the best possible. 

Note that in the Avoidance Game there is no analogue of the Cheap Building 
Lemma. However, there is a very good chance that Open Problems 30.2 and 30.3 
are all true. 
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Biased games (II): Sacrificing the probabilistic 
intuition to force negativity 


1. The (2:2) game. The reader is probably wondering: “How come that the (2:2) 
game is not included in Questions 30.1-2?” The (2:2) game is a fair game just like 
the ordinary (1:1) game, so we would expect exactly the same results as in the (1:1) 
game (see e.g. Theorems 6.4 and 8.2). Let’s start with Theorem 6.4: “What is the 
largest clique that Maker can always build in the (2:2) game on Ky?” Of course, 
everyone would expect a K, with the usual 


q = 2log, N — 2 log, log, N+ O(1). (31.1) 
What could be more natural than this! The bad news is that we cannot prove (31.1). 


Open Problem 31.1 


(a) Is it true that, playing the (2:2) Achievement Game on Ky, Maker can always 
build a clique K, with q =2log, N —2 log, log, N+ O(1)? 

(b) Js it true that, playing the (2:2) Achievement Game on Ky, Breaker can always 
prevent Maker from building a clique K, with q = 2log, N — 2log, log, N + 
O(1)? 


What is the unexpected technical difficulty that prevents us from solving Open 
Problem 31.1 (a)? Well, naturally we try to adapt the proof of the Advanced 
Weak Win Criterion (Theorem 24.2). Since the (2:2) game is fair, we keep the 
Power-of-Two Scoring System: for an arbitrary hypergraph (V, #) (V is the union 
set) write 


T(H) = > 2-4 
AcH. 
and for any m-element subset of points {u,,..., u,,} C V (m > 1) write 
TH; u,, ee Uy) = ea oA 


of course, counted with multiplicity. 
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Assume that we are in the middle of a play where Maker, as the first player, 
already occupied 


x) = {x0 2,209, 2,  aP), 
and Breaker, the second player, occupied 
; ) 2 .@ .2 1 2 
OE [an ee es 
The question is how to choose Maker’s next move ae x 
Let 
F(i)={A\X@: AEF, ANY) =9}. 
F(i) is a multi-hypergraph; the empty set can be an element of F(i): it simply 


means that Maker already occupied a winning set, and wins the play in the ith 
round or before. 


We can describe the effect of the (i+ 1)st moves ove Fa and Yeas yO as 
follows 


TF +1)) =T(F()) + TF Os 1) + TF Os x0 


+ TFs 2, 22) — TO: ¥P) - FO: ¥®, 


+T(F (i; yes Ve) — TF @3 Oy, yO) 


—T(F (i; xP, v9.) — TF @; x), ve) 


: 2) _ (2) 1 2) 1 1 2 
— TF (is xe Ye yo ire i); xt ie ie, +1 FO; A Wt fe 


= 2 2: ‘, 2 1 2, 
PTO et OA Oe) 


PS 


(31.2) 


Identity (31.2) is rather long, but the underlying pattern is very simple: it is described 
by the expansion of the product 


2 2 
(1 +x) 14+ x) — yy) — y)-1= yo x9) = Si yP+ 


j=1 


4 x92) 4 yO 5 Gy () 
j=lk=l 


2 
— x2) (x ») yy (x x) 
j=l j=l 


$x Ox@DyDy2, (31.3) 
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Maker wants to guarantee that T(F(i)) > 0 for all i. At first sight the positive terms 


2 
xO x2 4 yO 4 yO (x ) 4 xO x@yOy2 (1.4) 


j=l 
in (31.3) seem to help, but the whole Potential Function has the positive-negative 


form 


L; = T(F(i)) -—A-T(F3(), (31.5) 


and the terms which correspond to (31.4) in the “negative Big part” —A- T(F3 (i) 
are, of course, negative, which makes it extremely difficult to estimate L; from 
below. (We want to show that L; > 0 for all i, which implies that T(F(i)) > 0 for 
all i.) 

In other words, the positive terms in (31.4) become “Big Bad Negative” terms 
in (31.5), and consequently the proof technique of Section 24 collapses. We have 
to modify the original proof technique: we have to get rid of (most of) the positive 
terms in (31.4). We attempt to do it in a surprising way by: 


2. Sacrificing the probabilistic intuition. Let 1 be either F or F3; We will 
modify the Power-of-Two Scoring System 


TH) = 02-4, (31.6) 


AcH 


Note that (31.6) has a clear-cut probabilistic motivation. We replace (31.6) with the 
following unconventional “one-counts-only” weight 


T,(H) = >> w,(A) and (31.7) 


AcH 


TCH; Uy, - ++ 5 Um) = Ds w;(A), 


where w,(A) =0 if AN Y(i) 4 @ and 
w,(A) = 2ilisisi Ante)? xf? }40)-1Al (31.8) 
if ANY) =9. 
Note that the weight of a “survivor” A € F in T(F(i)) (see (31.6)) is 
i40xOl-lAl if ANY) =9, (31.9) 
and we have the trivial inequality 


{1 <jsi: AN{x, x} £0} <|ANX(AI. 


j? 
A strict inequality can easily occur here; this explains why we use the phrase 
“one-counts-only” for the weight defined in (31.7)-(31.8). 
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The switch from (31.6) to (31.7)-(31.8) clearly affects identity (31.2). For 
notational simplicity we just write down the new form of (31.3) 


(14 $x — x x) (1 y) (1-y®) -1 
= (x0) $x) — xx) 
— (y) $ y@ — yOy®) 


2 2 2 
<P yO $ x42) (x ) 


j=lk=l j=l 


yO (x x) — xOx@yO yO, (31.10) 


Notice that the first 2 rows in (31.10) have the same pattern with opposite signs; 
this fact motivates the introduction of the new weight (31.7)-(31.8). This pattern 
will define the function that Maker optimizes to get his (i+ 1)st move (see (31.17) 
later). 

By using the trivial inequality 


1 2 k 
pA Chere sur a = En: cee (31.11) 


(and also its symmetric version where x and y switch roles) in the “short form” 
(31.10), we obtain the “long form” inequality (“Decreasing Property”) 


Tags (F) =TAF) + (TFs 3) + TFs x.) — THF 2, 20)) 


1 2 1 2. 
= (TUF y+ TF ye) ve Caran ee ) 


2 
k 1 2) 
-SYEne ia) Ee hi fees 
jel 


j=lk=l 


G) @ .(@) GQ) (2) .d) . (2) 
LTE: Bnet ere Te T(F; x; 1 Xigne Vigne Vig 
j=l 


< TF) + (TF) + TF ah) —- TFs a x)) 


= (TF Yt TFOI- TF yP))- 1-12) 


Inequality (31.12) represents the desired “Negativity” mentioned in the title of the 
section. 
We define our Potential Function as follows: let 


L,=T(F)—A-T(F2), (31.13) 
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where the positive constant A is specified by the side condition 
Lo= 5), that is, SMF) = A-T(F9). (31.14) 
Clearly 
List = Tigi (F)— A: Ti (F2) = TF) 


+(7, (Fix) 4 T(F; xO) — TF; x, x, ) 


2 1 2 
= (TF: Jit \)+ T(F; yf = TFs Perna ) 
= () , (k) 
fa a » T(F; Ais ivi 
jelk=l 
1 2 1 2 
=e ce oN eey e) = d- ye ee 
and applying (31.12) with the substitution “F = #2” 
1 2 1 2 
Liyy = TAF) + (TUF: a) Ls Xi) SOR cee ra ) 
1 1 2 
_ (TF: ee) es yea TAF Ss Dias oo ) 
2 2 , 
PE nF 3! 
j=lk=l 


ei) x) @M (2) 
— TF 3 Xig15 Xi Vine Yin 


D 1 2 1 2 
Se (nes (TR + ne) TFS; cue cae ) 


T D 1 T. D 2 T. D 1 2 
( WF) (FR yh) HC zee Ce ay )). 
Thus we have 


ae =1,+ (L600) + L(x) - L(x ) 


i+] i+] i+. Xi41 
1 2 1 2 
= (40%) alg EGS) = LOM > yo ) 
are (i). (k) 
= VEGF saa 
j=lk=l 
1 2 1 2 
EFS ue Pane , er , a)s (31.15) 
where 


L(y, +65 Um) = TF 3 Uy, -2 25 Um) — A+ TAFE; Uy, 2.5 Um) (31.16) 
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for any set of unselected points {u,,...,u,,}- 
Maker’s (i+ 1)st move is that unoccupied point pair 


fais a = {Uy, Uy} 
for which the sum 
Lj(u,) + Lj(u) — Lj(uy, uy) (31.17) 


attains its maximum; then 
a) (2) a) _Q) 
L; i(Xis1) + 1,(x41) - L(x Ni+d> Xis1) 


1 2 1 2 
ma LOn) I LO) - L; if - > Wes 


so by (31.15) 
Lg ed Sr: Pee Na 
jelk=l 
cae is ees Bee barra eR (31.18) 


HYPOTHESIS: Assume that the following analogue of the Generalized Variance 
Lemma (GVL, see Theorem 24.1) holds: 


GVL: For arbitrary integers p > 2 and m > 1, and for arbitrary points u,,...,u 
of the board 


m 


I/p 
T (Hs yy - «<5 Uy) <0 (n4) +1). (31.19) 
An application of GVL in (31.18) would lead to the Critical Inequality 


1/ 
Liar 2 L-5p(TUFEO))  —5p, (31.20) 


which seems to prove that the technique of self-improving potentials (“Section 24’) 
works! It looks like there is no problem with proving Open Problem 31.1 (a), but 
here comes the bad news: unfortunately (31.19) is false, and the Hypothesis above 
collapses. 

How come that the innocent-looking (31.19) is false? Well, this failure is a “‘side- 
effect” of the unconventional “one-counts-only” weight. The proof of Theorem 24.1 
(i.e. (31.19) with the standard Power-of-Two Scoring System) is based on the trivial 
inequality 

27 Lie IBil < 271i Bil, (31.21) 


which follows from the even more elementary fact )-?_, |B;| > | U2, B;|. The switch 
from the standard Power-of-Two Scoring System to the “one-counts-only” weight 
cures one technical problem: it eliminates the “Big Bad Negative” terms in the 


99, 66 


Potential Function, but is has a serious “side-effect”: “one-counts-only” means a 
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“deficit” in (31.21), and due to the “deficit” the Generalized Variance Lemma 
(GVL) is not true any more. 


A counter-example to (31.19). Recall the notation that 


KS eae raat (1) xP) 


2. Xj ? L 


denotes the set of points of Maker (right after the ith round). Let {u,,u,} be a 
point pair disjoint from X(i), and assume that i > n. Let H denote the n-uniform 
hypergraph satisfying the following properties: 


(1) the given point pair {u,, u,} is contained in every A € H; 


(2) every A € H has the form {u,, Uy, 2), 2,--+»Zy-2} where z; € {x; 
1,2,...,n—2. 


@) aaa j= 


There are 2”-> ways to choose 1 element from each 1 of the n—2 pairs, so 
|H| = 2"-7. By (31.7)-(31.8) 


T,_(H; uy, uy) = |H|-2-7 = 2" “and (31.22) 


7, .(H2) =|HI- ae : ae (31.23) 


in (31.23) k denotes the number of pairs fae oy where both elements are 
contained in a union A, UA, with A,, A, € H (see the definition 13). This k leads 
to a “deficit” of k — because of “one-counts-only” — explaining the extra factor 2~* 
in (31.23). 

Returning to (31.23), 


n—2 
7208) = [Hl ("7 "arta 
k=0 

n—-2 <2 1 k 1 n—-2 31-2 
= "4 n er = "4 1 es: = 
(= ("5) (5) (145) - 


n\1/2__ 1 
(Ty2 (H3)) 5 


The point is that /3 = 1.732 < 2, so (31.24) is much less (“exponentially less”) 
than (31.22), which kills our chances for any general inequality like (31.19). 


and so 
327, (31.24) 
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The failure of (31.19) is a major roadblock. This is why we have no idea how to 
solve the perfectly natural Open Problem 31.1 (a). 

The failure of (31.19) is similar to the failure of (28.9) in the Discrepancy Game. 
Again we can hope that the ad hoc Higher Moment Method in Section 23 will 
save the day, at least for the Lattice Games. We work out the details of this idea 
in the next section. We begin with the special case of the most general lattice: the 
Parallelogram Lattice. 


3. The (2:2) Parallelogram Lattice Game. We adapt the argument of Section 23. 

The counter-example to (31.19) (see the end of Section 31) has a very large “deficit,” 

and by using the ad hoc method of Section 23 we can avoid the “deficit problem.” 
We keep the unconventional “one-counts-only” weight 


T,(H) = )~ w,(A) and (31.25) 
ACH 
T,(H;3 uy, -.., Un) = Po w(A), 
AEH: {uy,...,Um}CA 


where w,(A) = 0 if AN Y(i) 4 @ and 
w,(A) = 2ilisist Ani) PP 0I-l4l if ANY) =G, (31.26) 


first introduced in (31.7)-(31.8). F denotes the family of all g x q parallelogram 
lattices in the N x N board, and the choice of weight (31.25)—(31.26) leads to (see 
inequality (31.18)) 


k 
Lig, ZL; — ¥ s T(F; pee ae 
j=l k=l 
) 2 .@ .e 
=F; te > Ue We > ye (31.27) 
In view of (31.27) we have to estimate the terms 
TF; 4. y¥)), w= 1,2, v= 1,2 (31.28) 


from above. Fix a pair {x'"}, y}; write 


Fo = [Ae F: BPC A. ANH =9}, 


and for every A, € F(x‘), y,) define 


L(A) ={ls<jsi: pee oes Cc A,} (full pairs) 
and 


T(A,)={lsjsi: [{x . XNA, | = 1} (half pairs). 


Xj %j 
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We have learned from the counter-example to (31.19) that set [,(A,) is “harmless” 
but /,(A,) is “dangerous”: J,(A,) may cause the violation of (31.19) in the “big 
hypergraph” F!’; the quantitative measure of the violation is the “deficit.” 

Fix an arbitrary A, € F(x‘), y); let 


XGA) = {La ey yA ie h(a} 


i.e. X(i, A,) denotes the set of other members of the half-occupied pairs ere , ee He: 


This is the set of candidates for the possible “deficit.” 

Let z € X(i, A,) be an arbitrary point which is not on the Boe yl -line: if a set 
AteF Ge ; yon) contains z, then the union A, U A* has a “deficit” caused by z and 
its “twin-brother” (i.e. a pair ees . }) — because of the cone ‘lata weight 
(31.25)-(31.26) — but the good news is that the triplet (x) meds y” iw , z} is non-collinear, 


so there are < G ) “deficit-dangerous” sets like A*. Taking all points z € X(i, A,) 


outside of the ae ee -line, we see that there are < q? (“)< < q°/6 winning sets 


A, eF Cee yo) such that the union A, UA, contains a complete pair oR x) 


(m) 


(representing “deficit’”) such that the point pair is not covered by the x; ye -line. 


ey the same argument proves that there are < q°/6 winning sets A, € 
F(x"), y.) such that the intersection A, A, is not covered by the x\) y"? -line; 
the two cases together give < g°/6+ 4°/6 = q°/3. 


Write 


F(x), y+ a,b) = [A € F(x, y): L(A) =a and 1,(A) = o} 
and 
Foe yea, b)| = M, 


By (31.25)-(31.26) we have 


T, (F Gon je by Meee, (31.29) 


2atb<q?: a>0,b>0 


For notational simplicity, write F Gi ‘ yore ;a, b) = F(a, b). 


Assume that |F (a, b)| = M,,, > 10q°; then there are at least 
M,» : (M,.» a q’/3) ; (M,.» _ 2q°/3) . (M,.» 2 3q°/3) ‘ (M,.» a 4q°/3) = Me, 
5! — 35 
5-tuples 


F(a, b) 
(Ain Ass Aas As) € ( 5 ) 


such that: 
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(1) deleting the points of the x yl -line, the remaining parts of the 5 sets 


A,,...,As become disjoint, 
2) there is no “deficit” outside of the x‘) y -line; in other words, there is no 
i+1Yi+1 
complete pair 
Lae A UA UAL UA AS 


which is disjoint from the a yl -line. 
It follows from the definition of the auxiliary “big hypergraph” F?, (see (23.4)) 


that 
5 


M 
T(Fz.()) = GE BEDE) AE NE 10g" (31.30) 
where the “loss factor” 2~*4 comes from the possibility that on the ae ye -line 
“deficits” may occur (a straight line intersects a g x qg paralleogram lattice in at 
most q points). 
We reformulate (31.30): if M,, > 10q%, then 


1/5 


3.2785 (T(FR()))” = May 20*, 


which implies 


3-245. (T(FE())'* + 10g8. 20? > M,,.20#, (31.31) 
By (31.29) and (31.31) we obtain the 
7 ( F(x), y )= y ee a 


2a+b<q?: a>0,b>0 
< 20g! +3q' 2745. (T(F3,())'”. (31.32) 


We refer to inequality (31.32) as the Key inequality. The point is that Key Inequality 
(31.32) can successfully substitute for the (false in general) inequality (31.19)! 
We work with the usual Potential Function 


Lj, =T(F)— A TAF), (31.33) 
where the positive constant A is specified by the side condition 


TF) 
2T(F 3.) 


1 
Ly = 51(F), that is, A= (31.34) 


Then by (31.27) and (31.32) 


k i 2 1 2 
Liz, 2L;- arita xP, yP)— TF; x Eater re 
j=lk=l 


Si=5 (204! +39*- 24/5. (T.FS,())" pF (31.35) 


428 That is the Biased Meta-Conjecture ? 


In the rest of the argument we simply repeat Section 23. We recall (23.12) and 
(23.13) 


T(F3,) < NM. 2750454, (31.36) 
No P 

18 ee a 31.37 

P> saps (1.37) 


We distinguish two cases: either there is or there is no index 7 such that 
1G.) > NT) (31.38) 


Case 1: There is no index i such that (31.38) holds. 
By (31.34), the Critical Inequality (31.32), and (31.38) 


ny 

Lng =Lywep = Lo- De (1004'° + 15442 (T(F3.))'") 
i=0 

N? 10 4524/5. nz ld 5 7y\!/5 

> Ly — + (1009 + 154429." (1(F3,())"”) 

1 N? 

Senha 

2, ce 2, 

By (31.36), (31.37), and (31.39) 


; (1004'° + 15442245. NI. (r(F3))'") . (31.39) 


| ears d : N° 9-7 Ne . (1004'° + 1591245. NI.NINS. 2-749) 
end — 9 2'4(g—1)4 7 . 
(31.40) 
By choosing g = (2+ 0(1)),/log, N we have 2% = N*+), so by (31.40) 
6 
Lag = = SON? gh — NEO, 31.41 
end — 255(q— 1)4 q ( ) 


The right-hand side of (31.41) is strictly positive if g = |2,/log, N — o(1)| (with 
an appropriate o(1)) and AN is large enough. 

If Lg > 0, then T(F(end)) => L,,,4 > 0 implying that Maker has a Weak Win in 
the (2:2) game. 


Case 2: There is an index i such that (31.38) holds. 

Again we prove that Case 2 is impossible! Indeed, let i= j, denote the first index 
such that (31.38) holds. Then we can save the argument of (31.29)-(31.41) in Case 
1, and obtain the inequality L;, > 0 if q = |2,/log, N — o(1)] (with an appropriate 
o(1)) and WN is large enough. By definition (see (31.33)) 


L,, = T(F(i)) —A- T(F3(i)) > 0, 
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implying 
T(F (i) >A- TFA) > AN? TF.) 


T(F) 1 
= OT FS) NPT Fy = a -T(F). (31.42) 
2x 
By (31.37) and (31.42) 
FU) > NS No = too) 31.43 
(F(ii)) > : 25(q—14 = , (31.43) 


which is clearly false! Indeed, a corner point and its two neighbors uniquely 
determine a g x q parallelogram lattice, implying the trivial upper bound 


T(F(A)) <|FG)I SIF < (WY = NP, 


which contradicts (31.43). This contradiction proves that Case 2 is impossible. This 
completes the proof of part (1) in the following lower bound result. 


Theorem 31.1 Jn the (2:2) Lattice Achievement Games the Achievement Numbers 
are at least as large as the right-hand sides in Open Problem 30.3. For example, 
playing the (2:2) game on an N x N board, at the end of the play Maker can always 
occupy a 


(1) a qx q parallelogram lattice with 


q= | 2viog, N - o(1) | 


(2) a qx q aligned rectangle lattice with 


q= | V2 log: N o(1) | 
The same holds for the (2:2) Lattice Avoidance Games. 


The same argument works, with natural modifications, for all lattices in Section 8 
(see Theorem 8.2). For example, in the proof of part (2) an obvious novelty is that 
in the aligned rectangle lattice the horizontal and vertical directions play a special 
role. We can overcome this by replacing the auxiliary hypergraph F?, with F?.,, 
see (23.24); otherwise the proof is identical. 

The big unsolved problem is always the “other direction.” 


Open Problem 31.2 /s it true that Theorem 31.1 is best possible? For example, is 
it true that, given any constant c > 2, playing the (2:2) game on an N x N, Breaker 
can prevent Maker from building a q x q parallelogram lattice with q = c,/log, N 
if N is large enough? 

Is it true that, given any constant c > V2, playing the (2:2) game on an N x N, 
Breaker can prevent Maker from building a q x q aligned rectangle lattice with 


q=c,/log, N if N is large enough? 
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1. Exact solutions in the biased case. Unfortunately Theorem 31.1 is just a partial 
result: one direction is clearly missing; is there any biased play for which we can 
prove an exact result? Questions 30.1—30.2 describe the cases where we have a 
“chance.” Which one is solvable? We succeeded with Question 30.2: the (a: 1) 
Avoidance Game where Avoider is the topdog. We have already formulated this 
result in Section 9 as Theorem 9.2. 

Let a > 2; recall that the (a:1) Avoidance Game means that Avoider takes a points 
per move and Forcer takes 1 point per move. A(N x N; square lattice; a:1; —) 
denotes the largest value of g such that Forcer can always force Avoider to occupy 
a whole q x q Aligned Square Lattice in the N x N board. This is called the 
Avoidance Number of the biased (a:1) game where Avoider is the topdog. 


Theorem 9.2 Consider the N x N board; let a> 2 and consider the (a:1) Avoidance 
Game where Forcer is the underdog. We know the biased Avoidance Numbers: 


(a) A(N x N; square lattice; a:1; —) = | leg +0(1) | : 


log(1+1) 
(b) A(N x N; rectangle lattice; a:1; —) = | Tras +0(1) | ; 
(c) A(N XN; tilted square lattice; a:1; —) = | (ess + o(1)| ; 
(d) A(N x N; tilted rectangle lattice; a:1; —) = rea + o(1) | , 
(e) A(N x N; rhombus lattice; a:1; —) = | m4 +o(1) |, 
(f) A(N x N; parallelogram lattice; a:1; —) = |24/ mee ; +0(1) | ; 
(g) A(N x N; area one lattice; a:1; —) = l raaes +0(1)]. 


Of course, this is nothing else other than Open Problem 30.3 in the special case 
of the (a:1) avoidance play. 

The proof of the upper bounds in Theorem 9.2 combines Theorem 20.4 with the 
BigGame—SmallGame Decomposition technique (see Part D). What needs to be 
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explained here is how to prove the lower bounds in Theorem 9.2. The proof is an 
extension of the proof technique of Theorem 31.1. First we briefly recall the basic 
idea of the proof of Theorem 31.1. 

Using the standard Power-of-Two Scoring System, the effect of the (i+ 1)st 
moves ee pane and a yo, is described by a long identity (see (31.2)), which 
has the “abstract form” 


2 2 
(1+ 2)(14x®) 0 - yO) -y®) -1 = ox — ry 
j=l 


j=l 


Dice 
$0 x2) 4 yO yQ@) JQ Wy 


j=lk=1 
— x22 [ ry) $ yOy@ (92 
j=l j=l 
$x Ox@DyDy2), (32.1) 


For simplicity consider only the “linear and quadratic” terms in (32.1) 


2 2 
Fix $x OxQ) — J yD 4 yO yO, (32.2) 


j=l j=l 


Expression (32.1) is not symmetric, but the expression below 


2 2 
y- Oa yO = Ds y + yO y2) (32.3) 


j=l j=l 


is symmetric in the sense that we can rewrite it in the compact form 

IQ ke ION sy) where f(y, Uy) = Wy + Uy = Uy Uy. 
We sacrifice the Power-of-Two Scoring System, and switch to the “one-counts- 
only” system 


T,(H) = >~ w;(A) and (32.4) 


AcH 
T,(H; u,,...,Uy,) = y w(A), 
AEH: {uy,...,Um}CA 
where w,(A) = 0 if AN Y(i) 4 @ and 
w,(A) = 2iIsisi: Anta? xf 40} 14] (32.5) 
if ANY(i) =9. 
Switching to (32.4)-(32.5) means that the product (1+ x)(1 +x) in (32.1) is 
replaced by the quadratic polynomial (1 + x + x? — xx®)), which leads to the 
following analogue of (32.1) 
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(1x $x — xx) (1 y) (1-y®) -1 
= (x0) $x = x x2) — (yO 4 y@ — yOy@) 


= > > xy (4) 4 (1) 2) (x s) 


j=lk=l 


yOy2 (x “) — xOx@yO yO, (32.6) 


Remark. In the (2:2) play, the “trick” was to replace 1+ x +x@ +xx@) with 
1+x +x —x%x) In contrast, the (1:2) Achievement play, where Maker is the 
underdog, is completely unsolved; we have no “room” for any trick. In the (1:2) 
expansion 


(1+2x)(1—y®)(1—y) — 1 = 2x — yy — y 
$y Dy —2x(y 4 yQ) 4 2xy(Dy@ 


the product y") y® is the “troublemaker.” We do not know how to get rid of it. For 
example, to prove anything remotely non-trivial about the (1:2) Clique Achieve- 
ment Game, we have to go back to “Ramseyish” arguments, see the Corollary 
of Theorem 33.7 (we can prove only half of the conjectured truth). For the (1:2) 
Lattice Achievement Game we can only use the linear criterion (30.3). 

A closely related Coalition Game concept is defined at the end of Section 48, 
including a non-trivial result. 

Let’s now return to (32.6): we use the “formal inequalities” 


2 
xDx2) yO < = my 3 xy 
j=l 2 jake 
and its “twin brother” 
2 
2 k 
yDy@ SO < — Le yay (k) 
j=l 2 kal 
Of course, these “formal inequalities” have obvious “real” meaning like the trivial 
inequality 


1 z 
. f) Pace G) SS eh) 
T,(H; Xi+i> X, i+1? Veo) < 2 T,(H; Riera 


Now applying the “formal inequalities” in (32.6) we obtain the “formal” upper 
bound 


(1x 422 — xx) (1 y) (1 y®) 1 


< f(x, x) — fly, y) where f(uy, U2) =u, +uy—Uyuy. — (32.7) 
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Consider the Potential Function 
L,=T(F)-A-TAFS,) 


(or T;(F2,,.)) with the usual side condition 
1 . 1 
Lo= 5 TF), that is, al) =A-T(F3.). 


Then by (32.6)-(32.7) we have the inequality 


2 I 2 
Li, ZL; bey x x)- CO 


Gi) (kK) GQ) 12) .W 
“SP re: Rie Nai) = T,(F; Xis1> Xigae Vigi> Vin 
jelk=l 


(notice the Negativity of the second line!), where 
8(Uy, Ur) = Lj(uy) + Lj(u2) — Lj(u,, ua) (32.8) 
and for m= 1,2 
Lj (Uy, --+5 Um) = T(F3 Uy, «2-5 Um) — A+ TF 25 Uys 2.) Um) 


for any set {u,,...,u,,} of unselected points. 
Maker’s (i+ 1)st move is that unoccupied point pair 


1 1 
{ah x= = {Uy, Uy} 


for which the function g(u,, u,) attains its maximum; then from (32.8) we obtain 
the critical inequality 


2 L- LEN asi 


j=lk=l 


1 2 1 2 
SLAPS ae , ora > re eae (32.9) 


and the technique of Section 24 works without any difficulty. 

Now we leave the (2:2) Achievement Game (Theorem 31.1), and turn to the proof 
of Theorem 9.2. In the (a:1) Avoidance Game with a > 2 the “natural” scoring is 
the Power-of- (++) Scoring System, which is described by the “abstract identity” 
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below (the analogue of (32.1)) 


1 1 1 i ee 
(142%) (14202). (142%) (l—y)-1=-)ox¥ 
a a a ait 


+ i > x) xr) + i a I) Gr) Gs) AS ace 
Pay eped eee 


a 
y oo * So lx) 
j=l 


I<ji<jpsa 


= a > x) Ga) 4s) ee Bi (32.10) 
I<j\ <j <j3<a 


Identity (32.10) is very complicated, there is little hope of obtaining an upper bound 
such as (32.7). We make a drastic simplification in (32.10) by replacing the product 


1 1 1 
(: ie =) (: a =x) oe (: a ¥) (32.11) 
a a a 


with the linear polynomial (1 + 4 )4_, x”) 


1 a : | a : y a F 
(: ae oO) (l1-—y)-1= Six -y 5 yx, (32.12) 
j=l j=l j=l 


Replacing product (32.11) with a linear polynomial (see (32.12)) means that the 
Power-of-( 4+) Scoring System is replaced by a new “linear” scoring system: if 
AN Y(i) = @ then 


1 a 
w(A)= T] (1+ mice Meee 'yn4l) { (32.13) 


Isjsi 


and w,(A) = 0 if AN Y(i) £9. 
In view of (32.12) the Potential Function 


L,=T(F)—A-T(F3,) 
with the usual side condition 
1 1 
Lo= 5 lolF), that is, 5 loF) =A-T)(F2.), 


satisfies the inequality (“Decreasing Property”) 
LW 1¥ aX 
Li 2L,+ a by A(xi41) — Ain) — 5 > Ti(F3 Xig1> Yin) (32.14) 
k=1 k=1 


where 
h(u) = T,(F; u)— A-T,(Fy; u). (32.15) 
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Assume that Forcer is the first player, so y,,, is selected before xe k=1,2,..., a. 
Forcer’s (i+ 1)st move is the unoccupied u for which the function h(u) attains its 


minimum. Then we obtain the analogue of (32.9) 
1 2 k 
Lig 2 Li TFS Xie Yan)» (32.16) 
k=l 


and the technique of Section 24 works without any difficulty. 

Again we have a problem with finding an analogue of the Generalized Variance 
Lemma with the unusual “linear” weight (32.13). Unfortunately this is a major 
roadblock, but we can get around this technical difficulty by working with the 
“nearly disjoint” auxiliary hypergraph F?, for the parallelogram lattice, working 
with F) 


2x 


for the aligned rectangle lattice, and so on. By repeating the proof of 
Theorem 31.1 we can routinly complete the proof of the Forcer’s win part of 
Theorem 9.2. 

The missing Avoider’s win part of Theorem 9.2 comes from combining 
Theorem 20.4 with the decomposition techniques of Part D. 

Theorem 9.2 gives an affirmative answer to Question 30.2 (well, at least for the 
Lattice Games). How about Question 30.1? What happens in the (1:b) Achievement 
Game with b > 2 where Breaker is the topdog? Unfortunately in this case our 
machinery breaks down; the only case we can handle is the case of “easy lattices”: 
the aligned and tilted Square Lattices. The corresponding hypergraphs are “nearly” 
Almost Disjoint: given 2 points in the N x N board, there are < (4) q Xx q Square 
Lattices containing the two points; (4) is polylogarithmic in N. We just need the 
following slight generalization of (30.3) involving the Max Pair-Degree. 

If hypergraph F is n-uniform and 


|F | f - f?s? 
IV| (4) = (f+s)3 “A, (32.17) 


where A, = A,(F) is the Max Pair-Degree of F, then playing the (m:b) game on 
F the first player (Maker) can occupy a whole A € F. 
A straightforward application of (32.17) gives the Maker’s win part of: 


Theorem 32.1 Consider the N x N board; let b> 2 and consider the (1:b) Achieve- 
ment Game where Breaker is the topdog. We know the following two biased 
Achievement Numbers: 


(a) A(N x N; square lattice; 1: b) = Teo +0(1) | ; 


(b) A(N x N; tilted square lattice; 1: b) = | aries +0(1) | . 


The missing Breaker’s win part of Theorem 32.1 comes from combining (30.4) 
with the decomposition techniques of Part D. 
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Theorems 9.2 and 32.1 represent the only known exact solutions in the biased 
case. How come that we can solve these cases but cannot solve the rest of the 
cases? What has been overlooked here? What an interesting research problem! 

We conclude this section with an extension of Theorem 31.1 to the general fair 

case (k: k). We begin with: 
2. The (3:3) game. Theorem 31.1 was about the fair (2:2) play, and for the Lattice 
Games we could prove exactly the same lower bounds as in the usual (1:1) play. 
How about the (3:3) play? There is no surprise: we can prove the perfect analogue 
of Theorem 31.1, and the proof works for every other fair (k:k) game. The analogue 
of (32.6) is the tricky “formal equality” 


(14x $x 4 xO — O42 — OO — QO 4 OOO (q — yO) (1 — yO) 
(—y®)-1= (14+ (1- (=x) =x) (1 — x®))) 
al Gaya) d=9)) 
—1= f(x, x x) — fy, y®, y) (32.18) 
= G-e)\Teae yao) (I) daha), 


where 


fu, Ua, Us) =1— (1 —u,) — 04) — uy) 


=U, + Uy + Ug — Uy Uy — Uy U3 — UgQUg + Uy Un U3. 


Note that the inequality 


1-—(1—2%)(1-—x) 1 — x) = 0 (32.19) 
holds for for any choice of x” € {0,1}, 7 = 1,2, 3, and the same for 
LS AS yy bay) 0: (32.20) 


Combining (32.18)-(32.20) we obtain the “formal inequality” 
(xO 4 4 xO — OO — OO — OO 4 OOO) q — yO) — y) 
(—y®)-1= (14+ (1- (=x (=x) — x®))) 
(1=(1= dy) = yd =y))) = 1s FO, x, 2) =f, 9, y). 


(32.21) 
Identity (32.18) means that we use the following “one-counts-only” scoring system 
TH) = >= w,(A) and (32.22) 
AcH 
T,(H; uy, ---,U_) = a w(A), 


AEH: {Uy,...,Um}CA 
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where w,(A) = 0 if AN Y(i) 4 @ and 
w;(A) = lt l<j<i: AN{x A 2 ae S)\2p}|— |A| (32.23) 


if ANY@) = 
The rest of the proof goes exactly like in the proof of Theorem 31.1. For example, 
consider the Parallelogram Lattice Game. We use the usual Potential Function 


L,=T(F)—A-T(F3,) 


with the side condition 


Ty)(F) 


1 
Ly = =T(F), that is, A= — 9, 
Cpe an) 


Then by (32.21) we obtain the “Decreasing Property” 
Ligt DE; FA™, x, x) —hOy®, y, y) 


Su 33) 
Gi), (k) (1) Pace GB) Gi) 
—-YSvene, Meta Veer -EHF Xigis X, itl? © Bae Vea 


j=lk=l 


@ \d \@2 .@G) 
“SUE: Rie Via ees aa 
j=l 


Gi) Ga) (ki), (ka) 
> ys T,(F; i ea Cree en ew 


1<j <jo <3 1<k, <k) <3 


1 2 3 1 2 3 
—T(F; x), x (2) Bi te 8c 


i+1? Nig 


(notice the Negativity of the 2nd, 3rd, and 4th lines!) where 
A(Z1, 22, 23) =Lj(Z1) + L; (22) + L;(23) — Li (21) LZ.) 
— L, (21) L;(23) — L; (22) Lj (23) + Lj (2) Lj (22) Li (Z3) 
and for m= 1, 2,3 
Eason ontea) = BE is es Wg) MH Ds ei sha) 


Maker chooses that unoccupied triplet {z,, z2, z3} = fet ; x5 : ei) for which the 
function h(z,, 25,23) attains its maximum. We leave the rest of the proof to the 
reader. 

Identity (32.18) clearly extends from 3-products to arbitrary k-products, and this 


way we get the following extension of Theorem 31.1. 


Theorem 31.1 In the fair (k:k) Lattice Achievement Games the Achievement Num- 
bers are at least as large as the right-hand sides in Open Problem 30.3. For 
example, playing the (k:k) Achievement Lattice Game on an N x N board (k > 2), 
at the end of the play: 
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(1) Maker can always own a q x q parallelogram lattice with 


q= | 2vloe: N- o(1) | 


(2) Maker can always own a q x q aligned rectangle lattice with 


q= | V2l08; N- o(1)| : 
The same holds for every fair (k:k) Avoidance Lattice Game. 


The same argument works, with minor modifications, for all lattices in Section 8 
(see Theorem 8.2). For example, in the proof of part (2) an obvious novelty is that 
in the aligned rectangle lattice the horizontal and vertical directions play a special 
role. We can overcome this by replacing the auxiliary hypergraph F?, with F?.,, 
see (23.24); otherwise the proof is the same. 

The big unsolved problem is always the “other direction.” 


Open Problem 32.1 Js it true that Theorem 31.1’ is best possible? For example, is 
it true that, given any constant c > 2, playing the (k:k) game on an N x N, Breaker 
can prevent Maker from building a q x q parallelogram lattice with q = c,/log, N 
if N is large enough? 


33 


Biased games (IV): More sporadic results 


1. When Maker (or Avoider) is the topdog. Theorem 31.1’ was a building result, 
supporting one direction of the Meta-Conjecture for the general (k:k) fair game. 
Its proof technique can be easily extended to all biased Avoidance games where 
Avoider is the topdog: the (a: /) play with a > f > 1. For notational simplicity, 
we discuss the (3:2) play only, and leave the general case to the reader. The (3:2) 
avoidance analogue of (32.18) and (32.21) goes as follows (“Decreasing Property”’) 


(1444 d—-x%)(1 2) +5 (1 (1—x)(1—x)) 


+ ; (1 (l—x®)(1 )) (—y)(1 — y®)-1 


-(14 50 d—-x%)( 2) +5 (1 (1—x)(1—x)) 


+5(1 (—x®)(1 ©) (1-(1—y® (1 —y))) -1 


1 


1 1 
= xf, x) a xf, x) 4+ xf, x9) — f(y, y) 


Se fo", y?) (ae, x) + f(x, x) a ec xy) < 


= 5 EO RO a IG yy = 76 9), 
where 
f(t), u) =1-(1—u,)(1 — uy). 


We get a strictly positive weight here because 


(1-(=x)1—x)) + (1-1-2). =x) + (1-1 x = x) = 0 
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440 That is the Biased Meta-Conjecture ? 


for every choice of x" € {0, 1}, x® € {0, 1}, x® € {0, 1}. 

Forcer’s obvious optimal move is to minimize function f(u,, u,). The rest is 
standard. 

How about the biased Achievement Game (m:b) with m > b> 1? Again 
we just discuss the (3:2) play, and leav e the general case to the reader. The 
(3:2) achievement analogue of (32.18) and (32.21) goes as follows (“Decreasing 
Property”’) 


(50 +501 x) +5(1 xP)+(1 ( x) (1 x?) =) 


‘(-y)Q-y®)-1 


=(50 4501 2) +501 xO) 4 (1-2) x) 1°) 
-(1-(1-G-y®)a—y®))) -1= 


1 1 
= h(x, x, x) — sh, y®, x) — shy, y®, x2) 


1 
= gr y, x) = h(x, x, x) , gy, y?) 


1 
< h(x, x, x) — 3 (A(y, y, x) + ACV, y®, x) + h(y®, y®, x), 


where 


A(u;, Uy, U3) = 1—(1—u,)1 —u,) 1 — us) 
and 
8(u),%) =1—-(1—u,)A—wy). 


Again we get a strictly positive weight because 


(50 45 450 xP) +4 (1-1-3) =x) 0))) 0 


for every choice of x € {0, 1}, x® € {0, 1}, x® € {0, 1}. 
Maker’s obvious optimal move is to maximize function h(u,, u,, u;). The rest is 
routine. This way we obtain: 


Theorem 33.1 In the (a:f) Avoidance Lattice Games on an N x N board with 
a> f => 1, the Avoidance Numbers are at least as large as the right-hand sides in 
Open Problem 30.3. For example, at the end of the play: 
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(1) Forcer can always force Avoider to own a q x q parallelogram lattice with 


log N : 
q a E log (42) 00) > 


(2) Forcer can always force Avoider to own a q x q aligned rectangle lattice with 


Similarly, in the (m:b) Achievement Lattice Games on an N x N board with 
m> b> 1, the Achievement Numbers are at least as large as the right-hand sides 
in Open Problem 30.3. For example, at the end of the play: 


(1) Maker can always own a q x q parallelogram lattice with 


4logN 2log N 
7 oe m oF m o(1) , 
re (“**) log (5) | 


(2) Maker can always own a q x q aligned rectangle lattice with 


2log N 2log N 
: ioe m + m o(1) F 
re (“**) log (<5) | 


To prove the Achievement version of Theorem 33.1, we need the precise version 
of the “Random Play plus Cheap Building” intuition (see Section 46). 

Next consider the case when Maker is the underdog. Is there a game where we 
can prove a building result supporting the underdog Meta-Conjecture? The answer 
is “yes”; we demonstrate it with: 


2. When Maker is the underdog: the (2:3) game is a partial success. We start 
with the following asymmetric analogue of (32.18) 


3 3 
(145x045 3209) ( yA yA y?) 1 


= (14 50-42-2402) (1 (1-(—-y)a— y®)a —y®))) -1 


3 1 
She ees DAO ae Or ay )) 


3 
SN aha See) (1 (1 yA yA yo )\ 5 (33.1) 
where 


f(uy, Ua) = Uy + Uy — 2 Uy. 
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Note that the inequality 
xO 4 xP) — 9,9 O) = (xO — 4)? > 0 (33.2) 
is trivial, and 


1-(1-y®)(1-y®)(1— y) = 0 (33.3) 


holds for for any choice of y € {0, 1}, j = 1, 2,3. Combining (33.1)-(33.3) we 
obtain the “formal inequality” 


3 3 
(1+ 5x00 4 5x — 3x02) yA y)(1 y?) 1 


<5 fl2, 2) — 5 (£0, 9) +10, Y) 410%). 3.4) 


(33.4) (i.e. the “Decreasing Property”) is the analogue of (32.40), and repeating the 
proof of Theorem 31.1’ we obtain: 


Theorem 33.2 In the (2:3) Achievement Lattice Games on an N x N board the 
Achievement Numbers are at least as large as the right-hand sides in Open Problem 
30.3. For example 


2log N 
A(N x N; rectangle lattice; 2: 3) > Een) + “| ; 


and 


log N 
A(N x N; parallelogram lattice; 2:3) > E a + “| : 


log(5/2) 
The role of factor log(5/2) is clear: 2/5 is the probability that a given point will be 
picked by Maker. 
We have succeeded with the (2:3) achievement game, at least with the “building 
part.” What happens if we try the same approach for the (2:4) game? 


3. The (2:4) achievement game is a breakdown! The difficulty with the (1:2) 
achievement game has already been mentioned in section 32, see the Remark after 
(32.6). In the (2:4) game we face the same difficulty. Indeed, consider the equality 


PSS Spd Sp) ay) Sy yee 


yO — yOy@ — yOyO _ y@yO_ yOyO_yOyO+ 


y 
1 
=5 (For, y) + fy, y) 


Cue ae ae bre ae GO ee cs Gare cas) eee 
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where f(u,, U) = uy +U, —3u,U,. This suggests the following starting point 


(1422 + 2x — 6xx) (1 yA yP yP)(1 y) 1 


= (1 H2F(x, a) (: = ; 3 fo, y®)) = :) a1 


I<ky <ky<4 


= 2f(x, x) — f YS fox®, yY¥)+..., 


1<k, <ky<4 
where 
k= yD yO y) 4 yD yy ot yD yO yO Bi y% yA yO _ yD yO yO yO, 


There are two difficulties with the (2:4) game. The first one is that we need the 
inequality 


(1+ 2x +2x — 6xx) (1 yA y? (1 yP)(1 y) 1 


i ; 
<2f(x, x) — 3 -sh for®, y¥), 


I<k, <ky<4 


but we don’t know how to prove it. But there is a perhaps even bigger problem: 
the factor 1+ 2x + 2x —6x%x@ leads to negative(!) weights. Indeed, the 
corresponding weight is the product 


w(A)= [TT] g(x}?, x”), (33.5) 


l<jsi 
and the polynomial 
g(x), x) = 14209 42x — 6x79 = -1 if xP Hx%=1. (33.6) 


Here we used the slightly confusing notation a =1if x € A and a = 0 if 
ye ZA (ie. ee denotes a point and a 0-1-function at the same time). 
(33.5)-(33.6) allow the appearance of negative weights! Unfortunately, negative 
weights “kill” the proof technique, and we don’t know how to prevent it. The (2:4) 
achievement game is a breakdown for this approach. Of course, there are infinitely 
many similar breakdowns. Can the reader help me out here? 
Here is one more sporadic example: another underdog achievement game. 
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4. The (4:5) achievement game: a partial success. How should we start? The 
equality 


5! 
1-(1-y) = y®) = yy) = yy) = y) = Sy 
k=1 


= xs yk) yo) + De pbk) ya) ylks) 


1<k, <ky<5 1 sk, <ky<k3<5 


= ye yk) ya) ylks) y(ka) oh. y) yO) yO yO yO) 


1<k <ky<k3<kg<5 


1 
= ri (10. y, y®), y) + f(y, y®), y, y) + f(y, yen y, y) 


+ f(y, y, y®, y) + fy, y, y®), )) + yVyQy@yA yO), 
where 
f(y, Uz, U3, Ug) =U + Uy + U3 + Uy 
= g eike + uy Uz + Uy Mg + Ugg + Ugly + U3 y)+ 
+ 2(Uj UUs + Uz Uzly + Uy U3 Ug + Uy UyUy) 
—4u,u,U,U, 


suggests the following starting point 


(1 a > x0, x, x2), 9) ae y fO®, y®, y®, y&) — x) 1, 
4 a 1<kj <ky<k3<k4<5 
where 
p= yD yO yO yO yO), 


Multiplying out the starting point product above we get 


5 1 
; FAM, x, x, x) — 3 3 fo, y¥™, y&), y&) 


1sk, <ky<k3<ky<5 


R) 
_ — f(x, x, x), x4) ( fiy®, y), ys), v9) 


1<k, <ky<k3<kg<5 


5 
= (1 +5 fA, x, x, *)) yOy@y@yyO < 


fA, xO, xO x21 ys fo, y¥, y®), y&) 
° ’ 3 4 > ? S 


1<kj <ky<k3<kg<5 
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(note that we check the inequality “f > 0” later), which is the critical inequality 
(“Decreasing Property”) that we need! 
We also have to check that the factor 


(: ee > go) Om) ) = es a(x” $x 4 xO 4 A 
4 > > ’ 4 
24 50 xO 4 DO 4 OO 4 QO 4 xO 4 OM) 


$2 xOx2 xO) 4 OOO) 4 OO 4) 4 pO OM) — 4702 xO) i) 


is strictly positive for every choice of x € {0,1}, 7 = 1,2,3,4. Indeed, the 
polynomial 


(x, x, x, x4) = (: Bs A, x, x), x) 


shows up in the definition of the weight 


(1) Pace xO) xO 
w(A) = I] B(x; ’ xj ’ xj > xj ). 


l<js<i 


Here we used the slightly confusing notation x = =1if ey > € A and ay =0 if 
xy ZA, ie. x denotes a point and a 0-1-function at the same time. The success 
of our proof technique requires strictly positive weights, and in this case we really 
have strictly positive weights. Indeed, with x”) € {0, 1}, j= 1, 2,3, 4 we have: 


(1) if SL, x =1 then fix, x, x, x) = 1 > 0; 

(2) if Dj, x =2 then f(x, x, x©), x) = 2-4 >0; 

(3) if 7, x =3 then f(x, x®, x, x) = 3 $342 > 0; 

(4) if 7, x =4 then fix, x, x), x) =4—-4642-4-4=0. 


Thus we are ready to repeat the proof of Theorem 31.1’, and obtain: 
Theorem 33.3 In the (4:5) Achievement Lattice Games on an N x N board the 


Achievement Numbers are at least as large as the right-hand sides in Open Problem 
30.3. For example 


2log N 
A(N x N; rectangle lattice; 4:5) > aes + “| ’ 


and 


log N 
A(N x N; parallelogram lattice; 4:5) > | 2 ee +o(1) |]. 
log(9/4) 


The role of factor log(9/4) is clear: 4/9 is the probability that in the (4:5) game a 
given point will be picked by Maker. 
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We succeeded in the (2:3) and (4:5) games, and failed in the (2:4) game. What 
is going on here? Is there a better way to handle the biased achievement games 
where Maker is the underdog? We need more ideas! 


5. The biased Chooser—Picker Game: a pleasant surprise. In the fair (1:1) play 
we have the unexpected equality 


Achievement Number = Avoidance Number = Chooser Achievement Number 


about the Maker—Breaker, the Avoider—Forcer, and the Chooser—Picker games (well, 
at least for our “Ramseyish” games with quadratic goal sets). Among these 3 games 
the Chooser—Picker version has the most satisfying “biased theory.” We start the 
discussion with: 


The (1:2) Chooser—Picker Game. Here, of course, Chooser is the underdog; how 
can underdog Chooser build? The simplest Power-of-Three Scoring System works. 
Indeed, let 


a(x x, y) = (1 +2x)(1— yy) — y) -1 
= 2x — (yO 4 yO) 4 yOy@ — Ixy 4 y@) 4 axyO yO, 
and consider the “complete sum” 
8(Uj5 Uz, U3) + B(Uy; Uz, Uy) + 8 (U3; Uy, Uy) = 
— 3(U, Uy + Uy, U3 + Uy) + Oy Uy U3. (33.7) 
By using the trivial “formal inequality” u,u,u, < u;u, in (33.7) we obtain 
8(Uy; Uz, U3) + B(Uy; Uz, Uy) + (U3; Uy, Uz) <0. (33.8) 
The Power-of-Three Scoring System means to work with 


TH) = >- 3-7! and TH; vy... U_) = aS 3714, 
BeH BEH:{01,...,Um_}CD 
Consider the usual Potential Function 
L, = T(F (i) — A: T(Fz (0), 
where 
H(i) = {B\ X(@): BEH, BENNY) = B} 
with H = F and H =F}. 
In the (+ 1)st move Picker offers 3 points u,, u., u, to Chooser to choose from. 


Chooser has 3 options: x,,; =u, OF X;,; = Uy OF X;,, = U3, and accordingly we 


have 3 possible values: yas or Lee or Sue By (33.7)-(33.8) we obtain the crucial 
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inequality (“Decreasing Property”) 


1 ; 5 : 
3 (20, +L i), +{)) > L,— T(F (i); uy, uy) — TF); uy, us) — TIF); Uy, Us) 


+2T(F (i); uy, Uz, U3) 


= 1, — (MFO 2)-+ FW ts) + TED toss) ) 
(33.9) 


Chooser chooses that point x;,; =u; for which ink » J=1, 2, 3 attains its maximum. 
Then by (33.8) 


Liss 2 Li= (THD Hite) + NFO ts) + MFO tat), 
and the rest of the proof is a routine application of Section 24. We obtain, therefore: 


Theorem 33.4 (a) In the (1:2) Chooser—Picker game Chooser can achieve at least 
as large goal size as the perfect analogue of Theorem 6.4 and Theorem &.2 with the 
natural change that the base 2 logarithm log, N is replaced by the base 3 logarithm 
log, N. 


We conjecture that Theorem 33.4 (a) is the best possible; what we can prove 
is weaker: we can show that Theorem 33.4 (a) is (at least!) asymptotically best 
possible. Not a word has been said about Picker’s blocking yet, not even in the 
simplest (1:1) game. This section is already far too long, so we postpone the (1:1) 
case to the end of Section 38, and the general biased case to the end of Section 47. 


The general (1:s) Chooser—Picker game. The (1:2) Chooser—Picker game turned 
out to be “easy.” Let s > 2 be an arbitrary integer; how about the general (1:5) play 
(Picker picks s+ 1 points per move and Chooser chooses one of them for himself)? 
We want to come up with an analogue of inequality (33.8). Let 


g(x, y), coe y) =(1+sx)(1 —y) (1 — y)) =] 


=sx- (WF... + y%) 4 YO yoy) 


1<k,<ky<s 


= sx +... y9)— yl y lta) yl 


1<k, <ky<k3<s 


+ ( ae sy meee, (33.10) 


1<k, <ky<s 
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Then the “complete sum” (in fact its average) equals 


1 
stl 


glut ties) 


= —A,+2A;—3A,+4A; —5A¢4 


where 


A, = Uj,Uj,» Az 
Isf<psstl 


» 


Isji<h<i<jgsstl 


Wj Uj 


— 2 Uj, Uj, Uj,» 


ISfi<in<igss+1 


yt jUjyr 


(<u Uys s+ Usp) + B(Ug3 My, Ug, < 2+, Usps) +>: 


ey (-1)*- sAgii, 


u 


(33.11) 


(33.12) 


To get the analogue of (33.8), we have to check the Negativity (see (33.11)) 


—A,+2A,—3A,+4A;—5A64 


psapchi(= 1) Ay 


The Inclusion—Exclusion Principle gives in a “formal sense” 


u,Uy > union of u,u,u,, k=3,4,. 


i S541 


stl 
= UU, wu oD Uz Ug, 
k=3 3<k, <ky<s 
a3 ve Ug, Un, UE, — 


3<k, <ky<k3<s+1 
which by (33.12) implies 


(5')(s+1—2) 


Ux, Ux, Ug, Ux, a 
3k, <ky<k3<k4g<s+1 


3 (SH) 
a Co eC 
NO en, 


<0. 


(33.13) 


(33.14) 
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Similarly 


U, UU, > union of u,u,u3,u,, k=4,5,...,s+1 


st] 
SU, UU 4 ba Uz Ug, 
k=4 4<k,<k)<s 


al; a Ug, Up Uy, — os Ug Up, Un Mg, ) 4 


4sk, <k)<k3<s+1 4<k, <ky<k3<ky<st+l 


which by (33.12) implies 


e413, CDCR) 

A; > (=) Ay Ge) Ast 
eer pes | 
ey, a ey 


n1n,-(at(Vac-(S)ree ea 


We can rewrite (33.14) and (33.15) as follows 


3 4 i) 6 2fstl 
“rel o-()eC)e- Caer) 


(33.16) 


he: (5) ae (3) As (5) 4s- (3) Cn} ‘Aas <0. 


(33.17) 


Similarly, we have 


SA (3) = ({)4s 4 ({) = (;)4 ees co( ‘Aca <0, 


(33.18) 


oy ee ($)4s . (5)ar+ (5) 4s (5) $...(-13 & Ae <0, 


(33.19) 


and so on. 
Adding up inequalities (33.16), (33.17), (33.18), and so on, we obtain exactly 
the desired (33.13). Indeed, the coefficient (k — 1) of A, in (33.12) equals the sum 


()-G)+()-Ge-ter Gs 20 


due to the binomial formula 0 = (1 — 1)* = Yi-o(-1)/ (‘). 
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Inequality (33.13) is the key ingredient; the rest of the proof is a routine applica- 
tion of Section 24, just as in the (1:2) play (Theorem 33.4 (a)). We obtain, therefore, 
the following extension of Theorem 33.4 (a). 


Theorem 33.4 (b) Let s > 2 be an arbitrary integer. In the (1:s) Chooser—Picker 
game Chooser can achieve a goal size at least as large as the perfect analogues of 
Theorems 6.4 and 8.2 with the natural change that the base 2 logarithm log, N is 
replaced by the base (s+ 1) logarithm log, N. 


At the end of Section 47 we will see that Theorem 33.4 is (at least!) asymptotically 
best possible. 

At the end of Section 30 we formulated Theorem 30.4: it was an advanced 
building criterion in the (1: s) Avoidance Game where Avoider is the underdog. 
The special case s = 2 was proved there, and here we complete the missing general 
case s > 2. 


Proof of Theorem 30.4. We closely follow the proof of Theorem 33.4. The starting 
point is the same (see (33.10)) 


(1+sx)(1=y)- (= y)=1 


=sx- (YF... Fy) 4 FL yy) 


1<k, <ky<s 


—sx(y $e +y%)— SD yy ll) yl) 4 


1<k, <ky<k3<s 


sx b> yy Shel 


1<k,<ky<s 


= f(x, y, Asif y) + f(y, x, y?), ae y) + f(y, y, Xx, y, ae y+ 
+...+ f(y, ..., 99, 2) —5- fly, y®,..., 9) 


1 3 4 ‘ s 
(54 Ay + FAs Agee 1S A,) (54D, (33.21) 


where 


s 1 
ft oa) = 34,5 2 ots) 
j=l 


I<j,<jy<s 


1 
ae 3 ( s Uj, ots) 


ISji<h<hss 


1 
a 4 2 Uj, Uj UjUj, por, 
ISj\<h<i3<jass 
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and 


A, = et YD A, = »~ yi yX), 
j=l 


ISfi<jss 
A; = y yl) yU2) yO) , 
ISfi<h<i3Ss 
A,= > yD y2) yUs) yUa) | oe (33.22) 


ISj\ <h <i <jass 
The critical part of the proof is the inequality (see (33.21)) 
1 2 3 4 S 
A A,+-A A,+---+(—1)t'——_A, > 0, 33.23 
ai ae aa a ec pe a= ( ) 
which plays the role of (33.13). 
How to prove (33.23)? Well, we have the perfect analogue of (33.16) 


a ()a+(}a-G)or(2)4 


and we have the perfect analogue of (33.17) 


— (Sar ()4s-(3)40+ (3) 


and we have the perfect analogue of (33.18) 


a (Jer()a-(ore()aw-reir( 


em a (5)a >0, (33.24) 


Ly 
rM 
+ 
~~ 
—_ 
~— 
ws 
Ww 
ee 
> 
IV 
= 


(33.25) 


)a >0, (33.26) 


and we have the perfect analogue of (33.19) 


v-(JoCe-(ne 


and so on. 
The reader is probably wondering about the missing “first” inequality following 
the same pattern 


ee oD 5 )a,=0, (33.27) 


AyD ASA SA AAs pS Apes T) ea SO. (33.28) 


Of course, inequality (33.28) is true, and it can be proved in the same way by using 
the Inclusion—Exclusion formula. 

Now we are ready to prove inequality (33.23). Indeed, adding up inequality 
(33.28) with weight s, and inequality (33.24) with weight i, and inequality (33.25) 
with weight a and inequality (33.26) with weight i, and so on, at the end the sum 
is exactly the desired (33.23). Indeed, this follows from the identity 


1, 1k) A(R) _ (ky (33,29) 
2 3\2) 4\3) 5\4J) 0 7 k4 1 , 
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Identity (33.29) is equivalent to (33.20). Indeed, multiplying (33.29) with (k+ 1) 
we obtain (33.20) with “k =k+1.” 

Inequality (33.20) is the key ingredient; the rest of the proof is a routine 
application of Section 24. This completes the proof of Theorem 30.4. 


6. (1:1) games with extra difficulties. We conclude this section with two (1:1) 
games where we face the same kind of technical problem as in the biased games. 
The first one is a game about 2-colored goals, and it is a common generalization 
of the Clique Achievement and Clique Avoidance Games. The board is the usual 
complete graph K,; the two players are called Red and Blue, who alternately 
occupy new edges of K,,; in each turn Red colors his new edge red and Blue colors 
his new edge blue. In the old Achievement version, Red=Maker wants to build a 
monochromatic (red) sub-clique K, as large as possible; in the Avoidance version 
Red=Forcer wants to force the reluctant Blue=Avoider to build a monochromatic 
(blue) sub-clique K, as large as possible. In the two versions Red has two opposite 
goals: (1) a monochromatic red K, that he builds, and a (2) a monochromatic blue 
K, that the reluctant opponent builds. How about a mixed goal, a 2-colored goal? 
What we mean by this is the following: fix an arbitrary 2-colored copy of K, that 
we denote by K,(red, blue) (of course, the edges are colored red and blue); Red 
wins the play on K, if at the end there is a color-isomorphic copy of the given 
2-colored K,(red, blue); otherwise Blue wins. We call this game the K, (red, blue)- 
building game on Ky. Notice that Red acts like a Builder — but he cannot succeed 
alone, he needs the opponent’s cooperation(!) — and Blue acts like a Blocker. Is it 
true that, given a 2-colored goal graph K,,(red, blue), Red has a winning strategy in 
Ky if N is large enough? The answer is “yes”; we already proved it in Section 16 
(see Theorems 16.2—16.3). Unfortunately that proof (a straightforward adaptation of 
Theorem 1.2) gave a poor quantitative bound (like g = ,/log N). In the two extreme 
cases of monochromatic red and monochromatic blue K,, (i.e. the Achievement and 
Avoidance Games) we could prove the best possible quantitative bound; namely, 
we could find the exact value 


q = |2log, N — 2 log, log, N + 2log,e—3+o0(1)|. 


This raises the following natural: 


Open Problem 33.1 Let K,(red, blue) be an arbitrary fixed 2-colored goal graph, 
and let q = (2—o0(1)) log, N. Is it true that, playing on Ky, Red has a winning 
strategy in the K,(red, blue)-building game? 

Well, this seems plausible; we can try to prove it by using the usual potential 
technique 


L, =T(F(i)) —A- T(F3 (i) (33.30) 
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of Section 24. Here comes the bad news: this is a (1:1) game; nevertheless we 
face the difficulty of “Big Bad Negative Terms” the same way as we did in the 
biased case! Indeed, let x,,, be Red’s (i+ 1)st move (a red edge), let y,,, be Blue’s 
(i+ 1)st move (a blue edge), and consider an arbitrary color-isomorphic copy Ky 
of the given 2-colored goal graph K,(red, blue) with the additional property that 
the edges x,,,,;,, both belong to Ky, (but not necessarily with the right color!). 
Then there are 4 possibilities: 


(1) both x,,, and y,,, are color-consistent with Ky; 

(2) x;,, is consistent but y,,, is inconsistent with Ky, (i.e. y,,, is red in Ky); 
(3) yi, is consistent but x,,, is inconsistent with Ky, (i.e. x,,, is blue in Ky); 
(4) both x;,, and y,,,; are inconsistent with Ky. 


Notice that Case (1) and Case (4) are “new cases”; they cannot occur in the special 
cases of Achievement and Avoidance Games. These two “new cases” contribute 
extra positive terms in 7(F(i)) and contribute extra negative terms in —T(F; (i)) 
(see (33.30)). The appearance of extra negative terms in (33.30) kills the proof 
technique exactly the same way as it did in the biased case. This is why we 
cannot solve the “plausible” Open Problem 33.1. What we can prove is “half of the 
conjectured truth”: Red can force the appearance of a color-isomorphic copy of any 
given K,(red, blue) with (1 — 0(1)) log, N. The proof is a Ramsey type Halving 
Argument, a variant of the proof of Theorem 21.1. In fact, we combine the Ramsey 
Halving Argument with the discrepancy result Theorem 17.1, and the proof will 
give the stronger statement that, at the end of the play, the 2-colored K, contains 
all 2-colored copies of K, with (1 — 0(1)) log, N. 

Red (as Builder) wants to guarantee the following two graph-theoretic properties: 


(a) at the end of the play, for any two disjoint vertex sets V, and V, in Ky with 
|V,| = N® and |V,| > N*, the number of red edges in the complete bipartite 
graph V, x V, is between (5 —e)|V,|-|V>| and GG + ¢)|V,|-|V2|; and also 

(8) at the end of the play, for any vertex set V, in Ky with |V,| => N°, the number 
of red edges in the graph Ky, = (6) is between (4 —«) (8 ' and (++) (iG N: 


These two density properties can be easily guaranteed by a routine application of the 
discrepancy result Theorem 17.1. Indeed, the criterion of Theorem 17.1 applies if 


Cy) areama-omy"? =o), 330 


k>N®,I>N®,k+1<N ( 
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and (33.31) is trivial with (say) « = (log N)~!? 


iy) a tea-any 


k= N€,IZN®,K+I<N ( 
2 ys eo E +OE*)) F ++) logN 
k>N®,I>N®,k+I1SN 


r= 2G e +0) F = (1) 


k>N®,I>N®,k+1<N 


by trivial calculations. 

Next we explain how the two graph-theoretic properties (a) and (8) guarantee 
the success of the Ramsey Halving Argument. Fix an arbitrary 2-colored goal graph 
K, (red, blue); we show that, at the end of the play, the 2-colored Ky (colored red 
and blue) contains a color-isomorphic copy of K,(red, blue) 


red K, blue K, K, (red, blue) 


Let u;,U,,...,u, denote the vertices of the goal graph K,(red, blue), and let 
c(i, j) denote the color of edge u;u; in K,(red, blue) (1 <i < j <q). We will 
construct a color-consistent embedding f of goal graph K,,(red, blue) into the play- 
2-colored Ky (meaning: 2-colored by Red and Blue during the play). Of course, 
color-consistent means that the color of edge f(u;)f(u;) is c(i, j) for all pairs 
l<i<j<q. 

The first step is to find f(u,). Let V, be the set of those “bad” vertices in Ky 
which have red degree > G +2e)N in the play-2-colored Ky. Graph-theoretic 
properties (a) and (8) above guarantee that |V,| < N*. Similarly, there are less than 
N® vertices which have red degree < G —2e)N in the play-2-colored Ky. Throwing 
out less than 2N* “bad” vertices, the remaining “good” vertices all have the property 
that the red degree is between G —2e)N and ( ; +2e)N in the play-2-colored Ky. 
Let f(u,) be one of these “good” vertices. 
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We proceed by induction: assume that we already defined f(u,),..., f(u;), and 
we have to find a proper f(u,,,). For every k=i+1,i+2,...,q define the set 


L 


W.=Wi,.= {« € V(Ky)\{f(m),---, flu}: the color of edge f(u;)u 


in the play is c(j,k), j= ihn 


Note that the (q—i) sets W,, k =i+1,i+2,...,q have the property that any two 
of them are either disjoint or identical. For every k=i+1,i+2,...,q we have 


1 i 
|W, > (5-28) ; 
2 


We are looking for a proper vertex f(u,,,) in set W,,_. 

Let V, be the set of those “bad” vertices in W,,, which have red degree > 
GG + 2e)|W,,,| in the complete graph Ky, = (Mr) in the play-2-colored Ky. 
Graph-theoretic properties (@) and (8) above guarantee that |V,| < N*®. Similarly, 
there are less than N*® “bad” vertices which have red degree < GG —2e)|W,,,| in 
the complete graph Ky, = (MH) in the play-2-colored Ky. 

Similarly, there are less than N* “bad” vertices which have red degree > (4 + 
2e)|W,| in the complete bipartite graph W,,, x W, in the play-2-coloring (we assume 
that W,,, and W, are disjoint); and the same for the red degree < (; —2e)|W,| in 
the complete bipartite graph W,,, x W, in the play-2-coloring. 

Throwing out altogether < 2(q—i)N* “bad” vertices from W,,,, the remaining 
set of “good” vertices is still non-empty, and let f(u;,,) be one of these “good” 
vertices in set W,,,. The embedding works as long as 


1 os 
w (5-26) >2qQN*, 


and this inequality holds with g = (1 — 0(1)) log, N. This completes the proof of: 


Theorem 33.5 Red and Blue are playing the usual alternating (1:1) game on Ky. 
Then Red can force that, at the end of the play, the play-2-colored Ky contains all 
possible 2-colored copies of K, with q = (1—o(1)) log, N. 


Theorem 33.5 was proved more than 20 years ago (it was the subject of a lecture 
by the author at the Balatonlelle Graph Theory Conference, Hungary, 1994, where 
the proof above was outlined). A special case of the result was published (see 
Theorem 3 in Beck [1981b]). Theorem 33.5 was later independently rediscovered 
by Alon, Krivelevich, Spencer, and Szabé6 [2005] (Krivelevich gave a talk about it 
in the Bertinoro Workshop, 2005; their proof was somewhat different from mine). 

The sad thing about Theorem 33.5 is that (most likely) it is just a mediocre result, 
half of the truth. It is humiliating that we cannot solve Open Problem 33.1. 
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Let’s go back to Section 25: recall Exercise 25.4: What is the Avoidance version 
of Theorem 21.1? The following result is a best effort at an “avoidance” analogue 
of Theorem 21.1; it is the special case of Theorem 33.5 where the goal graph is a 
monochromatic blue K,; in fact, it is just a more quantitative form. 


Theorem 33.6 /f N > q'°-2%, then playing the Avoidance Clique Game (Ky, K,) 
Forcer can force Avoider to build a copy of K,. 


The good thing about Theorem 33.6 is that it holds for every gq, not just for 
“sufficiently large values” like Theorem 6.4 (a). For example, if N = 27°, then 
log, N — 10 log, log, N © 250 — 80 = 170; so, by Theorem 33.6, the Clique Avoid- 
ance Number is > 170. In the other direction we have the Erdés—Selfridge bound 
2 log, N — 2 log, log, N+2log, e— 1 * 500 — 16+ 2 = 486. (The Erdés—Selfridge 
proof has a straightforward adaptation for the avoidance game.) 

Summarizing, the Clique Avoidance Number for the board size Ky with N = 27° 
is between 170 and 486. This is the best that we know, due to the fact that in the 
range N = 2°° the machinery of Theorem 6.4 (a) “doesn’t start to work yet.” 

Let’s return to Theorem 33.5: what happens in the (1:2) version where Red 
(Builder) is the underdog? The only difference in the proof is that the Ram- 
sey Halving Argument above is replaced by a Ramsey One-Third Argument, and 
Theorem 17.1 is replaced by Theorem 17.2. This way we obtain: 


Theorem 33.7 Red and Blue are playing the alternating (1:2) game on Ky. Then 
Red can force that, at the end of the play, the play-2-colored Ky contains all 
possible 2-colored copies of K, with q = (1 — o(1)) log, N. 


Corollary: Playing the (1:2) Clique Achievement game on Ky, underdog Maker 
can always build a K, with q = (1 — o(1)) log, N. 
This Corollary is the best that we know in the (1:2) Achievement play (where 
Maker is the underdog). 

It is very surprising that in the (1:2) Avoidance play (where Avoider is the 
underdog) Forcer can force Avoider to build a clique K, with q larger than (1 — 
o(1)) log, N. Indeed, Theorem 30.5 gives 


q = 2log, N —2 log, log, N +2 log, e—2log,2—1-—o(1), 


which is about twice as large as the Corollary above. 

Of course, Theorem 33.7 can be easily extended to an arbitrary (r: b) play (r 
edges for Red and b edges for Blue per move) The only natural change is to apply 
the general Theorem 17.5. 

The second (1:1) game with a “biased-like attitude problem” is the Tournament 
Game, see Section 14. First we recall that a tournament means a “directed complete 
graph” such that every edge of a complete graph is directed by one of the two 
possible orientations; it represents a tennis tournament where any two players 
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played with each other, and an arrow points from the winner to the loser. Fix an 
arbitrary goal tournament T,, on q vertices. The two players are Red and Blue, who 
alternately take new edges of a complete graph K,, and for each new edge choose 
one of the two possible orientations (‘arrow’). Either player colors his arrow with 
his own color. At the end of a play, the players create a 2-colored tournament on N 
vertices. Red wins if there is a red copy of T,; otherwise Blue wins. Theorem 14.5 
proves that, if N is sufficiently large compared to g, then Red has a winning 
strategy. Unfortunately Theorem 14.5 gives a poor quantitative result. An easy 
adaptation of the proof of Theorem 33.5 gives the following much better bound 
(we need the (1:3) version in Theorem 17.5, and the Halving Argument is replaced 
by a One-Fourth Argument). 


Theorem 33.8 Red and Blue are playing the (1:1) Tournament Game on Ky. Then 
Red can force that, at the end of the play, the play-2-colored tournament on N 
vertices contains a copy of all possible red T,s with q = (1—o(1)) log, N. 


The reader is challenged to work out the details of the proof of Theorem 33.8. 
We are sure that Theorem 33.8 is not optimal. What is the optimal result? How can 
it be proved? 


Part D 


Advanced Strong Draw — game-theoretic 
independence 


The objective of game-playing is winning, but very often winning is impossible for 
the simple reason that the game is a draw game: either player can force a draw. 
Blocking the opponent’s winning sets is a solid way to force a draw; this is what 
we call a Strong Draw. 

The main issue here is the Neighborhood Conjecture. The general case remains 
unsolved, but we can prove several useful partial results about blocking (called the 
Three Ugly Theorems). 

Our treatment of the blocking part has a definite architecture. Metaphorically 
speaking, it is like a five-storied building where Theorems 34.1, 37.5, 40.1 represent 
the first three floors in this order, and Sections 43 and 44 represent the fourth and 
fifth floors; the higher floors are supported by the lower floors (there is no shortcut!). 

An alternative way to look at the Neighborhood Conjecture is the Phantom 
Decomposition Hypothesis (see the end of Section 19), which is a kind of game- 
theoretic independence. In fact, there are two interpretations of game-theoretic 
independence: a “trivial” interpretation and a “non-trivial” one. 

The “trivial” (but still very useful) interpretation is about disjoint games; Pairing 
Strategy is based on this simple observation. Disjointness guarantees that in each 
component either player can play independently from the rest of the components. 

In the “non-trivial” interpretation the initial game does not fall apart into disjoint 
components. Instead Breaker can force — by playing rationally — that eventually, in a 
much later stage of the play, the family of unblocked (yet) hyperedges does fall apart 
into much smaller (disjoint) components. This is how Breaker can eventually finish 
the job of blocking the whole initial hypergraph, namely blocking componentwise 
in the small components. 

A convincing “intuition” behind the “non-trivial” version is the Erdés—Lovasz 
2-Coloring Theorem. The proof of the Erd6s—Lovasz 2-Coloring Theorem was 
based on the idea of statistical independence; the proof is a repeated application 
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of the simple fact that the two events: “the Random 2-Coloring of hypergraph 
(V, F) is proper” and “the Random 2-Coloring of hypergraph (W, G) is proper,” 
are independent if the boards V and W are disjoint. 

Strategy is a sequential procedure. The basic challenge of the Neighborhood 
Conjecture is how to sequentialize the global concept of statistical independence. 


Chapter VII 


BigGame-—SmallGame Decomposition 


We focus on the n“ board, and study both the hypercube and the torus versions of 
multi-dimensional Tic-Tac-Toe. Our main tool is a decomposition technique called 
BigGame-—SmallGame Decomposition, combined with the Power-of-Two Scoring 
System. The key result of the chapter is Theorem 34.1, representing the “first floor” 
in the architecture of advanced blocking. By using this theorem (combined with 
the degree-reduction result Theorem 12.2) we can prove the so-called Hales—Jewett 
Conjecture (well, at least asymptotically). 

Our proof technique works best for Degree-Regular hypergraphs. Unfortunately 
the n‘-hypergraph is very irregular, which leads to serious technical difficulties. 
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34 


The Hales—Jewett Conjecture 


1. Can we beat the Pairing Strategy? Hales and Jewett [1963] proved, by a 
pioneering application of Theorem 11.2, that if 


n>34-1 (nodd) or n>2**'—2 — (neven), (34.1) 


then the n@ Tic-Tac-Toe game is a Pairing Strategy Draw. Indeed, by Theorem 3.4 
(b)-(c): if n is odd, there are at most (37 — 1)/2 winning lines through any point; 
if n is even, the maximum degree of the family of geometric lines drops to 27 — 1 
(which is much smaller than (34 — 1)/2 if d is large). 

The special case d = 2 in (34.1) gives the bounds 


n>37-1=8 (nodd) and n>2“t!-2=6 (n even), 


which immediately solve the n* game for all n > 9, n odd, and n > 6, n even: the 
game is a Pairing Strategy Draw (we already proved a slightly stronger result in 
Theorem 3.3). The missing case n = 7 can be easily solved by applying a “truncation 
trick.” Since the center is the only cell with 4 winning lines passing through it, we 
throw out the center from these 4 lines, and also throw out an arbitrary point from 
each one of the rest of the lines. Then the size of the winning sets decreases to 6. 
Since the new maximum degree is 3, and 6 = 2-3, Theorem 11.2 applies to the 
“truncated family,” and proves that the 77 game is also a Pairing Strategy Draw. 

The following simple observation applies for any Almost Disjoint hypergraph: 
if a pairing strategy forces a draw, then there are at least twice as many points as 
winning sets. Therefore, if the Point/Line ratio in an n@ Tic-Tac-Toe game is less 
than 2, then it is not a Pairing Strategy Draw. For example, in the 4” game pairing 
strategy cannot exist because the number of points (“cells”) is less than twice the 
number of winning lines: 16 = 47 < 2(4+4+2) = 20. Note that 4” is nevertheless 
a draw game (we gave two proofs: one in Section 3, and an entirely different one 
in Section 10). 
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Hypercube Tic-Tac-Toe defines an Almost Disjoint hypergraph. Motivated by 
this fact and the “Point/Line ratio” observation above, Hales and Jewett [1963] 
made the following elegant conjecture: 


Open Problem 34.1 (“Hales—Jewett Conjecture”) (a) If there are at least twice as 
many points (i.e. cells) as winning lines, then then“ Tic-Tac-Toe game is always adraw. 

(b) What is more, if there are at least twice as many points as winning lines, 
then the draw is actually a Pairing Strategy Draw. 


Since the total number of lines is ((n+2)4 — n“)/2, and the number of points is 
n‘, the condition “there are at least twice as many points as winning lines” means 


n? > (n+2)* —n?, 


which is easily seen to be equivalent to 


log2 
Since 21/4 -—] = — + O(d~’), (34.2) is asymptotically equivalent to 
2d 
n> —— + O(1) =2.88539d + O(1). (34.3) 


~ Jlog2 


Remark. Golomb and Hales [2002] made the amusing number-theoretic observa- 
tion that the upper integral part 


2 2d 
—— | equals the simpler | ——| for all integers in 1<d<6.8-10"°. 
JQi/d | log2 
(34.4) 


(34.4) yields that in the huge range 1 < d < 6.8-10!° the Hales—Jewett condition 
(34.2) is equivalent to the simpler condition 


2d 
n> las | : (34.5) 


The “Bigamy Corollary” of the Hall’s Theorem (Marriage Theorem) gives the 
following necessary and sufficient condition for Pairing Strategy Draw: for every 
sub-family of winning lines the union set has at least twice as many points as the 
number of lines in the sub-family. (The phrase “Bigamy” refers to the fact that 
“each man needs 2 wives.”) Consequently, what Open Problem 34.1 (b) really says 
is that “the point/line ratio attains its minimum for the family of all lines, and 
for any proper sub-family the ratio is greater or equal”. This Ratio Conjecture is 
very compelling, not only when Pairing Strategy exists, but in general for arbitrary 
n‘-game. The Ratio Conjecture, as a generalization of Open Problem 34.1 (b), was 
formulated in Patashnik [1980]. Unfortunately, the Ratio Conjecture is false: very 
recently Christofides (Cambridge) disproved it. 
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Let’s return to Open Problem 34.1. Part (a) is nearly solved: we proved it for all 
but a finite number of n? games (the drawing strategy is not a pairing strategy). 

Part (b) is in a less satisfying state. R. Schroeppel proved it for all n > 3d—1 
when d > 3 is odd, and for all n > 3d when d > 2 is even. In view of (34.3) the 
range 2.88539 + o(1) < n/d <3+0(1) represents infinitely many unsolved cases. 


2. Thefirst Ugly Theorem. Notice that the Erdés—Selfridge Theorem (Theorem 1.4) 
is not powerful enough to settle part (a) of the Hales—Jewett Conjecture (Open 
Problem 34.1). Indeed, the Erdés—Selfridge criterion applies to the n@ game if 


(n+ 2)4—n4 
2 
which implies that either player can force a Strong Draw if n > const-d-log d. This 
“superlinear” bound falls short of proving the linear bound n > 2d/log2 = 2.885d 
(which is asymptotically equivalent to part (a) of the Hales—Jewett Conjecture, 
see (34.3)). 

Even if the Erdés—Selfridge (Theorem 1.4) is not powerful enough to “beat” 
the pairing strategy (in the n“? game), it is still the first step in the right direction. 
We are going to develop several local generalizations of Theorem 1.4, called the 
“Three Ugly Theorems.” The first one, Theorem 34.1 below, will immediately prove 
part (a) of the Hales—Jewett Conjecture (at least for large dimensions). Combining 
Theorem 34.1 with Theorem 12.2 will lead to further improvements, far superior to 
what a pairing strategy can do. We have to warn the reader that Theorem 34.1 is not 
as elegant as Theorem 1.4. This “ugly but useful” criterion has a free parameter k, 
which can be freely optimized in the applications. 


+ {27-1 or (37—1)/2} <2", 


Theorem 34.1 Let F be an m-uniform Almost Disjoint hypergraph. Assume that 
the Maximum Degree of F is at most D, i.e. every point of the board is contained in 
at most D hyperedges of F (“local size”). Moreover assume that the total number 
of winning sets is |F| = M (“global size”). If there is an integer k with2 <k < m/2 


such that 
- ‘ee ") < 2k KHD=(3)-1 (34.6) 


then the second player can force a Strong Draw in the positional game on F. 


Remarks. The part “the second player can force a Strong Draw” can be always 
upgraded to “either player can force a Strong Draw” (Strategy Stealing). 

Theorem 34.1 is rather difficult to understand at first sight; one difficulty is the 
role of parameter k. What is the optimal choice for k? To answer this question, take 
kth roots of both sides of (34.6): we see that (34.6) holds if 


4 
M'*.(D—1)- = 2m 3K2-1, (34.7) 
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(34.7) is equivalent to 


Qin-3 
D-1<k-M-VE.Q-32 (34.8) 
m 


The product k- M~!/*.2~34/2 in (34.8) attains its maximum by choosing the integral 
parameter k around ( =log,M)!/ 2 where log, is the base two logarithm ( or binary 
logarithm) (which assumes, in view of the requirement k < m/2, that M < 23””/8), 
Thus we obtain the following result: 


Corollary 1 [f F is an m-uniform Almost Disjoint hypergraph with global size 
|F| < 23""/8, and the maximum degree D of F is less than 


qin—r/ blog3|F|—3 


m 


(34.9) 


then the second player can force a Strong Draw in the positional game played on F .. 


Theorem 34.1 is a first step toward the Neighborhood Conjecture (Open Prob- 
lem 9.1). The term “Neighborhood” emphasizes the fact that what really matters 
here is an exponential upper bound on the “neighborhood size,” and the global size 
|F| is almost irrelevant (the global size can be super-exponentially large like 2°””, 
see (34.9)). 

Corollary | is a justification of the Neighborhood Conjecture for Almost Disjoint 
hypergraphs. It raises some very natural questions such as: 


(i) What happens if |F| > 23”"/82 
ii) What happens if the hypergraph is not Almost Disjoint? 
PP ypergrap j 


We are going to return to question (i) in Section 37, and question (ii) will be 
discussed much later in the last chapter. 
If |F| < m", then Corollary 1 yields: 


Corollary 2 Let F be an m-uniform family of Almost Disjoint sets. Assume that 
|F| < m" and the Maximum Degree of F is at most 2” °V""8". If m > Cp, i.e. 
if m is sufficiently large, then the second player can force a Strong Draw in the 
positional game on F. 


Corollary 2 is an old result of mine; it follows (fairly) easily from Beck [198 1a]. 
Corollary 2 applies to the n4 game if 
2 desu d. 
are <n" and (34.10) 
34-1 


5 <2" 3V "8" (n odd), 279-1<2" °V""8" (n even). (34.11) 
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Inequalities (34.10)-(34.11) trivially hold if 


log3 

n> (75 +e) d with d>«(e) (n odd), (34.12) 
log2 

n>(1+e)d with d>co(e) (n even). (34.13) 


Observe that both (34.12) and (34.13) are asymptotically better than (34.3) (note 
that log3/log2 = 1.585). This means that there are infinitely many n“ games in 
which Pairing Strategy Draw cannot exist, but the game is nevertheless a draw 
(in fact a Strong Draw). 

According to my calculations, Theorem 34.1 proves part (a) of the Hales—Jewett 
Conjecture for all dimensions d > 32. For example, if d = 32, the Hales—Jewett 
Conjecture applies for n at least 2/(2'/*? — 1), which is about 91.3, so it applies for 
all n > 92. Theorem 34.1 settles both “border line” cases “d = 32 and n = 92” and 
“d = 32 and n= 93” with k = 12. 

The case n odd is always harder, since the maximum degree is much larger. A low- 
dimensional example where Theorem 34.1 “beats” Pairing Strategy is the 44!° game: 
the Point/Line ratio is less than 2 (so Pairing Strategy cannot force a draw); on the other 
hand, Theorem 34.1 applies with k = 8, and guarantees a Strong Draw. 

Now we are ready to discuss Conjectures A and B introduced at the end of 
Section 3; we recall them: 


Conjecture A (“Gammill”) The n@ game is a draw if and only if there are more 
points than winning lines. 


Conjecture B (“Citrenbaum’’) /f d > n, then the first player has a winning strategy 
in the n* game. 


Note that the condition of Conjecture A is n? > ((n+2)4 —n“)/2, which is asymp- 
totically equivalent to n > 2d/log3 = 1.82d. Since 2/log3 = 1.82 > log3/log2= 
1.585 > 1, in view of (34.12) and (34.13) there are infinitely many n“ games which 
contradict Conjecture A (infinitely many with n even, and infinitely many with n 
odd). This “kills” Conjecture A. 

An explicit counterexample is the 144°°-game: since (1+2/n)4 = (1+1/72)® = 
3.0146 > 3, the 1448°-game has more lines than points, but Theorem 34.1 applies 
with k = 20, and yields a draw. 

How about Conjecture B? Well, (34.12) and (34.13) are not strong enough to 
disprove Conjecture B. It seems very hard to find a counter-example to Conjecture B 
in low dimensions. In large dimensions, however, Conjecture B — similarly to 
Conjecture A — turns out to be completely false. Note in advance that the 214)5- 
game is the least counterexample that we know. We give a detailed discussion 
later. 
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3. Hypercube Tic-Tac-Toe. So far we have proved the following: 


If n is odd and n > (log3/log2+ £) d, or if n is even and n> (1+8)d, 
then the n4 Tic-Tac-Toe game is a Strong Draw. 


These are two linear bounds. Can these linear bounds be HODEONES to 
(nearly) quadratic? Theorem 12.5 says “yes”: if d < (22 +o(1)) then (by 
Theorem 12.5) the n@ game is a Draw. 

Are we ready to prove Theorem 12.5? A natural idea is to repeat the proof of 
Theorem 12.3, and to combine Theorem 12.2 with Theorem 34.1 (as a substitute 
of the Erdés—Lovasz 2- -Coloring Theorem). An application of Theorem 34.1 to the 
truncated hypergraph F,, , (see Theorem 12.2) leads to the requirement 


logn’ 


Geto) , 93k/2. palk < 2(1-2a)n+0(1) (34.14) 


assuming k = const-n. Note in advance that d = O(n?/logn), so taking logarithms 
in both sides of requirement (34.14) gives 


dlogd haa, logd 
anlog2 2 &k 2log2 


This inequality is satisfied if a = 2/13,k =,/dlogd/3log2+O(1),n>5. aug lee: 
and n > Cp. Note that n > 5.5,/d log d is asymptotically equivalent to d < 
The analogue of (34.14) for combinatorial lines goes as follows 


a+ O(logn) < (1—2a)n. 


60.5logn Sogn" 


dirtOW) .93k/2, pd/k < 9-B)n+0), (34.14’) 


This inequality is satisfied if B = 3/10, k = /dlogd/3log2+O(1), n> 
4.5,/d ed, and n > cy. Note that n > 4.5,/dlogd is asymptotically equivalent to 
d< 40. Sogn 

This proves parts (ii) and (iv) in the following: 


Theorem 34.2 In the n“ hypercube Tic-Tac-Toe game: 


(i) if d> “Shelah’s supertower function of n”, then the first player can force an 

(ordinary) Win (but we don’t know how he wins); 

(ii) ifd< aie and n is sufficiently large, then the second player can force a 
Strong Draw; 

(iii) if d <n/4= .25n, then the game is a Pairing Strategy Draw, but for d => 
(log 2)n/2 = .34657n Pairing Strategy cannot exist; 

(iv) ifd< ae and n is sufficiently large, then the second player can force a 
Strong Draw in the “combinatorial lines only” version of the n“ game. 
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Notice that Theorem 34.2 (iii) easily follows from Theorem 12.2 and Theorem 11.2. 
Indeed, if n > 4d, then applying Theorem 12.2 (a) with a = 1/4 gives 


MaxDegree (Fra) <d<|n/4], 


so Theorem 11.2 applies to the 2|n/4|-uniform F, a and yields a Pairing Strategy 
Draw. Note that the bound n > 4d is a big step toward part (b) of Open Problem 34.1 
(“pairing strategy part of the Hales—Jewett Conjecture”). It is exponentially better 
than (34.1), but falls short of (34.3). In Section 48 we will improve the bound 
n> 4d to n> 3d. This is the current record; it is due to Schroeppel. 

It follows from parts (ii) and (iii) above that, in the big range .34657n <d < 
wets from linear to nearly quadratic, the n? Tic-Tac-Toe is a draw game (in fact 
a Strong Draw) but not a Pairing Strategy Draw. 

Part (ii) above immediately disproves Conjecture B. It gives infinitely many 
counterexamples. An explicit counterexample is the 214°'°-game. Indeed, first 
taking a = d/7n = 215/1498 = 0.143525 in Theorem 12.2, and then applying 
Theorem 34.1 to the truncated hypergraph with k = 34 yields a draw. Dimension 
d = 215 is very large; there should be a much smaller counterexample. Our tech- 
nique doesn’t work well in “low dimensions”; the case of low dimensions remains 
wide open. 

Theorem 34.2 (ii) falls short of proving Theorem 12.5 (a) by a constant factor. 
The constant 1/60.5 = 0.01653 is substantially less than (log 2)/16 = 0.04332, but 
the nearly quadratic order of magnitude ee 

In the next chapter we develop a more sophisticated decomposition technique 
(see Theorem 37.5), which will take care of the missing constant factor, and thus 
prove Theorem 12.5. 


is the same. 


4. How to prove Theorem 34.1? Since it has a rather difficult proof, it helps to 
explain the basic idea on a simpler concrete game first. Our choice is a particular 
né torus Tic-Tac-Toe. 

We have already introduced n‘@ torus Tic-Tac-Toe in Section 13. Recall that 
the 2-dimensional n? torus Tic-Tac-Toe is completely solved: the Erdés—Selfridge 
Theorem applies if 4n +4 < 2", which gives that the n? torus game is a Strong Draw 
for every n > 5; the 4? torus game is also a draw (mid-size case study; we don’t 
know any elegant proof); finally, the 3? torus game is an easy first player’s win. 

Next consider the 3-dimensional n* torus game. The Erdés—Selfridge Theorem 
applies if 13n?+13 <2", which gives that the n> torus game is a Strong Draw for 
every n > 11. We are convinced that the 10° torus game is also a draw, but don’t 
know how to prove it. 

How about the 4-dimensional n* torus game? The Erdés—Selfridge Theorem 
applies if 40n*? +40 < 2", which gives that the n* torus game is a Strong Draw for 


The Hales—Jewett Conjecture 469 


every n > 18. This n = 18 is what we are going to improve to n = 15 (see Beck 
[2005]). 


Theorem 34.3 The 15* torus game is a Strong Draw. 


Theorem 34.3 is (probably) just a mediocre result, not even close to the truth, 
but it is a concrete low-dimensional example, the simplest illustration of the tech- 
nique “BigGame-SmallGame Decomposition.” We prove Theorem 34.3 first in 
Section 35, and prove Theorem 34.1 later in Section 36. 

The 15* torus game is the smallest four-dimensional example that we know to 
be a Strong Draw. In the other direction, we know that the 54 torus game is a Weak 
Win (i.e. the first player can occupy 5 consecutive points on a torus line). This is 
a straightforward corollary of Theorem 1.2. There is a big gap between 5 and 15, 
and we don’t know anything about the n* torus game when 6 <n < 14. 

In view of Theorem 13.1 we have a very satisfying asymptotic result for the n@ 
torus Tic-Tac-Toe: if d is a fixed “large” dimension, then the “phase transition” from 
Weak Win to Strong Draw happens at n ~ (log3/log2)d (see Theorem 13.1 (a)). 
The unsolved status of the 4-dimensional torus game in the long range 6 <n < 14 
reflects the fact that dimension 4 is just not large enough. 
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1. BigGame-SmallGame Decomposition. The first player is called “Maker” and 
the second player is called “Breaker.” The basic idea of the proofs of Theorems 34.1 
and 34.3 is the same: it is a decomposition of the game into two non-interacting 
games. (We are motivated by a 2-coloring theorem of W. M. Schmidt mentioned 
in Section 11, see Schmidt [1962].) The two non-interacting games have disjoint 
boards: we call them the Big Game played on the big board and the small game 
played in the small board. This is in Breaker’s mind only; Maker does not know 
anything about the decomposition whatsoever. 

Non-interacting games mean that playing the Big Game Breaker has no 
knowledge of the happenings in the small game, and, similarly, playing the small 
game Breaker has no knowledge of the happenings in the Big Game. In other words, 
we assume that Breaker is “schizophrenic”: he has two personalities, one for the 
Big Game and one for the small game, and the two personalities know nothing 
about each other. We call it the “Iron Curtain Principle.” This, at first sight very 
weird, assumption is crucial in the proof! 

Whenever Maker picks a point from the big board (“board of the Big Game’’), 
Breaker responds in the big board, and, similarly, whenever Maker picks a point 
from the small board (“board of the small game”), Breaker responds in the small 
board. In other words, Breaker follows the “Same Board Rule.” 

The small game contains the winning sets that are “dangerous,” where Maker 
is close to winning (i.e. the small board is a kind of “Emergency Room”). In the 
small game, Breaker’s goal is to block the most dangerous winning sets, and he 
uses a straightforward Pairing Strategy. 

Breaker’s goal in the Big Game is to prevent too complex winning-set config- 
urations from graduating into the small game. This is how the Big Game ensures 
that Breaker’s Pairing Strategy in the small game will actually work. In the Big 
Game Breaker uses the sophisticated Erdés—Selfridge Power-of-Two Scoring Sys- 
tem (more precisely, not the Erdés—Selfridge Theorem itself, but rather its Shutout 
version — see Lemma 1 below). The key fact is that the number of big sets 
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depends primarily on the Maximum Degree D (rather than on the much larger 
“global size” M). The (relatively) small Maximum Degree keeps the family of big 
sets under control, and this is how Breaker can ensure, by using the Power-of- 
Two Scoring System, that the small game remains relatively simple, and a pairing 
strategy can indeed block every single “dangerous” winning set. 

The board of the Big Game (big board) is going to shrink during a play. Conse- 
quently, the board of the small game (small board), which is the complement of the 
big board, keeps growing during a play. At the beginning of the play the big board 
is equal to the whole board V (i.e. the small game is not born yet). Let V,,_(i) and 
Vomatt(t) = V \ Vpg(i) denote the big board and the small board after Maker’s ith 
move and before Breaker’s ith move. Then we have 


V =VoiG(0) 2 Vaio (1) 2 Vaic (2) 2 Vaic (3) 2, 
D =Vematt (0) = Vemat 1) ‘= V nal) ‘= Vematt(3) Casey 


The Big Game is played on the family of big sets, and the small game is played 
on the family of small sets. What are the big sets and the small sets? Well, it is 
much simpler (and natural) to define the small sets first, and to define the big sets 
later. 

We feel that the proof of Theorem 34.3 is easier to understand than that of 
Theorem 34.1. This why we start with the: 


Proof of Theorem 34.3. Since n = 15 is odd, the corresponding hypergraph is 
Almost Disjoint (see the Lemma on Torus-Lines in Section 13). This fact will 
be used repeatedly in the proof. As said before, the basic idea is to artificially 
decompose the 15*-torus game into two non-interacting games with disjoint boards: 
the Big Game and the small game. 


The small game deals with the winning sets (“Lines on the Torus’) that are 
dangerous, where Maker is very close to winning in the sense that all but 2 points 
are occupied by Maker. The small board is a kind of “Emergency Room”: in the 
small game, Breaker’s goal is to block the 2-element unoccupied parts of the most 
dangerous winning sets by using a trivial Pairing Strategy. The “Emergency Room” 
is Breaker’s last chance before it is too late. 

Breaker’s goal in the Big Game is to prevent too complex winning-set- 
configurations (“Forbidden Configurations”) from graduating into the small game. 
For example, Pairing Strategy works in the small game only if the 2-element 
unoccupied parts of the dangerous winning sets remain pairwise disjoint. The Big 
Game has to enforce, among many other things, this “disjointness property.” This 
is how the Big Game guarantees that Breaker’s Pairing Strategy in the small game 
will indeed work. This is why we must fully understand the small game first; the 
Big Game plays an auxiliary role only. 
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In the Big Game Breaker uses the Erdés—Selfridge resource count (not the Erd6s— 
Selfridge Theorem itself, but its proof-technique) — see Lemma | below. The key 
numerical fact is that the number of big sets depends primarily on the Maximum 
Degree D = (34 — 1)/2 = 40 (rather than on the much larger Total Number 40- 15° 
of winning sets). This is why the number of Big Sets is “under control,” and this is 
how Breaker can force — by using the power-of-two scoring system — that the small 
game remains “trivial”; so simple that even a Pairing Strategy can block every 
“dangerous” winning set. 

The board of the Big Game is going to shrink during a play (more precisely: 
the unoccupied part of the Big Game is going to shrink) due to the fact that the 
2-element “emergency sets” are constantly removed from the Big Board and added 
to the small board. 


BIG BOARD small board 
(“shrinking’’) (“growing”) 
2-element 


“emergency sets” 


BIG SETS Breaker blocks them 
What are they? by using Pairing Strategy 
Power-of-Two Scoring if 
System 
Let x), xX5,...,%;,...and y,, y>,..., y;,... denote, respectively, the points of Maker 


and Breaker in a particular play. At the beginning, when the board of the small 
game is empty (i.e. the small game is not born yet), Breaker chooses his points 
Y,, Yo, 3,--- according to an Erdés—Selfridge resource count applied to the family 
B of Big Sets (B will be defined later). The hypergraph of the game is the family of 
all Lines on the 15*-torus; we denote it by F. F is a 15-uniform hypergraph, and 
|F| = 40-15%. In the course of a play in the Big Game an 15-element winning set 
A€ F (i.e. “Line on the Torus”) becomes dead when it contains a mark of Breaker 
for the first time. Note that dead winning sets (i.e. elements of F) represent no 
danger any more (they are marked by Breaker, so Maker cannot completely occupy 
them). At any time in the Big Game, the elements of F which are not dead yet 
are called survivors. A survivor A € F becomes dangerous when Maker occupies 
its 13th point (all 13 points have to be in the Big Board); then the unoccupied 
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2-element part of this dangerous A € F becomes an emergency set. Whenever an 
emergency set arises (in the Big Game), it is then removed from the board of the 
Big Game and added to the board of the small game. This is why the Big Game 
is shrinking. The board of the small game is precisely the union of all 2-element 
emergency sets, and, consequently, the board of the Big Game is precisely the 
complement of the union of all emergency sets. 

If the (growing) family of 2-element emergency sets remains “disjoint” (i.e. the 
2-element emergency sets never intersect during the whole course of a play), then 
Breaker can easily block them in the small game (on the small board) by using the 
following trivial Pairing Strategy: when Maker takes a member of a 2-element emer- 
gency set, Breaker then takes the other one. The Big Game is designed exactly to 
enforce, among other preperties, the “disjointness of the emergency sets.” Therefore, 
Breaker must prevent the appearance of any: 


Forbidden Configuration of Type 1: At some stage of the play there exist two 
dangerous sets A, € F and A, € F such that their 2-element emergency parts 
E\(c A,) and E,(C A,) have a common point. (Since F is Almost Disjoint, they 
cannot have more than one point in common.) See the picture on the left below 
(the picture on the right is a Forbidden Configuration of Type 2): 


(sie BOARD small beat 


bs “ NEE 


If there exists a Forbidden Configuration of Type 1, then at some stage of the play 
Maker occupied 13+ 13 = 26 points of a “pair-union” A, U A, (where A,, A, € F) 
in the Big Board (during the Big Game), and Breaker could not put a single mark 
yet in A, UA, in the Big Game (perhaps Breaker could do it in the small game, but 
that does not count). 

Note that the total number of “intersecting pairs” {A,,A,} with |A,A,|= 1 


(A,, A, € F) is exactly 
40 
ea) ( ): (35.1) 


Indeed, the torus has 15* points, and each point has the same degree 40. 
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Another “potentially bad configuration” that Breaker is advised to prevent is any 
(see the picture on the right above): 


Forbidden Configuration of Type 2: There exists a survivor Ay € F: 


(a) which never graduates into a dangerous set; and at some stage of the play, 

(b) Aj’s intersection with the Big Board is completely occupied by Maker, or 
possibly empty; and at the same time, 

(c) Ay’s intersection with the small board is completely covered by pairwise disjoint 
2-element emergency sets. 


The “danger” of (a)-(c) is obvious: since Aj never graduates into a dangerous 
set, Aj’s intersection with the small board remains “invisible” for Breaker in the 
whole course of the small game, so there is a real chance that A, will be completely 
occupied by Maker. 

In (c) let k denote the size of the intersection of A, with the small board; 
(a) implies that the possible values of k are 3,4,..., 15. Accordingly we can talk 
about Forbidden Configuration of Type (2, k) where 3 <k < 15. 

Let Ay be a Forbidden Configuration of Type (2,k) (3 < k < 15); then there 
are k disjoint 2-element emergency sets E,, E,,..., E, which cover the k-element 
intersection of Ay with the small board (see (c)). Let A,, A,,..., A, denote the 
super-sets of E,, E,,..., E,: E; C A; where every A; € F is a dangerous set (Almost 
Disjointness implies that for every E; there is a unique A,). 

Then, at the particular stage of the play described by (b)-(c), Maker occupied 
at least (15—2)+(15—3)+...+(15—k)+ (15—k-1)+ (15-4) = 80+ 25k — 
k?)/2 points (“Almost Disjointness”) of a union set Ui, A; in the Big Board (in 
the Big Game), and Breaker could not put a single mark yet in ie A; in the Big 
Game. 

Note that the total number of configurations Ap, {A,, A,,..., A,} satisfying: 


(a) Ap, Ay,..., A, € F, and 
(B) |ApQNA;| = 1 for 1 <i<k, and 
(y) Aj QA; with 1 <i<k are k distinct points 


is at most 


(40-15%). ea - (40-1). (35.2) 


Indeed, first choose Ap; then choose the k distinct points AJM A; with 1 <i<k, 
and finally choose the k sets A; € F (i= 1,..., k) (use “Almost Disjointness”). 

Note that after an arbitrary move of Maker in the Big Game, the Big Board may 
shrink (because of the possible appearances of new dangerous sets; the 2-element 
emergency parts are removed from the Big Board), but the Big Board does not 
change after any move of Breaker. 
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To prevent all Forbidden Configurations (i.e. Type 1 and Type (2,k) where 
k =3,4,...,15), Breaker needs the following “shrinking” variant of the Erdés— 
Selfridge Theorem. 


Lemma 1: Let 6,, B,,..., B, be asequence of finite hypergraphs. Letm,,m,,...,™, 

be positive integers. Consider the following “shrinking” game. Let V be the union set of 
the lhypergraphs; we call V the “initial board.” The 2 players, called White and Black, 

alternate. A “move” of White is to take a previously unoccupied point of the board and 
at the same time White may remove an arbitrary unoccupied part from the board (if he 
wants any). Similarly, a “move” of Black is standard: he takes a previously unoccupied 
point of the board. After White’s move the board may shrink, and the players are always 
forced to take the next point fromthe “available board” (whichis a “decreasing” subset 
of the initial board). White wins, if at some stage of the play there existi € {1,..., 1} 

and B € B, such that White has m, points from B and Black has none; otherwise Black 
wins (“shutout game’). 

Assume that 


l 
>= ((B;| + MaxDeg(B,)) 27” < 1. 
i=l 

Then Black has a winning strategy, no matter whether Black is the first or second 


player. 


3. How to apply Lemma 1? To prevent the appearance of any Forbidden Config- 
uration of Type 1, we have to control all possible candidates (of course, we don’t 
know in advance which winning set will eventually become dangerous), so let 


F 
B= {AU As: (41.42) €(3). ainal= and m, =2(15—2) =26. 


To avoid the appearance of any Forbidden Configuration of Type (2,3), define 
hypergraph 6, as follows 


F 
{AoW ..UAs : {Ap,...,A3} € (7) 404s, 1 <i <3 are distinct poins| 
and m, = (15—2)+(15—3)+(15 —4)+ (15 —3) = 48. In general, to avoid the 


appearance of any Forbidden Configuration of Type (2, 7+ 1), define hypergraph 
B, as follows 


F 
{AoW UAja {Ap oeo Ayal e (7 9):AoVAnt sis J+ 
j 


are distinct poins| (35.3) 
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and 
m, = (15—2)+ (15-3) +--- + (I5— j—1) + (15 — j—2) + (15 — j—1) 
544 23;j—;? 
aS (35.4) 


For technical reasons we use definition (35.3)-(35.4) for j = 2,3,...,6 only. This 
takes care of Forbidden Configurations of Type (2, k) with 3 < k < 7. To prevent 
the appearance of any Forbidden Configuration of Type (2,k) where 8< k < 15, 
we use a single extra hypergraph 6,: let hypergraph B, be defined as 


F 
{AvUA, UU, : {Ap, Ay,..., Ag} € i) A, NA;, 1 <i < 8 are distinct points 


(35.5) 
and 
m= (Is 2) = 3) 4) +15 5) (5 = 6) hb = 7) 
+(15—8)+(15—9) = 76. (35.6) 
In the definition of m, we didn’t include the number of marks of Maker in A,: this 
is how we can deal with all Types (2,k) where 8 < k < 15 at once. Indeed, any 


Forbidden Configuration of Type (2, &) with 8 < k < 15 contains a sub-configuration 
described on the figure below. 


15-2 
15-3 


Next we estimate the sum 
7 


> ((8;| + MaxDeg(B,)) 27”. 
i=l 
By (35.1)-(35.2) we have 
40 15 
(B,| = 15*- ( ), and |B;| = (40- 153). ( 
2 J+ 
Since the 15‘-torus is a group, the hypergraphs B, (1 < i <7) are all degree- 
regular; every point has the same degree, namely the average degree. (This makes 


i) -(40—1)/+! for 2< j <7. 
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the calculations simpler.) In 6, every set has the same size 2-15—1 = 29, and 
for each j = 2,...,7 every Be B; has size > m, = (IS—2)+ (IS—3)+---+ 
(15—j-1)+(15—j—2)+(15— j—1) = (544 23; — j*)/2. It follows that 


(|B,|-+MaxDeg(B,)) = 15*- 63) (: aft =) ; 


and for j= 2,...,7 


15 54423j-/? 
(|B;| + MaxDeg(B;)) < (40: 15°)- e i) - (40-1)! (1 ie wa) , 


2-154 


Therefore, easy calculations give 


i 40 29 
Y- (|B;| + MaxDeg(B;)) 2°” < 15°. ( ») (1 - =) a" 
i=1 


a 15 . 54+423j-/° _2 
< (40-15%). . (40 — 1)! (1 4. 2) 0 64423 -F)2 
Dee (5) (40-1) (14 Taal ) 


j=2 


+ (40-15%). (3) -(40—1)8 (: + 


Now we are ready to define the Big Sets (i.e. Forbidden Configurations): Let 
B=6,UB,U---UB, be the family of Big Sets. Applying Lemma 1 (Maker is 
“White” and Breaker is “Black”) we obtain that, in the Big Game, played on 
the family of Big Sets, Breaker can prevent the appearance of any Forbidden 
Configuration of Type 1 or Type (2, k) with 3 <k < 15. We claim that, combining 
this “Lemma | strategy” with the trivial Pairing Strategy in the family of emergency 
sets (small game), Breaker can block hypergraph F, i.e. Breaker can put his mark 
in every Line in the 15* Torus Game. Indeed, an arbitrary A € F (“Line on the 
Torus”): 


54+ 23-8—8 ae 9 
a)? <— <i. 


(1) either eventually becomes dangerous, then its 2-element emergency set will 
be blocked by Breaker in the small board (in the small game) by the trivial 
Pairing Strategy (“disjointness of the emergence sets” is enforced by preventing 
Forbidden Configurations of Type 1); 

(2) or A never becomes dangerous, then it will be blocked by Breaker in the Big 
Board: indeed, otherwise there is a Forbidden Configuration of Type (2, k) with 
some k € {3,..., 15}. 


4. The proof of Lemma 1. We basically repeat the Erdés—Selfridge proof. Black 
employs the following Power-of-Two Scoring System. If B € B; is marked by Black, 
then it scores 0. If B € 6; is unmarked by Black and has w points of White, then it 
scores 2”-"", The “target value” (i.e. White’s win) is > 2° = 1; the “‘nitial value” is 
less than 1 (by hypothesis). Breaker can guarantee the usual “decreasing property,” 
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which implies that no play is possible if the “target value” is larger than the “initial 
value.” 

To be more precise, suppose that we are in the middle of a play, and it is 
Black’s turn to choose his ith point y,. What is the “danger” of this particular 
position? We evaluate the position by the total sum, over all winning sets, of the 
scores, we denote it by D,, and call it the “danger-function” (index i indicates 
that we are at the stage of choosing the ith point of Black). The natural choice 
for y,; is that unoccupied point z which makes the “biggest damage”: for which 
the sum of the scores of all “survivors” B € B with z € B attains the maximum. 
Loosely speaking: y, is the “biggest damage point,” so x,,, is at most the “second 
biggest damage point.” Then what we subtract from D, is greater or equal to 
what we add back to it. In other words, Black can force the decreasing property 
Doar = Dy > Dy > +++ > D; > Diy > +++ > Deng Of the “danger-function” (the 
“shrinking” of the unoccupied part of the board doesn’t change this key property). 


start 


White wins the game if he can occupy m, points of some set B € B; before Black 
could put his first mark in this B. Assume this happens right before the jth move 
of Breaker. Then this B alone scores 2° = 1, implying D; = 1; we call 2° = | the 
“target value.” 

On the other hand, the “initial value” (x, is the first point of White) 

Dig =Di= >; » Jie P< 
i B: x,€BeB; iB: x, ¢BeB; 
by the hypothesis of Lemma |. By the decreasing property of the “danger-function,” 
if White wins at his jth move, then 


PN AD Dow 1; 


start 


and we get a contradiction. It follows that Breaker wins; Breaker’s winning strategy 
is to keep choosing the “biggest damage point.” This completes the proof of 
Lemma |. 


The proof of Theorem 34.3 is complete. 


36 
Reinforcing the Erdés—Selfridge technique (II) 


1. Proof of Theorem 34.1. Again we use the BigGame—SmallGame Decomposi- 
tion — see the beginning of Section 35. Let x,,x5,...,%;,... and yj, y2,...,9;,--- 
denote, respectively, the points of Maker and Breaker. At the beginning of the play, 
when the board of the small game is empty (i.e. the small game is not born yet), 
Breaker chooses his points y,, y,, y3,... according to the Erdés—Selfridge Power- 
of-Two Scoring System (see Lemma 5 below) applied to the family 6 of big sets 
(family 6 will be defined later). In the course of a play in the Big Game an n- 
element winning set A € F is dead when it contains some point of Breaker (for the 
first time). Note that dead elements of F don’t represent danger any more (they 
are marked by Breaker, so Maker cannot completely occupy them). At a given 
stage of a play in the Big Game those elements of F which are not dead yet are 
called survivors. A survivor A € F becomes dangerous when Maker occupies its 
(m—k —1)th point in the Big Game; then the unoccupied (k+ 1)-element part of 
this dangerous A € F becomes an emergency set. This is why the Big Game is 
shrinking: whenever an emergency Set arises, its points are removed from the big 
board, and at the same time they are added to the small board. In other words, the 
small board is precisely the union of all emergency sets (and, consequently, the big 
board is precisely the complement of the union of all emergency sets). This means 
that the small board is a kind of “Emergency Room” where Breaker takes care of 
the emergency sets (Breaker’s goal is to put his mark in every emergency set). 

What are the small sets, i.e. the winning sets in the small game? Well, a set S is 
a small set if it satisfies the following two requirements: 


(a) S is the intersection of a survivor A € F and the board of the small game, 
(b) |S] >A+1. 


The emergency sets are obviously all small sets. Those small sets which are not 
emergency sets are called secondary sets. What is the goal of the small game? Well, 


Breaker wins the small game if he can prevent Maker from completely occupying a 
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small set; otherwise Maker wins. (In other words, Breaker’s goal is to block every 
small set — he will in fact employ a simple pairing strategy.) 

Now we are ready to define the big sets. The big sets play an auxiliary role in 
the proof. We use them to guarantee that, when Breaker follows a winning strategy 
in the Big Game, the small game is very simple in the following sense: 


(i) a secondary set doesn’t exist — see Lemma 1; and 
(ii) Breaker can block every emergency set by a pairing strategy employing the 
“private points” — see Lemma 2 below. 


BIG BOARD small board 
(“shrinking”) (“growing”) 


BIG SETS 


dangerous set 
aoe © 


Power-of-Two Scoring 


System Pairing strategy 
\ 28 
Ay S A = A, What is a Big Set? 
AWW, 


A; 


To ensure these two requirements we introduce a key definition: a k-element 
sub-family G = {A,, A,,..., A,} C F is called F-linked if there is a set Ae F with 
A ¢G such that A intersects each element of family G, ie. ANA; 4¥, 1<i<k. 
(Note that parameter k is an integer between 2 and m/2.) 

The Big Game is played on the family B of big sets. What are the big sets? 
They are the union sets Li_, A; of all possible F-linked k-element subfamilies 
G={A,, Ay,..., Ay} of F 

B={B=UA: GCF, |G|=k, G is F-linked}. 


AEG 
The total number of big sets is estimated from above by 


m(D— y) 


° (36.1) 


BI <M( 


Indeed, there are |F| = M ways to choose “linkage” A, there are at most m(D— 1) 
other sets intersecting A, and we have to choose k sets A,, A,,..., A, among them. 
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Each big set B= eae A, has cardinality > km — (5). Indeed, since F is almost 
Disjoint 
k k k 
BI=IUAI= Dl4l— ES analekm—(5). G62) 
i=l i=l I<i<j<k 

What is Maker’s goal in the Big Game? Of course, Maker doesn’t know about 
the “Big Game” (or the “small game’’); this whole “decomposition” is in Breaker’s 
mind only, so it is up to Breaker to define “Maker’s goal” in the Big Game. The 
definition goes as follows: “Maker wins the Big Game” if he can occupy all but 
k(k+1) points of some big set B € B in the big board before Breaker could put his 
first mark in this B in the big board; otherwise Breaker wins the Big Game. The 
reason why we had to write “in the big board” twice in the previous sentence is 
that the big board is shrinking, and so the big board does not necessarily contain all 
big sets. The intersection of a big set with the small board (i.e. the part outside of 
the big board) is “invisible” in the Big Game: whatever happens in the small game 
has no effect in the Big Game. (For example, if Breaker can block a big set in the 
small board, that doesn’t count as a “blocking in the Big Game”; this is the curse 
of the “Iron Curtain Principle.”’) 

We are going to show that Breaker can win the Big Game by using the Erdés— 
Selfridge Power-of-Two Scoring System if the total number of big sets is not too 
large, namely if 

[Bl eo) Feat: (36.3) 


Note that the board of the Big Game is shrinking during a play, but it is not going 
to cause any extra difficulty in the argument (see Lemma 5). 


Lemma 1: Assume that Breaker has a winning strategy in the Big Game, and he 
follows it in a play. Then there is no secondary set in the small game. 


Proof. Let S* = {z,, Z5, Z3, ...} be an arbitrary secondary set. Since the small board 
is the union of the emergency sets, by property (a) above every point z; € S* is 
contained in some emergency set (say) S;, 1 < i < |S*|. Almost disjointness implies 
that different points z; € S* are contained in different emergency sets S;. Since S; 
is an emergency set, there is a winning set A; € F such that S; C A; and A;\S; 
was completely occupied by Maker during the play in the Big Game. Note that 
Breaker didn’t block A; in the Big Game, since S,; was removed from the big 
board (and added to the small board). Again Almost Disjointness implies that the 
sets A,, i= 1,2,3,... are all different. The union set yay A; is a big set since 
{A,, A,,..., A,} is F-linked by A* where A* € F is defined by S* C A* (A* is the 
ancestor of S*). Since for every i, A;\.S; was completely occupied by Maker, Maker 
was able to occupy all but k(k+ 1) points of the particular big set B = es A; 
during a play in the Big Game, and Breaker didn’t block B in the Big Game, 
i.e. Maker wins the Big Game. This contradicts the assumption that Breaker has 
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a winning strategy in the Big Game and follows it in the play. This contradiction 
shows that a secondary set cannot exist. 


A similar argument proves: 


Lemma 2: /f Breaker wins the Big Game, then every emergency set has at least 
two “private” points, i.e. two points which are never going to be contained in any 
other emergency set during the whole course of the small game. (In other words, a 
point of an emergency set is called “private” if it has degree one in the family of 
all emergency sets.) 


Let S,, S;, $3, ... be the complete list of emergency sets arising in this order during 
the course of a play (when a bunch of two or more emergency sets arise at the 
same time, the ordering within the bunch is arbitrary). Let S, = S;, Ss =8,\S,, 
S$; = S;\(S,US,), and in general 


We call Ss the “on-line disjoint part” of S;. Of course, the “on-line disjoint part” 
of S; contains its “private points,” so by Lemma 2 every “on-line disjoint part” S; 
has at least 2 elements (exactly what we need for a pairing strategy — see below). 

When the first dangerous set A € F arises, say, at the ith move of Maker, the 
whole board V splits into two non-empty parts for the first time. The two parts are 
the big board V,,,(i) and the small board V,,,,,,,(i), where V = Vpjg(i) U Vomai()- 
Whenever Maker picks a point from the big board, Breaker then responds in the 
big board; whenever Maker picks a point from the small board, Breaker then 
responds in the small board (“Same Board Rule”). This is how the game falls 
apart into two non-interacting, disjoint games: the shrinking Big Game and the 
growing small game. 

During the course of a play in the small game Breaker uses the following trivial 
pairing strategy: if Maker occupies a point of the small board which is contained 
in the “on-line disjoint part” S of an emergency set S, then Breaker picks another 
point of the same Ss (if he finds one; if he doesn’t, then he makes an arbitrary 
move). In view of the remark after Lemma 2, Breaker can block every emergency 
set in the small game under the condition that he can win the Big Game. Since a 
secondary set cannot exist (see Lemma 1), we obtain: 


Lemma 3: /f Breaker can win the Big Game, then he can win the small game, i.e. 
he can block every small set. 


Next we prove: 


Lemma 4: /f Breaker can win the Big Game, then he can block every winning set 
A€F either in the Big Game or in the small game. 


Reinforcing the Erd6s—Selfridge technique (II) 483 


Proof. Indeed, assume that at the end of a play some Ay € F is completely occupied 
by Maker. We derive a contradiction as follows. We distinguish two cases. 


Case 1: During the course of the Big Game Maker occupies (m—k — 1) points of 
Ap, i.e. |Ap AN Vaig(J)| = m—k—1 for some j. 

Let j be the first index such that |AyM Vg7g(j)| = m—k—1, i.e. in the Big Game 
Maker occupied the (m—k—1)th point of Ag at his jth move. Then Ay becomes 
a dangerous set, and Sy = Ay \ Vg7g(J) goes to the small game as an emergency 
set. Since Breaker can block every emergency set in the small game by a “pairing 
strategy” (see Lemma 3), we have a contradiction. 


Case 2: At the end of the Big Game Maker has less than (m—k— 1) points of Apo. 
Then for some j, Aj Q Vinaz(j) must become a secondary set, which contradicts 
5 


Lemma 1. O 


Therefore, the /ast step of the proof of Theorem 34.1 is to show that Breaker has a 
winning strategy in the Big Game. We recall that Maker wins the Big Game if he 
can occupy all but k(k+ 1) points of some big set B € B before Breaker could put 
his first mark in this B. In view of (36.3) this means (at least) km — (5) —k(k+1) 
points of Maker in B (before Breaker could put his first mark in this B). What 
we need here is not the Erdés—Selfridge Theorem itself, but the following slightly 
modified version (we will apply it to the Big Game with b = km— () —k(k+1), 
where m is from Lemma 5 below). 


Lemma 5: Let B be a hypergraph such that every winning set B € B has at least 
b points. There are two players, Maker and Breaker, who alternately occupy previ- 
ously unoccupied points of the board (Maker starts). Assume that after each of Maker’s 
moves the unoccupied part of the board may shrink, but the board doesn’t change after 
Breaker’s moves. Maker wins the game if he can occupy b points of some winning 
set B € B before Breaker could put his first mark in this B; otherwise Breaker wins 
(“shutout game”). Now if |B| < 2°~!, then Breaker has a winning strategy. 


Notice that Lemma 5 is a trivial special case of Lemma | in Section 35: it is the 
special case of / = 1 and MaxDeg(B) < |B]. 

By (36.2) each big set B € B has cardinality > km — (Cc): Therefore, we apply 
Lemma 5 to the Big Game with b = km— (5) —k(k+1). We recall the upper bound 
on the total number of big sets (see (36.1)) 

D-1 
\B| < u(™ ) 
k 
By Lemma 5 Breaker wins the Big Game if 


1B) < (mo is < 2k (5)-k+ D1 
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exactly as we predicted in (36.3). This completes the proof of Theorem 34.1. 


2. A slight generalization. For a later application in the n@ Torus Tic-Tac-Toe 
with n is even (see the Lemma on Torus-Lines in Section 13) we slightly modify 
the intersection hypothesis of Theorem 34.1, and assume that for any two distinct 
hyperedges A, and A, of hypergraph F the intersection size |A,;A,| is <2 
(instead of Almost Disjointness: |A,™A,| < 1). Under what condition about the 
global size M = |F| and the Max Degree D = D(F) can the second player force 
a Strong Draw in the positional game played on the m-uniform hypergraph F? To 
answer the question we repeat the proof of Theorem 34.1 with the following minor 
modifications: 


(1) A survivor A € F becomes dangerous when Maker (“the first player”) occupies 
its (m—2k — 1)th point in the Big Game; then the (2k + 1)-element part of A 
(unoccupied in the Big Game) becomes an emergency set. 

(2) If an emergency set FE, does not have a “private point pair,” then at least 
2k points of E, are covered by other emergency sets. Since two hyperedges 
intersect in at most two points, there are at least k other emergency sets 
E,, E,,..., E, intersecting Ey. Let Ag, A,;, Ar,..., Ay € F denote the uniquely 
determined super-sets of Ey, E,, E>,..., E, in this order (i.e. E; C A; for i= 
0,1,...,k; uniquely determined since 2k +1 > 2 for k > 1). 

(3) If a survivor Ay € F never becomes dangerous, then at some stage of the play 
the intersection of Ag with the Big Board is fully occupied by Maker and the 
intersection of Ay with the small board contains > 2k+2 points. These > 2k+2 
points in the small board are covered by at least k different emergency sets. 


It follows that the old definition of the family 6B of Big Sets works just fine and 
covers both cases (2) and (3) above, where the analogue of parameter “b” is b = 
km—k(2k+1)— a0), This argument yields the following variant of Theorem 34.1, 
which will be applied in the next section. 


Theorem 36.1 Let F be an m-uniform hypergraph, and assume that |A,A,| <2 
holds for any two distinct hyperedges A, and A, of hypergraph F (instead of 
Almost Disjointness: |A,A,| < 1). Let D denote the Maximum Degree of F, and 
let M =|F| denote the total number of winning sets. If there is an integer k with 
1<k <m/4 such that 


(men A) gkm—K2K+1)—2(8) 1 


then the second player can force a Strong Draw in the positional game on F. 


37 
Almost Disjoint hypergraphs 


1. Almost Disjoint vs. General hypergraphs. In “Tic-Tac-Toe Theory” the concept 
of Almost Disjoint hypergraph arises in a most natural way: the winning sets in 
hypercube Tic-Tac-Toe are collinear, and two lines intersect in (at most) 1 point. 

This is a very lucky situation, because the sub-class of Almost Disjoint hyper- 
graphs represents the simplest case for the “fake probabilistic method.” Notice that 
the Weak Win Criterion Theorem 1.2 and the Strong Draw Criterion Theorem 34.1 
are both about Almost Disjoint hypergraphs. 

The general case (i.e. not necessarily Almost Disjoint) is always much more com- 
plicated; it is enough to compare Theorem 1.2 with Theorem 24.2 (“Advanced Weak 
Win Criterion”). The proof of Theorem 1.2 was less than 1 page; Theorem 24.2 
has a 10-page proof. 


The Achitecture of Advanced Blocking. The subclass of Almost Disjoint hyper- 
graphs represents the starting point of the discussion. We develop our decomposition 
technique for Almost Disjoint hypergraphs first - Almost Disjoint hypergraphs are 
our guinea pigs! — and relax the intersection conditions later. 

The whole of Part D is basically a long line of evolution of the decomposition 
idea. The highlights are 


Theorem 34.1 <> Theorem 37.5 <> Theorem 40.1 — Sections 43-44 : Theorem 8.2, 


where the weird notation “A <> B” means that “criterion B is a more advanced 
version of criterion A.” It is like a five-storied building where Theorems 34.1, 37.5, 
40.1 represent the first three floors in this order, and Sections 43 and 44 are the 
two top floors. The three “basic floors” are all about Almost Disjoint hypergraphs, 
becoming increasingly difficult, and only the last two “floors” are general enough 
to cover the cases of the Winning Planes (Theorem 12.6) and the Lattice Games 
(Theorem 8.2). The plane-hypergraph and the different lattice-game hypergraphs 
are far from being Almost Disjoint — this is why we need the 3 preliminary steps 
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(each one about Almost Disjoint hypergraphs) before being able to prove the Strong 
Draw part in Theorem 12.6 and Theorem 8.2. 

After these general, introductory remarks about the “architecture of blocking,” it 
is time now to prove something. We begin with an easy applications of Theorem 34.1 
(and its variant Theorem 36.1). We discuss the: 


Proof of Theorem 13.1. The statement of Theorem 13.1 is about the n@ torus 
Tic-Tac-Toe: 


(a) ww(n-line in torus) = (283 + o(1)) n, (37.1) 
(b) ww(comb. n-line in torus) = (1+ 0(1))n. (37.2) 
A quantitative form of lower bound (a) is ww/(n-line in torus) > (2) 
n—O(./nlogn), and (b) has the same error term. This is complemented by the 
quantitative upper bound ww(n-line in torus) > ( 182) n+ O(logn), and (b) has 


the same error term. 

We already proved the upper bounds in Section 13; it remains to prove the 
lower bounds. In the two cases “(a) with odd n” and “(b)” the lower bound (i.e. 
Strong Draw) immediately follows from Theorem 34.1, because the corresponding 
hypergraphs are Almost Disjoint. 

In the remaining case “(a) with even n” the n‘-torus-hypergraph is not Almost 
Disjoint, but we still have the weaker property that any two Torus-Lines have 
at most two common points. Thus Theorem 36.1 applies, and completes the 
proof. 


Next we answer two natural questions about Almost Disjoint hypergraphs. What is 
the smallest n-uniform Almost Disjoint hypergraph in which a player can force a 
Weak Win? What is the fastest way to force a Weak Win in an Almost Disjoint 
hypergraph? Both questions become trivial if we drop the condition “Almost Dis- 
joint.” Indeed, the full-length branches of a binary tree of n levels (the players take 
vertices) form an n-uniform hypergraph of size 2”~! in which the first player can 
win in n moves. “In n moves” is obviously the fastest way, and 2”~! is the smallest 
size (by the Erdés—Selfridge Theorem). This hypergraph is very far from being 
Almost Disjoint, so for Almost Disjoint hypergraphs we would expect a rather 
different answer. 

The first difference is that the smallest size jumps from 2"~! up to (4+ 0(1))", 
i.e. it is roughly “squared” (see Beck [1981a]). 


Theorem 37.1 (“Almost Disjoint version of Erdés—Selfridge”) Let F be an n- 
uniform Almost Disjoint family with 


|F | < 4r-4a/ nlogn 
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If n is sufficiently large, then, playing on F, the second player can force a Draw, 
in fact a Strong Draw. 


Note that Theorem 37.1 is asymptotically nearly best possible: this follows from 
the following result of Erdés and Lovasz [1975]. 


Theorem 37.2 (“Erdés-Lovasz Construction”) There is an n-uniform Almost Dis- 
joint hypergraph F* with at most n‘-4" n-sets which is 3-chromatic, implying that 
the first player can force an ordinary win. 


What is the reason behind Theorem 37.1? Why can we replace the 2”! in the Erdés— 
Selfridge Theorem by its “square” (4+ 0(1))"? The reason is that for (relatively 
small) Almost Disjoint hypergraphs there is a surprising “Degree Reduction” — 
due to Erdés and Lovasz — which makes it possible to apply Theorem 34.1. 
Before formulating the Erdés—Lovadsz Degree Reduction theorem (see [1975]), we 
make first a simple observation. Let F be an arbitrary n-uniform Almost Disjoint 
hypergraph, and let V denote the union set. Since F is Almost Disjoint, counting 
point pairs in two different ways gives the inequality |F IC ys (es which implies 
(n— 1),/|F| < |V|. In view of this inequality the Average Degree d of F is less 


than 2,/|F|. Indeed 


jet yy ol. at Ba 
xeV lV | “DJF 

Can we prove something like this with the Maximum Degree instead of the 
Average Degree? The answer is a yes if we are allowed to throw out | point from 
each set A € F, i.e. by reducing the n-uniform hypergraph F to an (nm — 1)-uniform 
hypergraph (of course, the number of sets doesn’t change). 


Theorem 37.3 (“Erd6és—Lovész Degree Reduction”) Let F be an arbitrary n- 
uniform Almost Disjoint hypergraph (n > 2). Then for every n-element set A © F 
there is an (n—1)-element subset ACA such that the (n— 1)-uniform family 
F = {A : Ae F} has Maximum Degree 


MaxDegree (F) < Jn |F\. 


Proof. For each A € F let g(A) € A be that point of A which has the largest 
F-degree. From each A S F throw out the corresponding point g(A), i.e. let 
A= A\ {g(A)}, and let F = = {As A € F}. Let d denote the Maximum Degree of 
F, and let A; As Ant ae eA be those sets of F that contain a point (say) y of 
Maximum Degree in F. (The F- -degree of y is d.) The d points g(A,), g(A,), 
g(A;), ..., 9(A,) are all different (because y is a common point and F is Almost 
Disjoint), and all have F-degree > d (otherwise we would pick y instead of 9(A;)). 
It follows that 
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d 
nF| >> di=d’, 
i=1 


where d; denotes the F-degree of g(A;), 1 <i<d. Theorem 37.3 follows. 


Now we are ready to derive Theorem 37.1 from Theorem 34.1. 


Proof of Theorem 37.1. If |F| <4" “v"'°®”, then by Theorem 37.3 the maximum 
degree of the (n — 1)-uniform family F is 


< Jn2"* /niogn < Qin-1)-34/ (n—1) log(n—1) 
if n is sufficiently large. Since 


\F| =|F| <4" < (2-1), 


Corollary 2 of Theorem 34.1 applies to F, and we are done. 


Next we prove the “strong converse” of Theorem 37.1. 
Proof of Theorem 37.2. We actually prove more. 


Theorem 37.4 Let N = 160n*2", M = 6400n14", and D =40n?2". Then there is an 
Almost Disjoint n-uniform hypergraph F on 2N points with at most M hyperedges 
and with Maximum Degree < D in which each set of N points contains a hyperedge; 
this hypergraph is obviously at least 3-chromatic. 


Proof of Theorem 37.4. Let S be an arbitrary set of 2N points: this will be the 
union set of our hypergraph. We construct our hypergraph F = {A;: 1 <i< zt} 
inductively. Suppose A,,..., A, have already been chosen so that: 


(1) they are Almost Disjoint; 
(2) no point is contained in more than D of them. 


Let S,,S,,...,8 fp) be those N-element subsets of S containing no any of 
A,,.-.,A,. If there is no such S;, then we are done. Suppose f(p) = 1. Choose 
now the next n-set A,,, in such a way that A;,...,A,,A,,; satisfy (1) and (2), 
and A,,,, is contained in as many S;, 1 <i < f(p) as possible. We shall show that 
A, Will be contained in at least at(p)2™ sets from S,;, 1 <i< f(p) as long as 


P 
p <M. This will imply: 


(3) f(p+1) < f(p) (1 552°). 
Suppose we know that, if p < M, then (3) holds. Then 


1 ‘a = ! 
t(M) < f(0) (1 = a2") < 22N o- M2 ”/20 < eeN-M2 "/20 = 1. 


Thus our procedure stops before the Mth step, i.e. we get a hypergraph satisfying 
the requirements with < M hyperedges. 
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It remains to show (3). For every 1 < j < f(p) we estimate how many n-element 
subsets of S; could be chosen for A,,,; without violating (1) and (2). 

Let x be the number of points of S; having degree D in hypergraph {A,,..., A,}. 
Clearly xD < np < nM, so x <nM/D=N/n. Therefore, the number of points in 
S; having degree < (D—1) in hypergraph {A,,...,A,} is N—x>(U—- 1)N. Any 
n-element set chosen from these points will satisfy requirement (2), i.e. there are at 


least ( ' 
(ages N 


n-element subsets of S; satisfying (2). 

Let us see how many n-sets are excluded by requirement (1) (“Almost Disjoint- 
ness"). We can describe these n-sets as those not containing any pair of points 
common with some A,, 1 <i< p. Each A, has (°) pairs, so there are altogether at 


most P(;) < Mn? /2 excluded pairs. One excluded pair forbids at most (8) n-sets 


of S;; thus the total number of n-element subsets of S; forbidden by requirement 


(1) is less than 
N—2)\ Mn? 
n—-2) 2° 


Therefore, the number of n-element subsets of S 5 that are candidates for A pts 
i.e. satisfy both (1) and (2), is more than 


)-(2)¢ 
=1(0)-560)-C-D 0-10) 


So the number of n-element subsets of S; that are candidates for A,,, is more than 
: (Oe Counting with multiplicity, there are altogether at least 


10 
f(p) (N 
10 \n 
n-sets Of S,,S5,...,S,,) that can be chosen as A,,,. Since the total number of 
n-sets iS ae 7 there must be an n-set that is counted in at least 


FP) £P) 5-n 
1o(") 20 


different S;s. This proves (3), and the proof of Theorem 37.4 is complete. 


Notice that the board size |V| of the n-uniform hypergraph F* in Theorem 37.2 is 
“exponentially large”: |V| = 320n*-2". This is perfectly natural, because for Almost 
Disjoint hypergraphs we have the general inequality Cy > |FI- (°) by counting the 
point pairs in two different ways. If F is an n-uniform Almost Disjoint hypergraph 
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such that the second player cannot force a strong draw, then by Theorem 37.1 
|F| => 4" 4V'""°8", so the general inequality yields the lower bound |V| > 2” “v"!’s" 
for the board size. This motivates the following: 


Question: Is it true that, to achieve a Weak Win in an n-uniform Almost Disjoint 
hypergraph, we need at least (2+ 0(1))” moves? 


Note that the weaker (but still exponential) lower bound 2“"-/? was already proved 
in Section 1 (see Theorem 1.3). By using the BigGame-SmallGame Decomposition 
technique (Sections 35-36) we can easily improve the 2"-!/? to (2+ 0(1))". We 
challenge the reader to do this. 


Exercise 37.1 Let F be an arbitrary n-uniform Almost Disjoint hypergraph. Then 
Breaker can avoid losing the Maker—Breaker game on F in (2+ 0(1))" moves. 


2. The second Ugly Theorem. So far (almost) everything was a corollary of the first 
Ugly Theorem (Theorem 34.1), but Theorem 34.1 failed to imply Theorem 12.5 (a). 
Is it true that, if d < (222 + o(1)) x, then the n4 game is a Draw? 

By combining Theorem 12.2 with Theorem 34.1 we could prove only a somewhat 
weaker result which fell short by a mere constant factor. 

The reason is that in the proof of Theorem 34.1 we applied the technique of 
“BigGame-SmallGame Decomposition,” and that technique breaks down in the 
range |F| > 23""/8 where F is an m-uniform Almost Disjoint hypergraph. 

The following result, called the Second Ugly theorem, takes care of this problem 
by largely extending the range from |F| > 2°”” to a gigantic(!) doubly exponential 
bound (see Corollary 1 below). 


Theorem 37.5 If F is an m-uniform Almost Disjoint hypergraph such that 


2.9-k/4 


\F\" ne [or m2. pitca| <2" 


holds for some integer k > 8logym (“binary logarithm” ) where D =MaxDegree(F), 
then the second player can force a Strong Draw in the positional game on F. 


The proof is based on a more sophisticated decomposition technique. We 
postpone it to Section 39. 

By choosing parameter k around ./m in Theorem 37.5 (m is sufficiently large), 
we obtain the following special case: 


Corollary 1 [f F is an m-uniform Almost Disjoint hypergraph 
MaxDeg(F) < 2”-4¥™ and |F| < oe 


and m > Co, then the second player can force a Strong Draw in the positional game 


on F. 
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Combining Theorem 12.2 with Corollary 1 (instead of Theorem 34.1) we imme- 
diately obtain Theorem 12.5 (a). This means we can upgrade the existing Proper 
2-Coloring of the n’-hypergraph guaranteed by Theorem 12.3 to a Drawing Strategy 
(in fact a Strong Draw Strategy). Thus we have: 


Corollary 2 We obtain the lower bounds in Theorem 12.5 


n2 


(a) ww(n-—line) > ( + o(1)) 


ee < (“+ (ty) ~ 


then the second player can force a Strong Draw in the n‘ game. 


logn’ 
that is, if 


(b) ww(comb. n—line) > (= = + o(1)) 


fz (“E+ o(1 jx a 


then the second player can force a Strong Draw in the “combinatorial lines only” 
version of the n“ game. 


logn’ 
that is, if 


The next two sections contain two long proofs. First in Section 38 we complete 
the proof of Theorem 6.4 (a) (“Clique Game’’) by supplying the Strong Draw part 
(the Weak Win part has already been discussed in Section 25). We develop a 
“clique-specific” adaptation of the methods of Sections 35-36. 

In Section 39 we present the nearly 20 pages long proof of the second Ugly 
Theorem (Theorem 37.5). 


38 
Exact solution of the Clique Game (II) 


1. The Strong Draw part of Theorem 6.4 (a). We prove that if 
q = 2log, N —2 log, log, N+ 2log, e—3+o0(1), (38.1) 


then Breaker can prevent Maker from occupying a K, 4 in the (Ky, K 4) Clique 
Game. In view of (21.2)—(21.3) this means an additive constant 2 improvement on 
the Erdés—Selfridge Theorem. (38.1) basically proves the Neighborhood Conjecture 
(Open Problem 9.1) for the “clique hypergraph”; the improvement comes from the 
fact that the Max Degree C5) of the “clique hypergraph” differs from the global 
size (") by a factor of  (N/q)*. The “2” in the power of N/q explains the “additive 
constant 2” improvement! 

The “clique hypergraph” is very special in the sense that the Max Degree is just 
a little bit smaller than the global size; in the rest of the “Ramsey type games” — 
multidimensional Tic-Tac-Toe, van der Waerden Game, q x gq lattice games on an 
N x N board — the Max Degree is much smaller than the global size. Much smaller 
roughly means “square-root” or “a power less than 1” (or something like that). 
This is why the Erdés—Selfridge Theorem is so strikingly close to the truth for the 
Clique Game (differs from the truth only by an additive constant, namely by 2), 
but for the rest of the “Ramsey-type games” the Erdés—Selfridge Theorem fails by 
a multiplicative constant factor. 

This was the good news; the bad news is that the “clique hypergraph” is very 
far from Almost Disjointness, in fact two K,s may have a very large intersection: 
as many as (oe) = (3) —(q—1) common edges from the total @). This is why we 
need a novel variant of the technique developed in Sections 35-36 (“BigGame-— 
SmallGame Decomposition”). Unfortunately the details are tiresome. 

We assume that the reader is familiar with Sections 35-36. Following the basic 
idea of Sections 35-36, we are going to define several classes of Avoidable Configu- 
rations. By using the Power-of-Two Scoring System (“Erd6s—Selfridge technique”’) 
Breaker will prevent the appearance of any Avoidable Configuration in the Big 
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Game; this is how Breaker can guarantee that the small game is so simple that a 
trivial Pairing Strategy will complete the “blocking job.” 


2. Avoidable Configurations of Kind One: A pair of K,s such that: 


(1*) both are Breaker-free (“‘survivors’’); 

(2*) Maker owns at least (4) — gq’ edges from each K.,; 

(3*) the intersection size of the 2 (q-element) vertex-sets is in the “middle range”: 
4<m<q-2. 


K, Ky 


Lemma 1: By using the Power-of-Two Scoring System in the Big Game, Breaker 
can prevent the appearance of any Avoidable Configuration of Kind One. 


Proof. The “target value” is at least 
2(2)-()-2#" 


and the number of ways to choose a pair of K,s with m common vertices is 
(” ) (ae ~), so the relevant term is the product 


q/ \m/ \q-—m 
N N- q m 
fr,q(m) = (*) (‘) c = : 9-24) +(3) 420° (38.2) 
If g satisfies (38.1), then 
()20 = N=-=, 
q 

so (38.2) is approximately 

NY5-(0).(%)o-@).(£)" 20). (4) 220" ~ ween (38,3) 

qd qd N m 


as long as m = 0(q). The ratio (see (38.2)) 


: «(84 yo") he 
Frgf ae 1) a (nt) oma) = 2 (q ) (38.4) 
fyy.q(m) (“) (#20) (m+ 1)(N —2g+m+1) 


decreases up to m © q/2 (since q © 2log,N), and decreases in the rest: starting 
from m ® q/2 and ending at m = q—1. When m is close to q we write 1 = q—m; 
by using (2) — (")) = (q— 4!) we have (see (38.2)) 


Fuq(™) =fng(a—) = C ) -(). (‘) @ : 2-H 


=N**~ if I= o0(q). (38.5) 
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Combining (38.3)-(38.5) we have 
Frgl2)=NP*, fygQQV=N', fugla-D HN, (38.6) 
fug=N~*, fygl@—2)=N~%, and fy4(m)< NT (38.7) 


for all 5 < m < q—3. Lemma | follows from (38.6)-(38.7). 


We reformulate Lemma | as follows: 


Corollary of Lemma 1: Assume that Breaker plays rationally in the Big Game 
by preventing Avoidable Configurations of Kind One. During such a play, any 2 
survivor K,s with the property that Maker claims at least (3) — @ edges from 
each in the Big Game, are: 


(1) either edge-disjoint; 
(2) or “nealy disjoint” having 1 or 3 common edges; 
(3) or “almost identical” having (=) common edges. 


If a survivor K, has at least (2) — q*/> marks (“marked edges”) of Maker in the 
Big Game, then we call it risky. Sections 35-36 were about Almost Disjoint 
hypergraphs; the good news is that two risky K;s are either Almost Disjoint, or very 
close to Almost Disjointness (see (1)-(2) in the Corollary), but unfortunately there 
is a new case: (3) above, which is the complete opposite of Almost Disjointness. 
The possibility of “almost identical” risky K,s (see (3)) is a new difficulty which 
requires a new idea. 

Here is the new idea: Let K,, Kz, Kc be 3 risky K,s : |A| =|B| =|C| =, and 
assume that K, = ai= Kz, K, =ai= K¢, where the unusual notation = ai = means 
the relation “almost identical” defined in (3). It follows that |ANB| =|BNC|=q-1. 
Now there are two possibilities: 


either |AUBUC|= q+, (38.8) 
or |AUBUC| = q+2. (38.9) 


We claim that, by using the Power-of-Two Scoring System in the Big Game, 
Breaker can exclude the second alternative (38.9). 


Avoidable Configuration of Kind Two: It means alternative (38.9). The “target 
value” is 


2(Z)+G-D+g-1)-2¢/° 


and the number of ways to choose triplet (A,B,C) is at most (")- 
(N — q)q-(N — q)q, so the relevant term is the product 
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& (N — q)?q?-2-@)-@-D+a-1)429%? 
q 


2 
=("\o. (S548) = N28. N-240) — yet), 
q 


Qq-1-47/3 


which is “small,” so Breaker can indeed avoid alternative (38.9). 

The other alternative (38.8) means that K, = ai = K;; in other words, K, = ai= 
K, and K, = ai= K_, imply K, = ai= K<, meaning that = ai = turns out to be 
an equivalence relation (if Breaker plays rationally); so we have just proved: 


Lemma 2: Assume that Breaker plays rationally in the Big Game by preventing 
Avoidable Configurations of Kind Two; then in the class of risky K,s, the relation 
“almost identical” — see (3) — is an equivalence relation. 


If two risky K,s are “almost identical,” then we call them twin brothers. 

Let k be the nearest integer to 4q'/°; a survivor K, is called dangerous if Maker 
claims (4) — k edges in the Big Game. Since k is less than q**, every dangerous 
K, is risky, but the converse is not necessarily true: a risky K, is not necessarily 
dangerous (but may become dangerous Jater). 

A novelty of this version of the “BigGame—SmallGame decomposition” technique 
is that the k-edge part of a dangerous K, (unoccupied in the Big Game) is not 
necessarily added to the small board as a new emergency set; the answer to this 
question (‘“‘whether or not it is an emergency set”) depends on the Max Degree and 
on the twin brothers as follows. 

Let K,,, i¢ I, where each |A;| = q, be a family of dangerous twin brothers: by 
definition each K, has a k-edge sub-graph G; C K,, which is unoccupied in the 
Big Game. We distinguish two cases: 


(a) Let K,, denote the first one among them showing up in the course of a play, 
and assume that the Max Degree of G, is less than k/3. Then G, is a new 
emergency set, and (of course) it is added to the small board. 

(b) Assume that the Max Degree of G, is > k/3; then the corresponding star (see 
the picture below) is a new emergency set, and (of course) it is added to the 
small board. 


degree 


IV 
wl 


star: V 
root 


Among the rest of K,\s, there is at most | possible j € /\ {1} such that Ky, does 
not contain the root of the star in K4, (vertex v on the picture); then G; must have 
a vertex of degree > k/3 of its own, and this star is a second new emergency set, 
and, of course, it is also added to the small board. 
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degree = 
star: W 


root 


In the small game, played on the small board, Breaker applies the usual reply on 
the private edges Pairing Strategy (see Sections 35-36). Breaker can force that a 
survivor K, will never be completely occupied by Maker; this is how he can do it. 
Consider a survivor K, (of course, |A| = g); we distinguish several cases. 


Case 1: Survivor K, will eventually become dangerous, but it never has a 
dangerous twin brother 

We claim that Breaker can block K, in the small game. Indeed, K, supplies a 
new emergency set E = E(K,), which, of course, has > k/3 edges. In Case 1 every 
other emergency set E* intersects E in at most 3 edges (see (1)-(2) in the Corollary 
of Lemma 1). By preventing Avoidable Configurations of Kind Three — which 
will be defined below — Breaker can force that EF has more than k/6 private edges — 
we just need 2! — which guarantees the blocking of E by the reply on the private 
edges Pairing Strategy (used by Breaker in the small game). 


4, Avoidable Configuration of Kind Three: any “tree” formed by s = q'/° risky 
K qs which is twin-brother-free; see the figure below. 


The sets may have 
extra intersection 


Avoidable Configurations of 
Kind Three 


PANS This is a “spanning tree” 
fe) 


Depth-first search 


+= forwards 
—= backwards 


<2?-? =45-! ways 


+ sequence of length 2s-—2 
+4+—-4+-4+--4F¢4+44+-4+4-4-4-4---4+--- 
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By using the Power-of-Two Scoring System, the “target value” of a “tree” is at 
least 


a(()-#°)-36), 


noting that factor “3” comes from (2) in the Corollary of Lemma 1. There are less 
than 4° unlabeled trees on s vertices (easy consequence of the “depth-first search” 
procedure; see the figure below) 

So the number of ways we can build a “tree” (Avoidable Configuration of Kind 
Three) following the “depth-first-search” is less than 


Ae) 


Breaker can prevent the appearance of any Avoidable Configuration of Kind Three 


if the product 
di (”) C) (” 2). >(()-°)86) (38.10) 


is “small” like N~°. 
es N\5-(4 2g N-2)5-(4 <p 
If qg satisfies (38.1), then (12 (3) — N2-* and WG s)2 =n , so (38.10) 
equals 


=(N*)'.N? *<N, (38.11) 


(acaa ey” 


2)-"* 20) 
which is really “small” as we claimed. This proves: 


Lemma 3: By using the Power-of-Two Scoring System in the Big Game, Breaker 
can prevent the appearance of any Avoidable Configuration of Kind Three. 


Now we can complete Case 1: emergency set E = E(K,) must have at least 2 
private edges — indeed, otherwise there is an Avoidable Configuration of Kind 
Three, which contradicts Lemma 3 — so Breaker can block E by Pairing Strategy. 


Case 2: Survivor K, will eventually become dangerous, it also has a dangerous 
twin brother, but the MaxDegree of the k-edge graph is less than k/3 (see case (a) 
above). 


This is very similar to Case 1: again the emergency set must have at least 2 private 
edges (otherwise there is an Avoidable Configuration of Kind Three). 


Case 3: Survivor K, will eventually become dangerous, it also has a dangerous 
twin brother, but the MaxDegree of the k-edge graph is > k/3 (see case (b) above). 
Then the emergency set is a star; any other emergency set intersects this star in at 
most 3 edges, so the star must have at least 2 private edges (otherwise there is an 
Avoidable Configuration of Kind Three). 
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Case 4: Survivor K, will never become dangerous, and at some stage of the play 
its intersection with the small board is > q?/?. 


The assumption “K,’s intersection with the small board is > g?/3” 


implies that K, 
is not risky, so we cannot apply the Corollary of Lemma 1: we cannot guarantee 
the strong intersection properties (1)-(3) (“nearly disjoint” or “almost identical”). 
To overcome this novel difficulty we introduce 


5. Avoidable Configurations of Kind Four. We define them as follows. Consider 
the stage of the play when K’,’s intersection with the small board is > q?/*; consider 
the emergency sets intersecting K,; for each emergency set take its super-set 
(“a copy of K,”); these K;s fall apart into components (see the figure below); each 
'/6 sets. The last statement follows from the fact 
that Lemma 3 applies for the super-sets of emergency sets, noting that any family of 
twin brothersO supplies at most 2 emergency sets (see (a) and (b)). Taking 1 super- 
set (“a copy of K,”) from each component plus K, together form an Avoidable 
Configurations of Kind Four. 


component has less than 2s = 2q 


Avoidable Configuration of Kind Four 


Let r denote the intersection of K, with the small board at the end of a play; 
clearly r> q?/? '/3 edges and each component 
size is < 2q’/°, so if t denotes the number of components, then the inequality 
t> rq ‘/°k-!/2 is obvious. By using the Power-of-Two Scoring System, the “target 


. Each emergency set has at most k =4q 
1/6 
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value” of an Avoidable Configurations of Kind Four is 
2(8)-" 2-4), 


The total number of ways to build an Avoidable Configuration of Kind Four with 


(2) 


sets is at most 
here we applied the trivial inequality 


Breaker can prevent Case 4 if the product 


(*) ((2) (* ‘ | 9-()+r-#((9)-8) ee 


is small like N~°. We rewrite and estimate (38.12) as follows (by using the obvious 
inequality t > rq-'/°k~'/2 mentioned above) 


(38.12) a ) 2-(). (2) (* =) ze), > 
-(*) 2-@). (2) (os) zee) < N2-*.(N~*)' < N~, 


which is very small as we claimed. Since Breaker can prevent the appearance of 
any Avoidable Configuration of Kind Four, Case 4 does not show up at all. 
The last 3 cases form the perfect analogue of Cases 1-3. 


Case 5: Survivor K, will never become dangerous, at some stage of the play its 
intersection with the small board is always at most g’/*, and it never has a dangerous 
twin brother. 

Assume that Maker can occupy all (2) edges of K,. When Maker owns Gi -—q 
edges of K, in the Big Game, K, becomes risky and Lemmas 1-3 all apply. 
We can repeat the argument of Case 1: if Maker can occupy all (2) edges of 
K,, then there is an Avoidable Configuration of Kind Three, which contradicts 


Lemma 3. 


2/3 


Case 6: Survivor K, will never become dangerous, at some stage of the play its 
intersection with the small board is always at most q?/?, it has a dangerous twin 
brother and the Max Degree of the k-edge graph is less than k/3 (see (a) above). 


Assume that Maker can occupy all (4) edges of K,. When Maker owns @) -—q 


edges of K, in the Big Game, K, becomes risky, and just as in Case 2 there is an 
Avoidable Configuration of Kind Three, which contradicts Lemma 3. 


2/3 
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Case 7: Survivor K, will never become dangerous, at some stage of the play its 
intersection with the small board is always at most q’/?, it has a dangerous twin 
brother and the Max Degree of the k-edge graph is > k/3 (see (b) above). 


Assume that Maker can occupy all C) edges of K,. When Maker owns (2) —¢q 


edges of K, in the Big Game, K, becomes risky, and just as in Case 3 there is an 
Avoidable Configuration of Kind Three, which contradicts Lemma 3. 
This completes the proof of Theorem 6.4 (a). 


2/3 


The proofs of Theorem 6.4 (b)-(c)-(d) and Theorem 8.2 (h) are very similar. 
Next we switch from the usual board K,, to a “typical” graph on N vertices. 


Exercise 38.1 Show that, playing the usual (1:1) game on the symmetric random 
graph R(Ky, 1/2), with probability tending to 1 as N tends to infinity, Breaker can 
prevent Maker from occupying a clique K, with 


q = [log, N — log, log, N+log,e—1+0(1)]. 
Exercise 38.2 Prove the Breaker’s part in formulas (8.7) and (8.8). 


6. Chooser—Picker Game. By using Theorem 38.1 below instead of the Erdés— 
Selfridge Theorem, we can show, by repeating the argument of this whole section, 
that Chooser’s Clique Achievement Number in Ky equals the ordinary (Maker’s) 
Clique Achievement Number 


q = |2log, N —2log, log, N+2log,e—3+0(1)]. 


To formulate our Blocking Criterion we need the notion of rank: ||H|| = 
max 47, |A| is called the rank of hypergraph 1. The (1:1) play requests the standard 
Power-of-Two Scoring: T(H) = Ye, 27!. 


Theorem 38.1 /f 


1 
T(F) < BF 41” (38.13) 


then Picker (“blocker”) has an explicit winning strategy in the Chooser—Picker 
game on hypergraph F. 


In other words, if (38.13) holds, then Picker can prevent Chooser from completely 
occupying a winning set A € F. Theorem 38.1 is a “first moment criterion,” a close 
relative of the Erdés—Selfridge Theorem (Theorem 1.4). 


Proof of Theorem 38.1. Assume we are in the middle of a play where Chooser 
already selected x,,.x,,...,x;, and Picker owns the points y,, y,,..., y;. The ques- 
tion is how to find Picker’s next 2-element set {v, w}, from which Chooser will 
choose his x;,, (the other one will go back to Picker). 

Let X; = {x,,%,...,x;} and Y; = {y,, y,..., y;}. Let V = V \ (X,UY,). Clearly 
[Vi] = |V| — 2. 
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Let F(i) be that truncated subfamily of F, which consists of the unoccupied 
parts of the “survivors”: 


F(i) ={A\X,;: AEF, ANY, =9}. 


If Picker can guarantee that T(¥(i)) < 1 at the end of the play, ie. T(F(end)) <1, 
then Picker wins. Let x;,, and y,,, denote, respectively, the (i+ 1)st points of 
Chooser and Picker. We have 


TF + 1)) = TF) + THOS X14.) — THOS Yin) — THOS Xi Yin)- 
It follows that 
T(FG+ 1) < THM) +1T FO; x1) — THO vievI- 
Introduce the function 
g(v, w) = g(w, v) = |T(F(); v) — TF); w)| 


which is defined for any 2-element subset {v, w} of V;. Picker’s next move is that 
2-element subset {v), wo} of V; for which the function g(v, w) achieves its minimum. 
Since {v9, Wo} = {%;41, ¥j4,}, we have 


T(F(i+1)) < T(F(d) + 24), (38.14) 
where 
gi) = we Bae |T(F (i); v) — TIF); w)|. (38.15) 


We need the following simple: 


Lemma 1: /ft,,t,,...,¢,, are non-negative real numbers and t,+t,+---+t, <5, 
then 


s 
min |f,—t,| < —. 
ou fale ig 
Proof. We can assume that 0 < ft, <t, <--- <1,,. Write g = miny<j-7<,, |t; — tI. 
Then ¢,,,— 1; 2 g for every j, and 


m 
(p)e=et2e+ +(m—l)g<t,t+t+...+t, <5. 


This completes the proof of Lemma 1. 


We distinguish two phases of the play. 
Phase 1: |V,| =|V|—2i> ||F|| 


Then we use the trivial fact 


DE MFO; v) SFT FO). 


veV; 
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By Lemma 1 and (38.15) 
IF || 


s(i) < (™) 


TF), 
so by (38.14) 


T(F(it+ 1)) < TF) | 1+ aah 


Since 1+ x < e* = exp(x), we have 


; ee | 
MF(i+1)) < TF) exp | IFlo a | 
j=0 ( 2 ) 
It is easy to see that 


1 2 


PG) ane al 


so if i) denotes the last index of the first phase, then 


T(F(ig t+ 1)) < e&?T(F) < 8T(F). (38.16) 


Phase 2: |V,| =|V| —2i < \|F || 

Then we use the other trivial fact 
>» MF); v) < \ViAT(F@). 
veV; 


By Lemma | and (38.15) 


i) < MFO), 
so by (38.14) 
TF U+)) sO), (38.17) 
By repeated application of (38.17) we have 
1(Flend)) <TR +) TT MARS 
i:\ViISIFIl [Vil 
<T(F(ip +1)) (JF + D < 87(F) (JFI+ 0. (38.18) 


In the last step we used (38.16). Combining the hypothesis of the theorem with 
(38.18) we conclude that T(F(end)) < 1, so Chooser was unable to completely 
occupy a winning set. Theorem 38.1 follows. 


A biased generalization of Theorem 38.1 will be discussed in Section 47. 
This section completes the proof of the first main result: Theorem 6.4. It took 
us a whole section to replace an additive constant gap O(1) by o(1) which tends 


Exact solution of the Clique Game (II) 503 


to 0, i.e. to get the exact solution. Similarly, if we are is satisfied with a weaker 
asymptotic form of Theorem 8.2 (lattice games) instead of the exact solution, then 
there is a major shortcut. A straightforward adaptation of the proof technique of a 
single section (Section 42) suffices to give at least the asymptotic form of the phase 
transition in Theorem 8.2. 

The asymptotic form describes the truth apart from a multiplicative factor of 
(1 + 0(1)). However, if we insist on having the exact value of the phase transition, 
then, unfortunately, we have to go through Chapters VIII and IX: an about 80 pages 
long argument. 

Needless to say, it would be extremely desirable to reduce this 80-page-long 
proof to something much shorter. 


Chapter VIII 


Advanced decomposition 


The main objective of Chapter VIII is to develop a more sophisticated version of the 
BigGame—SmallGame Decomposition technique (introduced in Sections 35-36). 

We prove the second Ugly Theorem; We formulate and prove the third Ugly 
Theorem. Both are about Almost Disjoint hypergraphs. In Section 42 we extend 
the decomposition technique from Almost Disjoint to more general hypergraphs. 
We call it the RELARIN technique. These tools will be heavily used again in 
Chapter IX to complete the proof of Theorem 8.2. 
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39 
Proof of the second Ugly Theorem 


The Neighborhood Conjecture (Open Problem 9.1) is a central issue of the book. 
The first result toward Open Problem 9.1 was Theorem 34.1, or as we called it: 
the first Ugly Theorem (see Section 36 for the proof). The second Ugly Theorem 
(Theorem 37.5) is more powerful. It gives the best-known Strong Draw result for 
the n“ hypercube Tic-Tac-Toe (Theorem 12.5 (a)), and it is also necessary for the 
solution of the Lattice Games (Theorem 8.2). 


1. Proof of Theorem 37.5. We assume that the reader is familiar with the proof 
of Theorem 34.1. In the proof of Theorem 34.1 Breaker used the Power-of-Two 
Scoring System in the Big Game to prevent the appearance of the “Forbidden 
Configurations” in the small game, and this way he could ensure the “simplicity” 
of the small game. The small game was so simple that Breaker could block every 
“emergency set” by a trivial Pairing Strategy. The new idea is very natural: we try 
to replace the Pairing Strategy in the small game by the Power-of-Two Scoring 
System. The improvement should come from the intuition that the Power-of-Two 
Scoring System is “exponential,” far superior to the “linear” Pairing Strategy. 

Note that here the “components” of the small game will be “exponentially large,” 
so the new Big Sets will be enormous. 

To have a clear understanding of the changes in the argument, we first give a 
brief summary of the proof of Theorem 34.1, emphasizing the key steps. Let F 
be an n-uniform Almost Disjoint hypergraph. Breaker (the second player) wants to 
force a Strong Draw. Breaker artificially decomposes the board (i.e. the union set) 
into two disjoint parts: the Big Board and the Small Board. The Decomposition 
Rules are the following: 


(1) The decomposition is dynamic: the Big Board is shrinking, and the small 
board is growing in the course of a play. 

(2) Breaker replies by the Same Board Principle: if Maker’s last move was in the 
Big Board (respectively small board), then Breaker always replies in the Big 
Board (respectively small board). 


505 


506 Advanced decomposition 


(3) The Big Game and the small game are non-interacting in the following sense: 
Breaker’s strategy in the Big Game (small game) does not assume any knowl- 
edge of the other game (“Breaker is schizophrenic,” and the “Iron Curtain 
Principle” applies). 

(4) At the beginning of a play the Big Board is the whole board (and so the 
complement, the small board, is empty). In the course of a play in the Big 
Game (played in the Big Board) a winning set A € F is dead when it contains 
a mark of Breaker; an A € F, which is not dead, is called a survivor. (Of 
course, survivor is a temporary concept: a survivor A € F may easily become 
dead \ater; dead is permanent.) 

(5) A survivor A € F becomes dangerous when Maker occupies its (m—k — 1)* 
point in the Big Game (in the Big Board, of course). Then the (k + 1)-element 
part of this A, unoccupied in the Big Game, becomes an emergency set. Every 
emergency set is removed from the Big Board, and added to the small board. 
The small board is the union of the emergency sets, and the Big Board is the 
complement of the small board. 

(6) In the Big Board Breaker plays the Big Game. Breaker’s goal in the Big 
Game is to prevent Maker from almost completely occupying a Big Set before 
Breaker could put his first mark in it (in the Big Board of course). This is 
how Breaker prevents “Forbidden Configurations” to graduate into the small 
game. 

(7) Breaker’s goal in the small game is to block all emergency sets. 

(8) Breaker wins the Big Game by using an Erdés—Selfridge type lemma (such as 
“Lemma 5” in Section 36). 

(9) Fact (8) implies that Breaker can win the small game by a trivial Pairing 
Strategy. 

(10) Fact (8) implies that “there is no secondary danger,” i.e. there is no survivor 
that never graduates into a dangerous set. 


2. How to “beat” Theorem 34.1? As we said before, the new idea is to replace 
the Pairing Strategy in the small game by a more sophisticated Erdés—Selfridge 
type strategy. We expect the “small game” to fall apart into many disjoint 
“components”, and the goal of the “Big Game” is to prevent the appearance 
of too large “components” (“too large” means exponentially large in some pre- 
cise sense). If Breaker follows the Same Component Rule in the “small game” 
(if Maker moves to a “component” of the “small game,” then Breaker replies 
in the same “component”), and the “components” remain at most “exponentially 
large” in the “small game,” then Breaker should be able to block every “dan- 
gerous set” in the “small board.” Of course, the “components” in the “small 
game” may grow, so we need a “growing version” of the Erdés—Selfridge 
Theorem. 
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Now we start to work out the details of this “heuristic outline.” Again Breaker 
decomposes the board (i.e. the union set) into two disjoint parts: the Big Board and 
the small board. What happens to the Decomposition Rules (1)—(10) above? Well, 
(1) doesn’t change: 


(1) The decomposition is dynamic: the Big Board is shrinking, and the small 
board is growing in the course of a play. 

(2) Will change; the Same Board Rule may be violated in the small game as 
follows: 

(2’) if Maker’s last move was in the Big Board, then Breaker always responds in 
the Big Board, but if Maker’s last move was in the small board, then it may 
happen that Breaker replies in the Big Board. 

Breaker is still “schizophrenic,” and the “Iron Curtain Principle” is unchanged. 

(3 


wm 


The Big Game and the small game are non-interacting in the following 
sense: Breaker’s strategy in the Big Game (small game) does not assume 
any knowledge of the other game. 

Remains the same: at the beginning of a play the Big Board is the whole 
board (and so the complement, the small board, is empty). In the course of a 
play in the Big Game (played in the Big Board) a winning set A € F is dead 
when it contains a mark of Breaker; an A € ¥, which is not dead, is called a 
survivor. (Of course, survivor is a temporary concept: a survivor A € F may 
easily become dead later; dead is permanent.) 

Changes: the “dangerous sets” may double in size, they may have as many as 
2k elements instead of k+ 1; more precisely, 

A survivor A € F becomes dangerous when Maker occupies its (m— 2k)th 
point in the Big Game (in the Big Board, of course). Then the 2k-element 
part of this A, unoccupied in the Big Game, is removed from the Big Board, 
and added to the small board. The “blank” part of this 2k-element set, i.e. 
unoccupied in the small game, is called an emergency set. The small board is 
exactly the union of the emergency sets, and the Big Board is the complement 
of the small board. 

Remains the same: In the Big Board Breaker plays the Big Game. Breaker’s 
goal in the Big Game is to prevent Maker from almost completely occupying 
a Big Set before Breaker could put his first mark in it (in the Big Board of 
course). This is how Breaker prevents “Forbidden Configurations” to graduate 


(4 


wa 


(5 


wa 


(5' 


wm 


(6 


wm 


into the small game. 

(7) Changes as follows: 

(7') Breaker’s goal in the small game is to block all small sets. The small sets are 
the emergency sets and the secondary sets. 


Here we have to stop and explain what the secondary sets are. Also we have to 
clarify the definition of emergency sets. We start with a new concept: a survivor 
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A€éF becomes visible in the small game when its intersection AMV, with the 
small board V, has at least k elements for the first time (and remains visible for 
the rest of the play). This stage of the play is called the birthday of a new small 
set S (S C A), which is defined as follows. First of all, from A we remove all 
points occupied by Maker in the Big Game up to the birthday (‘“circumcision’’); 
what remains from A is denoted by A’. By definition |A’| > 2k. Note that a visible 
survivor set A has less than k pre-birth points in the small board; they are all 
removed from A’ (“circumcision” is a “security measure”: it may happen that all 
pre-birth points are occupied by Maker in the small game). What remains from 
A’ is a new small set S (S C A). So at its birthday a small set S is “blank,” and 
has more than |A’|—k > k points. If A’ has exactly 2k points, then S = S(A) is 
an emergency set. If A’ has more than 2k points, then S = S(A) is a secondary 
set. An emergency set is part of the small board (by definition, see (5’)) but 
a secondary set may have a non-empty intersection with the Big Board. Note 
that a secondary set may later become an emergency set, but, if a secondary 
set is completely contained in the small board, then it will never become an 
emergency Set. 


(8) Remains the same: Breaker wins the Big Game by using “Lemma 5” in 
Section 36. 
(9) and (10) Undergo a complete change: 
(9') Fact (8) enforces that Breaker can win the small game by using an Erdés— 
Selfridge type “Growing Lemma.” 
(10’) Breaker cannot prevent the appearance of secondary sets, but (8) and (9') take 
good care of them. 


We have to explain what (9’) and (10’) mean. 


3. The small game: applying an Erdés-—Selfridge type “Growing Lemma.” Let 
S denote the “growing” family of small sets, meaning the emergency sets and the 
secondary sets together. We have to clearly explain what “growing” means. The 
basic rule of decomposition is the following (see (2’)): If Maker’s last move was 
in the Big Board, then it is considered a “move in the Big Game,” and Breaker 
replies in the Big Board, and his move is considered a “move in the Big Game.” If 
Maker’s last move is in the small board, then it is considered a “move in the small 
game,” and Breaker replies in the same component of the hypergraph of all small 
sets where Maker’s move was, and Breaker’s move is considered a “move in the 
small game.” 


Warning: Some small sets, in fact secondary sets, are not necessarily contained in 
the small board, so it can easily happen that Breaker’s reply in the small game is 
outside of the small board. 
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Power-of-Two Scoring System in both sub-boards 


a Ny 


BIG BOARD are ~* 


[ BL Maker’s move 


® Maker’s move 


{ Breaker’s reply 
@ Breaker’s reply 


This move of Breaker, we call it an “outside move,” is not considered a move in the 
Big Game (even if it is literally in the Big Board). Breaker is “schizophrenic”: he 
has two personalities like Break,;,, who plays in the Big Game, and Break 
plays in the small game, and the two personalities know nothing about each other. 
Therefore, Breaky;,, does not see an “outside move” of Break,.q a8 a blocking 
move in the Big Game. What Break,;, can “see” here is a decrease in the set of 
available (unoccupied) points, i.e. a decrease in the Big Board. 

This is how the original hypergraph game played on the n-uniform F decomposes 
into two disjoint (“non-interacting”) games: the Big Game and the small game. 

This rule of decomposition leads to the following “growing” of the small game. 
Assume that we are in the middle of a play. Let x* be a move of Maker in the small 


board, let y* denote Breaker’s reply in the same component of the hypergraph of 
all simple sets S (y* may be outside of the small board). Next let 


who 


small? 


x, yD 72) yO WD yD 


VS Saale 


be a possible sequence of moves in the Big Game (in the Big Board, of course), 
and let x** be Maker’s first return to the small board. In the small game x*, y*, x** 
are consecutive moves, but between y* and x** the hypergraph of small sets may 
increase. Indeed, the sequence x), y, x,y), ..., x, y in the Big Game may 
lead to new dangerous sets A € ¥. A new dangerous set A defines a new emergency 
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Board 


Big Game = small game: 
Shutout Game on played on the family 


: : of small sets (emergency 
the family of Big Sets aiid Secondaty) 


falls apart into a 
huge number of disjoint 
components 


Breaker wins by using 
the Power-of-Two 


Scoring System Breaker wins in each 
component by using the 
Power-of-Two Scoring 
System 


Iron Curtain 


sets E Cc A, which is added to the small board. Larger small board means that some 
new survivors B € F have a chance to become “visible” (i.e. have > k points in 
ths small board), and give birth to some “newborn baby small sets.” This is how 
new emergency and secondary sets may arise between the consecutive moves y* 
and x** in the small game. 

For “security measures” we remove the “pre-birth” points from every “newborn 
baby small set.” This way we lose less than k points (they all might be occupied 
by Maker in the small game). Each “newborn baby small set” is “blank:” it does 
not contain any point of Maker or Breaker in the small game up to that moment 
(i.e. before choosing x**). 


Warning: It is somewhat confusing to say that the hypergraph S of small sets is 
“srowing.” It can easily happen that between consecutive moves y* and x** in the 
small game some small set in fact “dies.” Indeed, the moves y"), y®,..., y? of 
Breaker in the Big Game may block some survivor, which is the super-set of a 
secondary set, and then there is no reason to keep this secondary set any longer: we 
could easily delete it from the hypergraph of small sets. We could, but we decided 
not to delete such a “dead secondary set” from the hypergraph of all small sets! 
Once a survivor becomes “visible in the small game,” we keep it in hypergraph S 
forever even if it becomes blocked (i.e. “killed”) by Breaker later in the Big Game. 

Similarly, once a small set arises, we keep it in hypergraph S even if it becomes 
blocked later by Breaker in the small game. 
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Working with the “keep the small sets anyway” interpretation of S, we can really 
claim that the family S of all small sets is “growing” in the course of a play. 


4. The Component Condition. We are going to define the family of Big Sets (the 
precise definition comes much later) to ensure the: 


Component Condition: During the whole course of the small game every 
component of hypergraph S (“small sets”) has less than 2* sets. 


A key ingredient of the proof is the: 


Growing Erdés-Selfridge Lemma: /f the Component Condition holds, then 
Breaker has a strategy in the small game such that, he can prevent Maker from 
occupying k points from a “circumcised small set” (where the “pre-birth” points 
are removed) before Breaker could block it in the small game. 


Proof. Let x,, y,,x5, y2,... be the points of Maker and Breaker, selected in this 
order during a play in the small game. (Here we restrict ourselves to the small game; 
in other words, the Big Game does not exist, it is behind the “Iron Curtain.”) We 
use the standard Power-of-Two Scoring System for the small sets (i.e. the less than 
k “pre-birth” points are already removed): if the small set is blocked by Breaker, 
then its value is 0; if it is Breaker-free and contains / points of Maker, then its value 
is 2' (1=0,1,2,...). 


Let’s see what happens at the very beginning. Before x, every small set is 
“blank,” and has value 2° = 1. Between x, and y, those small sets which contain 
x, have value 2! = 2. The value of a component of S is, of course, the sum of the 
values of the sets in the component. Between x, and y, the value of a component 
is at most twice the component-size (i.e. the number of sets in the component). 

We are going to prove, by induction on the time, that a very similar statement 
holds in an arbitrary stage of the play, see the “Overcharge Lemma” below). To 
formulate the “Overcharge Lemma” we have to introduce a technical trick: the 
concept of “overcharged value.” To explain it, assume that we are in the middle of 
a particular play in the small game, and consider an arbitrary component C of the 
family S of all small sets. There are two possibilities: 


(1) the last mark put in component C was due to Maker; 
(2) the last mark put in component C was due to Breaker. 


In case (1) Breaker does nothing; however, in case (2) Breaker picks the “best” 
unoccupied point in component C and includes it as a “fake move” of Maker. “Best” 
of course means that it leads to the maximum increase in the value of component 
C). By including a possible “fake move,” Breaker can guarantee that, in every stage 
of the play, in every component of S, the last move is always due to Maker. Indeed, 
it is either a real move as in case (1), or a “fake move” as in case (2). Note that a 
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“fake move” is always temporary: when Maker makes a real move in a component, 
the “fake move” is immediately erased. 

The value of a component of S, computed including the possible “fake move,” 
is called the overcharged value of the component. “Overcharged” in the sense that 
a possible “fake move” of Maker doubles the ordinary value of a small set. 

Now we are ready to formulate the: 


Overcharge Lemma: Breaker can force that, in every stage of the small game, in 
every component C of all small sets S, the overcharged value of component C is 
<2|C|. In other words, the overcharged value of a component is always at most 
twice the component size. 


Proof. We prove it by induction on the time. We study the effect of two consecutive 
moves y, and x,,, in the small game: y; is the ith move of Breaker and x;,, is 
the (i+ 1)st move of Maker. Let C, denote the component of S which contains y;. 
Between the moves y, and x,,, family S may grow: some “newborn baby small 
sets” may arise. Note that the “newborn baby small sets” are always “blank”: they 
have value 2° = 1. The “newborn baby small sets” may form “bridges” to glue 
together some old components into a bigger one: 


“new-born baby small sets” 


In the figure the old components C,, C,, C3, ...,C, are glued together by some 
“newborn baby small sets,” and form a big new component C*. 
Following this figure, we distinguish 3 cases. 


Case 1: x,,; €C,, that is, y, and x,,, are in the same old component of S. 
By the induction hypothesis, before choosing y,, the value of component C, was at 
most 2|C,|. 

Note that here the overcharged value is the same as the ordinary value. Indeed, 
x;_, had to be in C,, for Breaker’s next move y; is always in the same component, 
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and S does not grow between x;_,; and y,, so Maker had a real (not “fake’”) last 
move in component C, (namely x,_,). 

Since y,; comes before x,,,, Breaker can pick the “best” point in the usual sense, 
so y, is at least as “good” as x,,,. It follows that, after x, 


overcharged value(C*) < 2|C,|+2|C,|+---+2IC,| (39.1) 
+2(number of newborn baby small sets in component C*) = 2|C*|. 


Note that computing the overcharged-value of C* we drop the possible “fake 
moves” in C,, ...,C,, which explains why “inequality” may happen in (39.1) 
(instead of “equality’’). 


Case 2: y, and x,,, are in different old components of C*. 

Assume that (say) x,,, € C,. The last real move in component C, before x;,, had 
to be a move of Breaker, so when we calculated the overcharged value of C, we 
had to include a “fake move” of Maker. The “fake move” is always the“best” 
unoccupied point, so x;,, cannot be better than that. So, replacing the “fake move” 
by x;,, in C, cannot increase the value, so again we get inequality (39.1). 


Case 3: x;,, is outside of C*. 
We can repeat the proof of Case 2. Again the idea is that a “fake move” is always 
the “best” available point in a component, so x;,, cannot be better than the corre- 
sponding “fake move.” This completes the proof of the Overcharge Lemma. O 


Now we are ready to complete the proof of the Growing Erdés—Selfridge Lemma. 
Assume that, at some stage of the small game, Maker has k+ 1 points in some 
small set, and Breaker has as yet no marks in it. At this stage of the play, this 
particular small set belongs to some component C of all small sets S, and the value 
of this small set alone is 2‘+!, so 


overcharged value(C) = value(C) > 2‘*'. (39.2) 
On the other hand, by the Overcharge Lemma 
overcharged value(C) < 2|C], 


and combining this inequality with (39.2) we conclude that |C| > 2*, which 
contradicts the Component Condition. This contradiction proves the Growing 
Erdés—Selfridge Lemma. 


Next we prove the: 


Last-Step Lemma: Assume that, by properly playing in the Big Game, Breaker can 
ensure the Component Condition in the small game. Then Breaker can block the 
original hypergraph Ff, i.e. Breaker can put his mark in every m-element winning 
set AEF. 
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Proof. If A € F becomes blocked in the Big Game (“dead”), then we are done. 
So we can assume that A € F remains a survivor in the whole course of the Big 
Game. We recall that in the Big Game Maker cannot occupy more than m — 2k 
points from a survivor. 


Case 1: survivor A € F eventually becomes “visible” in the small game. 

Then A contains a small set $. By the Growing Erd6és—Selfridge Lemma, if Breaker 
cannot block S, then Maker can have at most k points in S, and “removing the 
pre-birth points” means to lose less than k points, which may all belong to Maker. 
It follows that Maker can have at most (m—2k)+k+(k—1)=m-—1 points of 
a survivor A € F. (Indeed, < (n—2k) points in the Big Game, < & points in the 
small set, and < (k—1) “pre-birth” points.) So Maker cannot completely occupy 
Aef. 


Case 2: survivor A € F never becomes “visible” in the small game. 
This case is even simpler: A intersects the small board in less than k points in the 
whole course of the play. So Maker has at most (m—2k)+(k—1) < m points of 
A. The Last-Step-Lemma follows. 


5. How to define the Big Sets? We have to define the family of Big Sets in such a 
way that, by properly playing in the Big Game, Breaker can enforce the Component 
Condition in the small game. To motivate the forthcoming definition of Big Sets, 
assume that the Component Condition is violated: at some stage of the play there 
is a “large” component C of all small sets S: |C| > 2*. Then we can extract a Big 
Set from this “large” component C. The precise definition of extraction is going to 
be complicated. What we can say in advance is that the “extracted Big Set” is a 
union of a sub-family of dangerous sets such that their emergency parts all belong 
to “large” component C, and the overwhelming majority of the points in the Big 
Set are degree one points in the sub-family (“private points’). 

First we define the concept of first, second, third, ... neighborhood of a hyperdge 
(or a set of hyperedges) in an arbitrary hypergraph. Let F = {F,, F,,..., Fx} be 
an arbitrary finite hypergraph. The dependency graph of F is a graph on vertices 
1,2,...,K, and two vertices i and j (1 <i < j < K) are joined by an edge if and 
only if the corresponding hypergedges F; and F; have non-empty intersection. Let 
G = G(F) denote the dependency graph of hypergraph F. Of course, G = G(F) 
is not necessarily connected: it may fall apart into several components. For any 
two vertices i and j in the same component of G, the G-distance of i and j is 
the number of edges in the shortest path joining i and j. If i and j are in the 
different components of G, then their G-distance is oo. For an arbitrary vertex-set 
Ic {1,2,...,K} and vertex j € {1,2,..., K}\J, the G-distance of J and j is the 
following: we compute the G-distance of i €¢ J and j, and take the minimum as i 
runs through /. 
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The F-distance of hyperedges F; and F; is the G-distance of i and j where 
G = G(F) is the dependency graph of hypergraph F. Similarly, the F-distance of 
{F,: i¢ J} and F; is the G-distance of J and j, where G = G(F) is the dependency 
graph. 

If this distance happens to be d, then we say “F; is in the dth neighborhood of 
F, (or {F,: ie I}).” 


first second third neighborhood 


How to extract a Big Set from a large component of S? Let C be a component 
of S with |C| > 2*. Here S is the family of all small sets (up to that point of 
the play), and small sets are emergency sets and secondary sets. Note that every 
secondary set has at least k “visible” points, each one covered by emergency sets. 
Since the underlying hypergraph F is Almost Disjoint, the first C-neighborhood 
of a secondary set must contain at least k distinct emergency sets. As a trivial 
byproduct of this argument, we obtain that C must contain an emergency set. 

We describe a sequential extraction process finding T = 2‘/*/m? emergency 
sets in C such that the union of their super-sets in ¥ form a Big Set. More precisely, 
we define a growing family G; = {E,, E,,..., E;} of emergency sets, and the union 
U, = U;_,A(E;) of their super-sets (E,; C A(E;) € F) for j = 1,2,3,...7, where 
T = 2*/*/m? (“integral part”). 

The beginning is trivial: C must contain an emergency set E,. Let G, = {E,}, and 
let U/, = A(E,) be the super-set of E,. 

To explain the general step, assume that we just completed the jth step: we have 
already selected a family G,,, of g(j) distinct emergency sets, and the union of their 
emergency sets from F is denoted by U,,,,. Note that g(j) > j: indeed, in each step 
we shall find either 1 or (k —2) new emergency sets, i.e. either g(j +1) = g(j)+1 
or g(j +1) = g(j) + (Kk —2). By definition |U,)| < g(j)-m. 

Next we describe the (j+1)st step. Unfortunately we have to distinguish 8 
cases. The case study is going to be very “geometric” in nature, so it is absolutely 
necessary to fully understand the corresponding figures. 

Note in advance that the family B of Big Sets is defined as follows 


Qk/4 
B -|s =U, : for all possible ways one can grow 1/; of length T = 2 


in terms of F by using Cases 1—8 below 


516 Advanced decomposition 


(we shall clarify “grow” and “in terms of F” later). 


Case 1: The first A(C)-neighborhood of U/,,;, contains the super-set A(E) of an 
emergency set E such that |U/,,, 0 A(E)| = 1. Then G,(;,,, =G,;) U{E}, and so 
Ug jar) =Ugy UAE) satisfies |U,¢;.1)| = Uyy|+ Cm — 1). 


& 8 


The simplest form of “growth” 


Ge? 


A(E) 


We use the notation A(...) for the super-set in F, and so ““A(C)-neighborhood” 
means the family of super-sets of the members of component C; observe that A(C) 
is a connected sub-family of F. 


Case 2: The second A(C)-neighborhood of U/,,,, contains the super-set A(E) of 
an emergency set E such that there is a neighbor A, of A(£) from the first 
A(C)-neighborhood of U/,,;, which intersects U/,,;. in at least two points. 


A(E) 


gq x > 
Ay 


Then G44) = Gj) U{E}, A, is an auxiliary bond set, and U,(;,,, =U, UA(E) 
satisfies |U.;1)| = |Uy| +m. 

The name bond set comes from the fact that, in an Almost Disjoint hypergraph, 
two points determine a set. Bond sets have little effect in the calculation of the total 
number of Big Sets, see the Calculations later. To illustrate what we mean, let’s 
calculate the number of different ways we can “grow” to G.j.,) from G,;) in Case 
2. A trivial upper bound on the number of possibilities is 


Ue l\ (m—2 pe SDD 
2 1 2 2 


where D = D(F) is the Maximum Degree of F. 

Now we interrupt our case study for a moment, and make an observation about 
the secondary sets of C. Let S € S be an arbitrary secondary set. We show that S$ 
can have 4 possible “types.” 
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Type 1: A(S) intersects U/,,, in at least two points. 


q 


A(S) 


If Type 1 fails, ie. if |A(S)NU,,)| < 1, then there are at least (k — 1) “visible” 
points of S which are covered by distinct emergency sets of C. 


Type 2: There exists an emergency set E such that |A(Z)M A(S)| = 1 and |A(S)M 
U | = 1. 
s(/) 


Observe that “Type 2” is covered by “Case 1,” so without loss of generality we 
can assume that there is no Type 2 secondary set in C. Also Type 1 is excluded, 
unless, of course, A(S) is in the first A(C)-neighborhood of U/,; 


Type 3: There exist two emergency sets E, and E, such that |A(E;) U,,)| = 2 and 
|A(E,)N A(S)| = 1 for i= 1, 2. 


Type 4: There exist (k —2) emergency sets E,, E,,..., £,_, such that |A(E;) 
Uj)| = 0 and |A(E;)M A(S)| = 1 fori=1,2,...,k—2; we call it the “centipede.” 


“‘centipede’’ 


A(E,) A(Ey) A(E,_>) 
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(Note that for Types 2-3-4 |A(S)NU,,)| = 0 or 1.) 

After the classification of “types,” we can return to our case study. Assume that 
the second A(C)-neighborhood of //,,;. contains the super-set A(E) of an emergency 
set E. Let A, be a neighbor of A(Z) from the first A(C)-neighborhood of U/,,;). In 
view of Case 2 we can assume that A, intersects U/,,,, in exactly | point. By Case 
1 we know that A, = A(S), ie. A, has to be the super-set of a secondary set S. 


qo Faw) 


A, =A(S) 


We have two possibilities: S is of Type 3 or Type 4. 


Case 3: S is of Type 3. Then G.(;,.1) =Gy) U{E}, A(E;), A(Es), A(S) are auxiliary 
bond sets, and clearly |U4,;)| = [Uy | +m. 


Case 4: S is of Type 4. Then G.(;.1) = Gy) U{E\, Eo, -.-, Ex2}, and A(S) is an 
auxiliary set, but not a bond set. From Almost Disjointness we have 


k—2 
Meiryl 2 Mgglt(k—-2)m—{ J. 


G5; _ 
A(E,) A(E) A(E,. 2) 


The number of ways we can “grow” to G 41) from Ga ’ in Case 4 is bounded 


from above by 
m—1 pus 
eh D-(f 9) P ? 


where D = D(F) is the Maximum Degree. 
In the rest of the case study we can assume that the second A(C)-neighborhood 
of U 


ae 


) consists of secondary sets only. 
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First assume that the second A(C)-neighborhood of U/,;, does contain a Type 
4 secondary set S. Let A, be a neighbor of A(S), which is in the first A(C)- 
neighborhood of U/,;. Then 


(a) either |A, NU, ;)| = 2, 
(b) or JA, NU yy | = 1. 


Case 5: |A;NU,;)| = 2 


/e\ fo A(S) of Type 4 
A(E,) A(E,) A(E, >) 


Then G.(j41) =Gyj U{E1, Ex, ---, yr}. Here A; and A(S) are auxiliary sets: A, 
is a bond set, but A(S) is not a bond set. From Almost Disjointness 


k—-2 
Ucjzty| = Ugy| + (K -2)m— ae 


If (a) fails, then we have (b): |A; NU)| = 1. In view of Case 1 we can assume 
that A, = A(S*), where S* is a secondary set. If S* is of Type 4, then we have Case 
4 again. So we can assume that S* is of Type 3. 


Case 6: |A,; NU,,;)| = 1, where A, = A(S*) with a Type 3 secondary set S*. 


A(E*) 


A(S") 
> 
CP Sa a. > A(S) of Type 4 


A(E™) A(E,) A(Ey) A(E,.-2) 


Then G.(j41) = Gj U{E, Ex, ---, E,_2}- Here A(E*), A(E™), A(S*), A(S) are 
auxiliary sets: all but A(S) are bond sets. Clearly 


k-2 
Uecirsy| = [Agcy] + (K — 2)m — ek 


In the rest of the case study we can assume that the second A(C)-neighborhood 
of U,,;, contains Type 3 secondary sets only. 

To complete the case study it is enough the discuss the third A(C)-neighborhood 
of U,,;. This leads to the following last two cases: 
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Case 7: The third A(C)-neighborhood of U/,,, contains the super-set A(E) of 
an emergency set E. Let A, be a neighbor of A(E£), which is in the second A(C)- 
neighborhood of U/,,;. We know that A; = A(S), where S is a Type 3 secondary set: 


Then Gyi41) = Gy) U{E}. Here A(E,), A(E,), A(S) are auxiliary bond sets. 
Clearly 


Mean] 2 gal +m. 


From now on we can assume that both the second and third A(C)-neighborhood 
of U.,;, consist of secondary sets only. Let S, and S; be secondary sets such 
that A(S,) and A(S;) are in the second and third A(C)-neighborhood of U,,;, and 
|A(S,) 1 A(S3)| = 1. We claim that S, cannot be of Type 3. Indeed, by the “triangle 
inequality” of the “distance,” a neighbor of a third neighbor cannot be a first 
neighbor (i.e. intersecting U/,,;)). Since Types | and 2 are out, the only possible type 
for S; is Type 4. Moreover, since the whole second A(C)-neighborhood of U/,,;) is 
of Type 3, S, has to be of Type 3, and we arrive at the last case. 


Case 8: 


A(S>) A(S3) of Type 4 


A(E**) A(E,) A(E2) A(E;_2) 


Then G¢j41) = Gey) U{E1, Ex, ..-, Ey}. Here A(E*), A(E™), A(S,), A(S3) are 
auxiliary sets: all but A(S;) are bond sets. Clearly 


k-—2 
Meciaty| = Mel + (K - 2)m — 5.) 
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6. Calculations: We go through Cases 1-8. The number of ways G,,,. can grow to 
G.~j41) 18 bounded from above by 


IU.) |-D <g(j)-m-D in Case 1 ; 


Ug; (pm? D 
( 0!) —2)-D <2 OD in Case 2; 


(2) (;) (m— 2)?(m = 3) -D ee in Case 3; 


4 
m—1 k—2 g(j)-m*— Det : ‘ 
Mal(Z 2 )P = Dee a 
u.. = 20). kt! . pk} 
| (a! (m—2)D re D‘~ pee in Case 5; 
2 k-2 2(k—2)! 
u 4 a | 403). k+5 | pk-l 


U.. 4 4(3).m7.D 
| (i) (m—2)*-D geen? in Case 7; 
4 2 4 


sl\ (4 -1 4(j)-m**°. Di! 
ech (m—2)>-D ue D‘~ Bt ae in Case 8, 
4 2 k—2 ! 


where D = D(F) is the Maximum Degree. 

We include 1| new set in Cases 1,2,3, and 7; and include (k — 2) new sets in Cases 
4,5,6, and 8. We have the maximum number of possibilities “per | inclusion” in 
Cases 3, 7, and in Cases 6, 8 (“centipede”). The maximum is 


4(7).m7-D 409). mkt5. Dr! 1/(k—-2) 
max | & (8 (j):m (39.3) 
4 4(k —2)! 
It is clear from the case study that 
k ; 
Up| = ( m— 5 - g(j). (39.4) 


A review of the case study will prove the following crucial: 


Big Set Lemma: /f at some stage of the play there is a component C of the family S 


of all small sets such that |C| = 2*, then there is a Gj) CC such that g(j) = 24 Im, 


Remark. We recall that G,,; is a family of emergency sets from C such that in each 
one of the j steps the “growth” comes from one of the 8 cases described above. 


Proof. Assume g(j) < 2*/*/m?. By going through Cases 1-8 we show how we can 


still “grow” family Gj). 


522 Advanced decomposition 


If Case | applies, ie. the first A(C)-neighborhood of U/,,,, (“union of the super- 
sets of the elements of U/,,,)”) contains the super-set A(E) of an emergency set E 
such that |A(E) NU/,,;)| = 1, then, of course, we can “grow” by adding E. So for 
the rest we assume that Case | does not apply. This implies, among many other 
things, that there is no Type 2 secondary set in C. 

Observe that the total number of Type | and Type 3 sets A(S) together in A(C) 


is at most “ 
g(j)m mE") — grim | gt(jm° 
: 39.5 
( 2 ) a ( , fp a) 8 Poe) 

If the first A(C)-neighborhood of U/,,,, contains a Type 4 set A(S), then there 
exists a set A(E) (“super-set of an emergency set EF”) in the second A(C)- 
neighborhood of /,,,, and 1 of Cases 2, 3, 4 applies. Then again we can “grow.” So 
for the rest we assume that the first A(C)-neighborhood of U/,,,. does not contain a 
Type 4 secondary set A(S). It follows from (39.5) that the first A(C)-neighborhood 


: (j)m : ' 
of U,,;. has less than eo") + ase )) < en" + (pnt sets. Therefore, if 


6) 
Gs 4 ee) ERE SOM 25 (39.6) 


2 2 2 8 


then the second A(C)-neighborhood of U/,,. is not empty. In view of Cases 5, 6 we 
can assume that the second A(C)-neighborhood of /,,;. consists of Type 3 sets A(S) 
only. Therefore, by (39.5), if inequality (39.6) holds, the third A(C)-neighborhood 
of U,,; consists of Type 3 and Type 4 sets A(S) only. 

Type 3 is impossible: indeed, by the “triangle inequality,” a Type 3 A(S) from 
the third neighborhood cannot have a neighbor in the first neighborhood (in fact 
intersecting U/,,, in at least 2 points). So it remains Type 4, which leads to Case 
8. Summarizing, if (39.6) applies, then we can still “grow” G,,, inside a large 
component C of all small sets with |C| > 2*. It follows that, as long as g(j) < 2*/4/m?, 
we can still “grow” G and the proof of the Big Set Lemma is complete. 


si)? 
7. Finishing the proof. Now we are ready to prove: 


Theorem 37.5 If F is an m-uniform Almost Disjoint hypergraph such that 


—k/4 


Fyre «max pe D, m- 22. pir} <2" 


holds for for some integer k > 8log,m (“binary logarithm”) where 
D =MaxDegree(F), then Breaker has a winning strategy in the weak game on F. 


Proof. We have to show that Breaker can block every A € F. By definition, an 
emergency set E is part of a dangerous set A(E) € F. Maker had to occupy m — 2k 
points from “survivor” A(£) in the course of the Big Game; and the 2k-element 
part (“emergency set E”) is removed from the Big Board (and added to the small 
board), so Breaker cannot block A(£) in the rest of the Big Game. 
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Now assume that, at some stage of the play, there occurs a component C of 
the family S of all small sets with |C| > 2*. Then, by the Big Set Lemma, we 
can “extract” from component C a family G,,,, C C of emergency sets with g(j) = 
2*/*/m*. The union U,;, of the super-sets of the g(j) emergency sets in G,,; has 
the following property: 


(a) Maker occupies at least (m — 2) g( j) points of U/,,,, in the Big Game; and 
Breaker could not block U/,,, in the Big Game (“Shutout’). 
g(i) & 


To prevent the appearance of a U,; with g(j) = 2'/*/m” satisfying (a), (B), we 
define the family 6 of Big Sets as follows: 


Qk/4 
B -|s =U, : for all possible ways one can grow U/; of length T = aa 


in terms of F by using Cases 1—8 above}. 


The meaning of “grow” is clear now. It remains to clarify “in terms of 
hypergraph F.” 

What we have to clarify here is the following “confusion.” In Cases 1-8 above 
we used the concepts of “emergency set” and “secondary set,” which indirectly 
assume the knowledge of a particular play of the game. On the other hand, we 
have to define the family 6 of Big Sets in advance, before any playing begins, 
when we have no idea which winning set A € F will eventually become a “dead” 
or “dangerous” set! In the definition of 6B we have to control all possible can- 
didates, we have to prepare for the worst case scenario. In other words, we 
must define B in terms of the original hypergraph *F, without ever referring to 
the concepts of “emergency” and “secondary sets” (which are meaningless at the 
beginning). 

Luckily the figures in Cases 1-8 are about super-sets — the elements of F — 
anyway. Therefore, a Big Set in the “broad sense” means all possible union sets U/, 
with T = 2*/4/m? built from the elements of hypergraph F such that each “growth” 
is described by one of the pictures of Cases 1-8. This is how we control all possible 
plays at the same time. 

On the other hand, the “narrow” interpretaton of Big Sets is play-specific: it 
depends on the concepts of “emergency” and “secondary sets,” just as we did in 
our case study of Cases 1-8. 

Of course, a Big Set in the “narrow sense” is a Big Set in the “broad sense.” 
The good news is that the result of the Calculations, carried out for the Big Sets in 
the “narrow sense,” works without any modification for the Big Sets in the “broad 
sense.” It follows that the total number |B| of Big Sets in the “broad sense” is 
estimated from above by (see (39.3)) 
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4(3)-m7 ACA apktS pet VE-D)\ 7 
lst (ma OD. (€ (j)-m**-D ) | on 


4 A(k —2)! 


ri 
<|F| (max {2!-D, m?- D'*7= 1) ; 


since T = 2*/4/m? (we assume that k > 8log,m). 

To prevent the appearance of any U/; with T = 2*/*/m? satisfying (a), (8) (“Big 
Set in the narrow sense’), Breaker uses “Lemma 5” in Section 36 for the family of 
all possible “Big Sets in the broad sense”, i.e. for B, in the Big Game. The “target 
value” of a “forbidden” U/, is 2°"->*/)" (see (a)). 

On the other hand, the “initial value” is |], i.e. the total number of Big Sets 
in the “broad sense.” If |B] < 2°~>/2)7-! with T = 2/4/m?, then, by using the 
strategy of “Lemma 5” in Section 36, Breaker can indeed prevent the appearance 
of any U, with T = 2*/4/m? satisfying (a), (8) (“Big Set in the narrow sense’) in 
the Big Game. In view of the Big Set Lemma, this forces the Component Condition 
in the small game. Then the Last Step Lemma applies, and implies Theorem 37.5. 

It remains to check the inequality |B| < 2°"->"/2)?—! with T = 2*/4/m?. In view 
of (39.7) it suffices to check 


T-1 
\F| (max {2* -D, m=. D'+e2 }) < 2-7-1, (39.8) 


Taking the (J —1)st roots of both sides of (39.8), we obtain the hypothesis of 
Theorem 37.5, and the proof is complete. 


40 


Breaking the “square-root barrier” (I) 


In Parts A and B we proved several Weak Win results for “Ramsey type games 
with quadratic goal sets” (applying either Theorem 1.2 or Theorem 24.2). The 
quadratic goal set size was either n = n(q) = (a; or n= n(q) = q’, or some other 
quadratic polynomial in q (see (8.5) and (8.6)); in each case switching the value 
of g to g+1 leads to a (roughly) n'/” increase in the size n = n(q). This explains 
why the following “breaking the square-root barrier” version of the Neighborhood 
Conjecture (Open Problem 9.1) would suffice to prove the missing Strong Draw 
parts of the Lattice Games (Theorems 8.2). Breaking the “square-root barrier” refers 


to the small error term n!/?-* in the exponent of 2, see (40.1) below. 


Open Problem 9.1' Assume that F is an n-uniform hypergraph, and for some fixed 
positive constant € > 0 the Max Degree of F is less than 


1/2-€ 


Deo (40.1) 


where c, = c,(€) is an absolute constant. Is it true that playing on F the second 
player can force a Strong Draw? 


Notice that Open Problem 9.1’ is between Open Problem 9.1 (c) and (d): it 
follows from (c), and it implies (d). 

Unfortunately we cannot solve Open Problem 9.1’, not even for Almost Disjoint 
hypergraphs, but we can prove a weaker version involving an additional condition. 


1. The third Ugly Theorem. The additional condition that we need is a weak 
upper bound on the global size, which is trivially satisfied in the applications. The 
constants 1.1 and 2/5 = .4 below are accidental; the main point is that 1.1 is larger 
than 1 and 2/5 is less than 1/2 (to break the “square-root barrier’). 
Theorem 40.1 Jf F is an n-uniform Almost Disjoint hypergraph such that 

2/5 


|F | < ant and MaxDeg(F) < Qn-4n ; 


then for n> Co (i.e. n is sufficiently large) the second player can force a Strong 
Draw in the Positional Game on F. 
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Theorem 40.1 will be proved by a tricky adaptation of the proof technique of 
Theorem 37.5 (see the last section). The proof of Theorem 40.1 is long. At the end 
of this section we include a detailed outline of the proof. The rest of the proof will 
be discussed in the next section. 

What we want to explain first is why the third Ugly Theorem (Theorem 40.1) 
is relevant in the Lattice Games (Theorem 8.2), i.e. how to prove the missing 
Strong Draw parts of Theorem 8.2. Unfortunately Theorem 40.1 itself does not 
apply directly: the lattice-game hypergraphs are not Almost Disjoint, but there is 
a way out: there is a resemblance to Almost Disjointness, meaning that the proof 
technique of Theorem 40.1 can be adapted to complete the proof of Theorem 8.2. 

We explain what “resemblance to Almost Disjointness” in Theorem 8.2, and 
also in Theorem 12.6, means. The key idea is to involve a “dimension argument,” 
namely that “intersections have smaller dimension.” The best way to illustrate this 
idea is to introduce a new simpler game where the concept of dimension comes up 
naturally. We study the Finite Affine and Projective Geometry as a generalization 
of Theorem 12.6. 


2. Illustration: planes of the Finite Affine and Projective Geometry. Note that 
Theorem 12.6 is about the “planes” of the n“ Torus. The n“ Torus is nothing else 
other than the dth power Z,, x --- x Z,, = (ZZ,,)“ of the additive group (mod n) 
ZZ,,. A combinatorial plane (Comb-Plane in short) is a 2-parameter set (“plane”) 
in (ZZ,)*. (Z,)¢ is a nice algebraic structure: it is an abelian group, but the 
richest algebraic structure is, of course, a field, so it is a natural idea to consider 
a finite field (“Galois field”) F,, where q is a prime power. The two most natural 
“plane” concepts over F, are the planes of the d-dimensional Affine Geometry 
AG(d,F,) and the planes of the d-dimensional Projective Geometry PG(d, F,) 
(see e.g. Cameron [1994]). 

The d-dimensional Affine Geometry AG(d,F,) has q“ points; has q“~'(q4 — 
1)/(q—1) lines, where each line contains g points; and has g4~?(q4 — 1)(q*"! — 
1)/(q° — 1)(q—1) planes, where each plane contains q’ points. 

The d-dimensional Projective Geometry PG(d,F,), on the other hand, has 
(q¢*! —1)/(q—1) points; has (g4*! — 1)(q4 — 1)/(q? — 1)(q—1) lines, where each 
line contains g+ 1 points; has (g“*! — 1)(q4 —1)(q4"! —1)/(¢ — 1) (¢ — 1)(q—-1) 
planes, where each plane contains g?+q+ 1 points. 

If the winning sets are the “affine planes” or the “projective planes,” then we get 
two different positional games, and the corresponding Achievement and Avoidance 
Numbers are denoted by A(d-dim. affine; plane), A(d—dim. affine; plane; —), 
and in the projective case A(d-dim. projective; plane), A(d-dim. projective; 
plane; —); we are looking for the largest prime power g such that playing in 
the d-dimensional Affine (resp. Projective) Geometry Maker can occupy a whole 
affine (resp. projective) plane — in the Reverse version Avoider is forced to occupy 
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a whole plane. Because it is not true that every positive integer is a prime power, 
the following result is not as elegant as Theorem 12.6. 


Theorem 40.2 The affine plane Achievement Number A(d-dim. affine; plane) is 
the largest prime power q = q(d) such that 


qt+o(1) < Vd, 
V2 log, q 


and the same for the Avoidance Number A(d-dim. affine; plane; —). 

The projective plane Achievement Number differs by an additive constant I/2 in 
the numerator: A(d—dim. projective; plane) is the largest prime power q = q(d) 
such that 

q+1/2+o0(1) 2a 


d, 
V2 log, q 


and the same for the Avoidance Number A(d-dim. projective; plane;—). 


The affine plane has g’ points and the projective plane has g?7+ q+ 1=(q+1/2)?+ 
O(1) points; this extra 1/2 explains the extra 1/2 in the second part of Theorem 40.2. 
There are infinitely many values of dimension d when the equations 


1 1/2 1 
max : aROly 2 d and max: aE Mel) 2. Jy 


a J/2log,q — a V2 log, q 


have different prime power solutions q, distinguishing the affine case from the 
projective case (see Theorem 40.2). 

Notice that the “planes” over a finite field do not have the “2-dimensional 
arithmetic progression” geometric structure any more. We included Theorem 40.2 
mainly for the instructional benefits that its proof is simpler than that of Theorem 8.2 
or 12.6. We begin with the easy: 


3. Weak Win part of Theorem 40.2. 

Case 1: d-dimensional Affine Geometry AG(d, F,) 

The family of all affine planes in AG(d, F,) is denoted by F(q, d); itis a q’-uniform 
hypergraph, and its board size is |V| = g“. Assume that 


TEGO). Gere 
\V| qi 


= g?t°2-F > Ip. (40.2) 


To apply the advanced criterion Theorem 24.2 we have to estimate T((F(q, d))5) 
from above. Fix two points P and Q; then a third point R and the fixed P, 
Q together determine an affine plane if R lies outside of the PQ-line; this gives 
(9° —9)/(¢° — 4) = (q* | —1)/(q—1) for the number of affine planes in AG(d, F,) 
containing both P and Q. This gives the exact value 
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qi gi 'al ; 
TFC. ay) = (4) (eT anetinns 


where the exponent —(pq? — (p— 1)q) of 2 is explained by the fact that the p affine 
planes, all containing the PQ-line, are in fact disjoint apart from the PQ-line (“q 
points”). Therefore 


(TUF a, af)” = Gl? 2g"? .2-P HIP, 


It follows that Theorem 24.2 applies with p = 3 if (40.2) holds, completing the 
Weak Win part of the affine case. 


Case 2: d-dimensional Projective Geometry PG(d, F,). 
The only minor difference is that the plane-size is g?7 + q+ 1 instead of q’, the rest 
of the calculations are almost identical. Again Theorem 24.2 applies with p = 3. 


Now let’s go back to Strong Draw. In Theorem 40.2 the winning sets are projective 
(or affine) planes, and the intersection of two planes is either a line or a point (always 
a lower dimensional sub-space). Two lines intersect in a point (or don’t intersect at 
all). That is, by “repeated intersection” we go down from planes to points in two 
steps. This is just a little bit more complicated than the “one step way” of Almost 
Disjoint hypergraphs (where two hyperedges either intersect in a point or don’t 
intersect at all). This is what we mean by a “resemblance” to Almost Disjointness. 

The same argument applies for the combinatorial planes (“‘2-parameter sets”) in 
Theorem 12.6. Theorem 8.2 (“Lattice Games’) is a different case: for the g x q 
lattices in Theorem 8.2 — regarded as “planes” — the principle of “intersections have 
smaller dimension” is clearly violated. Indeed, two different g x q lattices may have 
a non-collinear intersection. But there is an escape: the good news is that any set 
of 3 non-collinear points of a q x q parallelogram lattice “nearly” determines the 
lattice (3-determinedness). Indeed, there are at most (4) q x q parallelogram lattices 
containing a fixed set of 3 non-collinear points of the N x N board. In Theorem 8.2 
(“) is nee small” (a polylogarithmic function of N); thus we can (roughly) say 
that “(E) is (nearly) as good as 1”, where “1” represents the ideal case of planes 
(since planes intersect in lines or points). 

We are aware that this argument is far too vague (though this is the basic idea), 
but at this point we just wanted to convince the reader that Theorem 40.1 is the 
critical new step, and the rest is just a long but routine adaptation. We conclude 


this section with an: 


4. Outline of the proof of Theorem 40.1. First we explain why Theorem 37.5 
(second Ugly Theorem) cannot directly prove Theorem 40.1 (i.e. why we need a 
new idea). In Theorem 37.5 there is an integral parameter k (k > 8log,n) that can 
be freely chosen, but the hypothesis 
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95k/2 p+ ea <2", 


where D =MaxDeg(F), puts a strong limitation on the Max Degree of the 
n-uniform hypergraph F: D cannot go beyond 2”-¥" whatever way we choose 
parameter k (the optimal choice is around k = ./n). The term os in the power of 
D in the inequality above comes from the “centipedes” (see “Type 4” and formulas 
(39.3), (39.7)-(39.8)); we refer to this as the “centipede problem.” 
To replace the bound 
D229" with, DSI 

where € > 0 is a fixed positive constant — i.e. “breaking the square-root barrier,” 
which is the key point in Theorem 40.1 — requires a new idea. Formula (34.7) in 
Corollary 1 of Theorem 34.1 explains why Theorem 34.1 doesn’t help either. We 
abandon Theorem 34.1, and try to modify the proof of Theorem 37.5. 


A cure for the “centipede problem’’: hazardous sets. What is exactly the “cen- 
tipede problem”? Well, the secondary sets may have very few marks of Maker, 
representing negligible “target value” — this explains why the proof technique devel- 
oped in Section 39 is insufficient to break the “square-root barrier.” We have to 
completely change the definition of secondary sets — to emphasize the change we 
introduce a new term: hazardous sets, which will play a somewhat similar role to 
that of the secondary sets in Section 39. The new notion of hazardous sets will 
lead to a new definition of the small board, and the small game in general. 

There is only a minor change in the way how the first emergency set arises: when 
Maker (i.e. the first player) occupies the (n — k)th point of some survivor winning 
set A € F for the first time (survivor means “Breaker-free” where Breaker is the 
second player); in that instant A becomes dangerous, and its k-element “blank” part 
is called an emergency set. Note in advance that parameter k will be specified as 
k =n’/>. The k-element emergency set is removed from the Big Board (which was 
the whole board before) and added to the small board (which was empty before). 

Note that we may have several dangerous sets arising at the same time; for each 
one the k-element “blank” part is a new emergency set, which is removed from the 
Big Board and added to the small board. 

Since the Big Board is strictly smaller now than it was at the beginning, we 
may have an untouched survivor A € F with |A(Big; blank)| < k; in fact, we 
may have several of them: A; € F, where i € J. If |A;(small)| < k, then Aj = 
A; \ A,(Big; Maker) is a new emergency set; if |A,(small)| >k-+1, then A} = 
A; \ A;(Big; Maker) is a hazardous set. In both cases Aj is removed from the Big 
Board and added to the small board; we do this for all i € J. 

At the end of this the Big Board becomes smaller, we may have an untouched 
survivor A € F with |A(Big; blank)| < k; in fact, we may have several of them: 
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A; € F where i € I. If |A;(small)| < k then A? = A; \ A,(Big; Maker) is a new 
emergency set; if |A;(small)| > k+1, then A* = A, \ A,(Big; Maker) is a hazardous 
set. In both cases Aj is removed from the Big Board and added to the small board; 
we do this for all i € I. 

Repeating the previous argument, this extension process — which we call the 
“first extension process” — will eventually terminate, meaning that the inequality 
|A(Big; blank)| => k+ 1 holds for every untouched survivor A € F. 

It may happen, however, that the inequality k+1 <|A(Big; blank)| < |A(small)| 
holds for a family A= A;, i ¢ 7 of untouched survivors. Then again Aj = A; \ 
A;(Big; Maker) is a new hazardous set, which is removed from the Big Board and 
added to the small board. 

At the end of this the Big Board is decreased, so we may have an untouched 
survivor A € F with k+1 < |A(Big; blank)| < |A(small)|. Then again A* = A \ 
A(Big; Maker) is a new hazardous set which is removed from the Big Board and 
added to the small board, and so on. Repeating this “second extension process,” 
it will eventually terminate, meaning that the inequality k+ 1 < |A(Big; blank)| < 
|A(small)| fails to hold for any untouched survivor A € F. 

At the end of this there may exist an untouched survivor A € F with 
|A(Big; blank)| < k; in fact, we may have several of them: A; € F, where i € J. 
Applying again the “first extension process,” and again the “second extension pro- 
cess,” and again the “first extension process,” and again the “second extension 
process,” and so on, we eventually reach a stage where this process of alternat- 
ing the “first extension” and the “second extension” terminates, meaning that both 
properties 


|A(Big; blank)| >k+1; (40.3) 
|A(Big; blank)| >|A(small)| (40.4) 


hold for every untouched survivor A € F — we refer to this as the Closure Process. 

Up to this point the small sets are exactly the emergency sets and the hazardous 
sets; at a later stage, however, the small sets will differ from the emergency and 
hazardous sets as follows. Assume that, at a later stage the double requirement 
(40.3)-(40.4) is violated (due to the fact that the Big Board is shrinking and the 
small board is growing); it can be violated (in fact, “violated first”) in two different 
ways: 


either k = |A(Big; blank)| > |A(smaill)| occurs, (40.5) 
or |A(Big; blank)| = |A(small)| >k+1 occurs. (40.6) 
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Case (40.5) will produce new emergency sets and case (40.6) will produce new 
hazardous sets as follows. 
If (40.5) holds, then 


S = S(A) = A(blank) = A(Big; blank) U A(small; blank) (40.7) 


is a new small set, which is (as usual) removed from the Big Board and added to 
the small board. The (possibly) larger set 


E = E(A) = A\A(Big; Maker) = A(Big; blank) U A(small) (40.8) 


is a new emergency set, and we refer to the small set S = S(A) in (40.7) as a 
small-em set — meaning the “small-set part of emergency set E = E(A) in (40.8); 
clearly SC E. 

Next assume that (40.6) holds; then 


S = S(A) = A(blank) = A(Big; blank) U A(small; blank) (40.9) 


is a new small set, which is (as usual) removed from the Big Board and added to 
the small board. The (possibly) larger set 


H = A\ A(Big; Maker) = A(Big; blank) U A(small) (40.10) 


is a new hazardous set, and we refer to the small set S = S(A) in (40.9) as a 
small-haz set — meaning the “small-set part of hazardous set H = H(A) in (40.10)”; 
clearly SC H. 

In other words, from now on the new small sets are either small-em sets (“blank 
parts of emergency sets”) or small-haz sets (“blank parts of hazardous sets”’). 

Notice that we returned to the Same Board Principle of Sections 35-36 — which 
was (possibly) violated in Section 39 — meaning that if Maker’s last move was in 
the Big Board (resp. small board), then Breaker always replies in the Big Board 
(resp. small board). 

Another new notion: the union of the small-em sets is called the Emergency 
Room, or simply the E.R. 

Of course, we may have several violators of (40.3)-(40.4) arising at the first time: 
we repeat the previous argument for each one. Then again we may have several 
violators of (40.3)-(40.4): we repeat the previous argument for each; and so on. In 
other words, we apply a straightforward Closure Process — just like before — which 
terminates at a stage where again the double requirement (40.3)-(40.4) holds for 
every untouched survivor A € F. At a later stage the double requirement (40.3)— 
(40.4) may be violated; it can be violated (in fact, “violated first’) in two different 
ways: (40.5) and (40.6), and so on. 

This completes our description of the necessary changes in the definition of the 
small game. 
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5. How to solve the “‘centipede problem”? The main idea is the following lemma, 
which plays a key role in the proof of Theorem 40.1. 


Hazardous Lemma: Under the condition of Theorem 40.1, Breaker can force that, 
during the whole course of the play, every hazardous set H intersects the E.R. 
(“Emergency Room”) in at least |H|/4 points. 


Remark. In view of (40.6), the Hazardous Lemma holds trivially for the first 
hazardous set (in fact holds with |H|/2 instead of |H|/4), but there is no obvious 
reason why the Hazardous Lemma should remain true at the later stages of the play 
(unless, of course, Breaker forces it by playing rationally). 


Proof of the Hazardous Lemma (outline). To understand what Breaker has 
to prevent, assume that there is a “violator.” Let H be the first violator of the 
Hazardous Lemma: #H is the first hazardous set which intersects the E.R. in less 
than |H|/4 points. Since |H| > 2k +2 (see (40.6)), H must intersect the difference- 
set “smallboard minus E.R.” in > k/2 points; this and Almost Disjointness together 
imply the existence of k/2 non-violator hazardous sets H,, Hy, ..., Hy/. such that 
|JHNH;|=1, 1 <j <k/2. Since each H, is a non-violator of the Hazardous Lemma, 
again by Almost Disjointness each H; must intersect at least |H;|/4 = /; emergency 
sets E,1, Ej, --» Ejy, (= 1,2,...,k/2). Formally we have 1+ (k/2)+ j41; 
super-sets 


A(H), A(A,), ee ee A(A;/2); A(E, 1); esey Sg: A(E,),)> A(E} 1), D220). A(E),), 
Al Es iJeesiv ACh sa. Vidi (Ea) yi A(Ex/2,4,5)> (40.11) 


but there may occur some coincidence among these hyperedges of F, or at least 
some “extra intersection” beyond the mandatory one-point intersections (“Almost 
Disjointness”). In (40.11) A(...) denotes the uniquely determined super-sets 
(uniquely determined because of Almost Disjointness). 

The first case is when we have neither coincidence nor “extra intersection.” 


The Simplest Case: There is no coincidence among the | + (k/2)+ me 5 1; super- 
sets in (40.11), and also there is no “extra intersection” beyond the mandatory 
1-point intersections, except (possibly) the k/2 sets A(H,),...,A(Hj/2), which 
may intersect each other (this “minor overlapping” has a negligible effect anyway). 
Breaker wants to prevent the appearance of any “tree like configuration” of the 
Simplest Case (see figure below). 

Breaker uses the Power-of-Two Scoring System (“Erdés—Selfridge technique”): 


the target value of a “tree like configuration” is at least 


Qj (| (n—28)|H1/4)_ 
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ACE, 1) °° * ACE, ),) A(Eo1) + + + ACEd 2) A(Exga) + + + A(Eq2,1,.) 


Lala, j=1,.. ., M2 


How many “tree like configurations” are there? Well, there are |F| ways to 
choose A(H) (“the root”), at most (nD)‘/* ways to choose A(H,),...,A(Hj,2) 
(“first neighborhood of the root”), and at most 


(nD) "#1 |+|Ag|+...+]Ak2|)/4 


ways to choose 
A(E, 1), +--+, ACE, 1,)) +++» A(Expar)s oo A(Ex 2,14.) 


(“second neighborhood of the root”), where /; = |H;|/4, 1 < j < k/2. The Erdés— 
Selfridge technique works if 


Adj (n-|Hl-j+(n—26)|Hj1/4) |F| - (nD) &/2)+ HH Bal + tla (40.12) 


where D =MaxDeg(F). Inequality (40.12) is equivalent to 


k/2 gn—2k |H;|/4 9n-lHil-J 
: Fi. 40.13 
IT ( = ) on > |F| ( ) 


j=l 


(40.13) follows from the stronger inequality 


k/2 7 yn—2k—4 1+|Hj|/4 
F|\. 40.14 
(=) =F (40.14) 


j=l 


By hypothesis 
iFla2” and Deo”, 

and also |H;|/4 > k/2 * n*°/2, so (40.14) follows from the trivial numerical fact 
3-2/5 = 6/5 > 1.1. This proves that Breaker can indeed prevent the appearance 
of a first violator of the Hazardous Lemma where the corresponding “tree like 
configuration” belongs to the Simplest Case. 

Now it is easy to see that the Simplest Case is in fact the “worst case scenario,” 
the rest of the cases are actually easier to handle. Indeed, if there is a (say) “extra 
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intersection,” then a bond set arises (see Section 39), which contains (n— 2k) marks 
of Maker in the Big Game: a huge “target value” of 2”~7*. 


bond set 


Every bond set represents, therefore, a “huge gain” for Breaker, explaining why 
the Simplest Case (“when there is no bond set’’) is the “worst case scenario.” This 
completes our outline of the proof of the Hazardous Lemma. 

But we didn’t address the main question yet: “Why is the Hazardous Lemma so 
important?” It is important because it greatly improves the calculations in “Type 
4” (see Section 39). Indeed, if H is a hazardous set, then by the Hazardous Lemma 
there exist |H|/4 =1> k/2 + n?/°/2 emergency sets E,, E>, ..., E, such that 
A(A)NA(E;), i= 1,2,..., 1 form / distinct points (see figure). 


ae) “centipede” 
Le (> 
Me) . 


We can assume that A(E,), A(E;), ..., A(E;) are pairwise disjoint; indeed, 
otherwise a bond set arises, which means a “huge gain” for Breaker. 

A typical appearance of “Type 4” is in “Case 4” (see Section 39); then the 
number of ways we can “grow” to G,,;,,, from G,; is bounded from above by 


Uen|-D- (nD)! 


If in the “extraction procedure” (see Section 39) we include the “hazardous super- 
set” A(H) and add it to the “emergency super-sets” A(E,), A(E,), ..., A(E,) — this 
inclusion is a key technical novelty of the proof! — then the “target value” of this 
configuration is (“Power-of-Two Scoring System’’) 


Qn |A|+1(n—2k) __ Qn |S|4(n—2k)|A|/4. 
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we assume the “worst case scenario”: A(E,), A(E,), ..., A(E,) are pairwise disjoint. 
The following inequality certainly holds with k = n> 


Uy |-D- (nD) oe va Lia 
ani IMecl (sen) = aa (40.15) 


A/S 
= extremely small if |U)|<2 >. 


Inequality (40.15) is more than enough to guarantee the truth of the “Big Set 
Lemma” (see Section 39) via the “Calculations” (see Section 39); this is how we 
take care of the “centipede problem” and manage to “break the square-root barrier.” 

This completes the outline of the proof of Theorem 40.1 (heavily using of course 
the technique developed in Section 39). 


41 
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Recall Theorem 40.1: If F is an n-uniform Almost Disjoint hypergraph such that 
|F| <2”" and MaxDeg(F) < 2”-4”"”, 

then for n> cy (“n is sufficiently large”) the second player can force a Strong 

Draw in the Positional Game on F. 

In Section 40 we looked at an outline of the proof; here we convert the outline 
into a precise argument. The reader needs to be warned that the details are rather 
tiresome. The key step is to complete the proof of the Hazardous Lemma. Recall 
the Hazardous Lemma: Under the condition of Theorem 40.1, Breaker can force 
that, during the whole course of the play, every hazardous set H intersects the E.R. 
(“Emergency Room”) in at least |H|/4 points. 

We assume that the reader is familiar with Sections 39-40. 


1. How to reduce the proof of the Hazardous Lemma to the Simplest Case? 
The Hazardous Lemma is already verified in the so-called Simplest Case, and the 
idea is to reduce the general case to the Simplest Case. We assume that Breaker 
is the second player. Again let H be the first violator of the Hazardous Lemma: 
H is the first hazardous set that intersects the E.R. in less than |H|/4 points. 
Since |H| > 2k +2 (see (40.6)), H must intersect the difference-set “smallboard 
minus E.R.” in > k/2 points; this and Almost Disjointness together imply the 
existence of k/2 non-violator hazardous sets H,, H>, ..., Hj). such that |HH;| = 1, 
1 <j <k/2. Since each H; is a non-violator of the Hazardous Lemma, again by 
Almost Disjointness each H; must intersect at least |H;|/4 = 1; emergency sets E; ,, 


Eines Ejn, (j=1,2,...,k/2). Formally we have 1+ (k/2) +i J; super-sets 
A(H), A(A)), ---, ACAkj2)» A(E,,1), «++» ACE, 1,)» A(Eo,1), +++» A(Ex,1,)> 
A(E3,1),.--, A(E3,,),---, A(Ex1)s +++» AExpatyy)> (41.1) 


but there may occur some coincidence among these hyperedges of F, or at 
least some “extra intersection” beyond the mandatory one-point intersections 
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(“Almost Disjointness”). In (41.1) A(...) denotes the uniquely determined super-sets 
(uniquely determined because of Almost Disjointness). 

The set A(H;) together with the other sets A(E;,), A(E;2), -.+ A(E;,,) is called 
the jth “centipede”; A(H;) is the “head” and A(E,,), A(E;»), --+ A(E;,,,) are 
the “legs.” 


Statement 41.1 For every i Breaker can prevent the appearance of M > n‘/> 
pairwise disjoint sets A(E; ;,), A(E;,;,), ---. A(E;,;,,) in the ith “centipede.” 


A(E 


i iw) 4 
where M> n° 


A(E;;,) forbidden configuration 
A(E;;,) 


Proof. Let M denote the maximum number of pairwise disjoint sets among the 
“legs.” Breaker uses the Power-of-Two Scoring System; the target value of a 
“forbidden configuration” is at least 2-2”, and the number of ways to form a 
“forbidden configuration” is at most |F|(nD)”. Since k = n7/> and M > n‘/>, the 
“total danger” 


M 
|F\(nD)M2--20M = FI ( nD ) < aaa a cs gnitanl? (41.2) 


Qn—2k 


is “extremely small,” proving that Breaker can indeed prevent the appearance of 
any “forbidden configuration” described in Statement 41.1. L 


Statement 41.2 Consider the i'" “centipede” (i is arbitrary) 


A(E; 1) A(E;,2) “centipede” 


Breaker can force that, among the I; super-sets A(E;,), A(E;2), -... A(E;),) at 
least half (namely > 1;/2) are pairwise disjoint. 


Proof. Let M denote the maximum number of pairwise disjoint sets among A(E; ,), 
A(E;), ..-, A(E;,,), and assume that M < /;/2. For notational simplicity assume 
that A(E; ;), | < j < M are pairwise disjoint, and each A(E,,,) with M<v <1; 
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intersects the union set Uj, <;<y A(E;,;)- 


“bond set” 


The (/;— M) sets A(E,,,) with M < v <], are all bond sets. If Breaker uses the 
Power-of-Two Scoring System, the “total danger” is estimated from above by 


1,-M 
|F]-(nD)M2- 20M ( " ”") Qo (n 2k Mv), 


v=1 


Here the first part |F|-(nD)”2--2™ of the long product is the contribution of 
A(H;) and A(E;,), A(E;,2),---, A(E;,y), and the rest of the long product is the 
contribution of A(E; y,,),v=1,2,.... 

Since 1;— M > k/4, the “danger” above is at most 


ZF (2 ee aoe es (41.3) 


which is “extremely small,” proving that Breaker can indeed prevent the appearance 
of any “forbidden configuration” described in Statement 41.2. In the last step we 
used that M = o(n), which follows from Statement 41.1. 


Combining Statements 41.1-41.2 we obtain 

max |H,| < 4n*/. (41.4) 
The next statement excludes the possibility that too many hazardous super-sets 
A(H,;) (“heads”) share the same emergency super-set A(E) (“leg”). 


Statement 41.3 [f Breaker plays rationally, then he can prevent that some A(E) 
intersects r > n'° distinct sets A(H,). 


Proof. The “total danger” of the “forbidden configurations” is at most 


1/5 


|F |? F a) ees) < gona 72 (41.5) 
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r>nis 


each has 

> n—4n4/> 
Xs 

(see (41.4)) 


which is “extremely small.” Note that the factor |F|? on the left side of (41.5) 
bounds the number of ways to choose A(H) and A(E), and the rest of the left side 
is the contribution of the bond sets A(H;,), A(H;,),---, ACH; ,,)- 


i,1/5 
Notice that the term “—n!/5” jn 2--4"*°—""") above comes from the fact that the 
sets A(H;,), A(H;,), .... ACH; ,,) may intersect. i 


i /5 


Statement 41.4 If Breaker plays rationally, then he can prevent the appearance of 
any forbidden configuration described by the picture 


jeJ 


forbidden configuration 


where the requirements are listed as follows: 


(1) by dropping A(A), the rest is still connected; 

(2) [F| = 2n'”; 

(3) every A(E;) intersects at least two A(H;), i € I; 

(4) every A(E;) intersects at least one new A(H;), i € I. 


Proof. In view of Statement 41.3 we can assume that 2n'/> < |J| < 3n'/>, and want 
to show that the “danger” is “extremely small.” For notational simplicity assume 
J = {1,2,..., J}; then the “danger” is less than the following very long product. 
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The first part is 


a,—-1 
|F|-(nD)2- 4") . (nD)y2- "4 . ey pa) 
2 


(explanation for the first part: here |F| is the number of ways to choose A(H), 
the middle (nD)2~-“~4""”) . (nD)2-—® is the contribution of A(H,) and A(E,), 
a, is the number of neighbors of A(EZ,) among A(H,), i € J, where “neighbor” 
of course means “intersecting,” and the “—1” in a, —1 is clear since A(H,) was 
already counted); the second part of the very long product is 


(re D)2- ee), () gees) : 


(explanation: here (n*D) bounds the number of ways to choose A(E,)); and the 
rest of the very long product goes similarly as follows 


(n2 Dy2~ "2" ; () poet) ' . 


where a; (j= 1,2,..., J) is the number of new neighbors of A(E;) among A(H;), 

ié J (“neighbor” of course means “intersecting’”). Note that the term —|/| in 

2-4-1) above comes from the fact that the sets A(H,), i€ I may intersect. 
Since a, +a)+---+a,=|I| > 2n', the very long product above is less than 


Z gn —3 Qn) (41.6) 


which is “extremely small.” 


Statement 41.4 was about the maximum size of a component of A(H;)s (a compo- 
nent arises when A(#) is dropped); the next result is about all components, each 
containing at least two A(H,)s. 


Statement 41.5 [f Breaker plays rationally, then he can prevent the appearance of 
any configuration described by the first picture on the next page, 

where there are j “components” with t, +t, +++-+t;= An'>, where each t, > 2 
(i.e. each “component” has at least two A(H,)s). 


Proof. In view of Statement 41.4 we can assume that 4n!° < t,+1,+---+ t,< 
6n'/>, and want to show that the “danger” is “extremely small.” From the proof 
of Statement 41.4 we can easily see that the “total danger” of the configurations 
described in Statement 41.5 is less than 


|F] 2-8“ DEODtHy-D), 


Since each f; > 2, we have (t; —1)+(4—-1)+---+(,-D2=(+h+---+1))/2= 
2n'/>, implying 


|\F| 2 3 (4-1 +(-D+--+(4;-D) < 7 deal sae (41.7) 
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which is “extremely small,” proving Statement 41.5. 


j components ttt. ..+424n'5 


each having 22 A(H,)s 


Combining Statements 41.2 and 41.5, and also inequality (41.4), we obtain the 
following: 


Statement 41.6 /f Breaker plays rationally, then he can guarantee the following: if 
there is a violator of the Hazardous Lemma, then the first violator A(H) generates 
a “tree like configuration” 


2 
n> 


Helis hs 
ee a a) 
4n5 > |H;| > 2k 
for every 1<j<r 


A) 


lH, | s |A,| 
We ae p> al 2 = 


disjoint sets disjoint sets disjoint sets 
where the 1, +1,+---+l, emergency super-sets are distinct (though they may have 


“extra intersections” among each other). 


Next we study the possible “extra intersections” of these /, +/,+---+/,. emergency 
super-sets. Question: Given an emergency super-set, how many other emergency 
super-sets can intersect it? The following statement gives an upper bound: 


Statement 41.7 Consider the “tree like configuration” in Statement 41.6: let A(E) 
be an arbitrary emergency super-set — the neighbor of (say) A(H,,) — and assume 
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that A(E) has t=y,+y)+...+y; “extra intersections” with other emergency 
super-sets. If Breaker plays rationally, then he can guarantee the upper bound 
t=y+y+...+y;< n'/> uniformly for all A(E). 


Proof. If A(H), A(H;,), A(H;,), --- A(H;,) A(E) are fixed, then the picture below 
shows t= y, + y,+...+y; bond sets 


A(H) 


A(E) F 
Yptyote- “+yj 20 


where each y, > 1l,l<v</j. 
If the statement fails, then without loss of generality we can assume equality 
yp tyot+...+y;=n'. We can estimate the “total danger” from above as follows 


4/5 


|F| : (nD)"* 1) (n—4n J-N)G+)) , (nD)2-°-*#) 


1/5 


5 ee) ea (41.8) 


which is “extremely small.” Explanation for (41.8): the first factor |F| comes from 
A(H), the second factor (nD)/+!2-¢-4"°-/-DU+) comes from A(H,,), A(H;,), 
A(H;,),.-., A(H;,), the third factor (nD)2-“-*) comes from A(E), and finally 


( (c : ») pesan) 


is the contribution of the y, +y,+...+y,;=1n'? bond sets. 
We also used the trivial fact that j < y,+y,+...+y,;=n'”. 


1/5 


Statement 41.8 Consider the “tree like configuration” in Statement 41.6. By playing 
rationally Breaker can force that among these 1, +1, +...+ Ij. emergency super- 


sets we can always select at least (1, +1, +...+1j2) — we pairwise disjoint sets. 


Proof. Let M denote the maximum number of pairwise disjoint sets among the 


1, +1,+...+1,). emergency super-sets, and assume M < (J, +1,+...+)¢2) — pes 
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This means, fixing the k/2 sets A(H), A(H,), A(H)), ..., ACHj,2), and also the 
tld 


ig emergency 
super-sets which are bond sets. So the “total danger” is estimated from above as 


M disjoint sets among the emergency super-sets, there are at least 


follows 


nA/5 


2 
|F|- (ADDY? ZO . (n2 D2)" : (e eee) ¥ 2» (409) 


Explanation for (41.9): the factor |F| - (nD)*/22--4"*"-/2)5 ig the contribution of 
A(H), A(A,),..., A(Aj,2), the factor (n2D2-0-2H)" is the contribution of the M 
disjoint emergency sets, and finally the “n!/>” in the exponent of 2 comes from 
Statement 41.7. It follows that the “total danger” is less than 


4/5 


hme < 7 alia elie (41.10) 


4/5, 
2 


|F|-2" 
i 


which is “extremely small.” O 


Notice that we basically succeeded to reduce the general case of the Hazardous 
Lemma to the Simplest Case: indeed, combining Statements 41.6 and 41.8 we obtain: 


Statement 41.9 By playing rationally Breaker can force that, if there is a first 
violator of the Hazardous Lemma, then its “tree like configuration” can be truncated 
(by throwing out sets if necessary) such that the 1, +1,+...+j4 emergency 
super-sets are pairwise disjoint. 


A(H) Fs 


ae a - 
HI | d 
ie z > al 1,>L4l 
8 ag 

4 


2. Conclusion. By using Statement 41.9 we are ready to complete the proof of 
the Hazardous Lemma. Indeed, by repeating the proof of the Simplest Case in 
Section 40 to the truncated “tree like configuration” in Statement 41.9, we obtain 
that Breaker can prevent the appearance of any truncated “tree like configuration,” 
i.e. there is no first violator of the Hazardous Lemma. This completes the proof of 
the Hazardous Lemma. 


The rest of the proof of Theorem 40.1 goes exactly the same way as was explained 
at the end of Section 40. The last technical problem is how to guarantee the “legs” 
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A(E,), A(E,), ..., A(E,) of the “centipede” to be pairwise disjoint. In view of 
Statement 41.2 the “disjointness” is guaranteed with “//2” instead of “7,” which is 
equally good in the calculations. This completes the proof of Theorem 40.1. 


Theorem 40.1 was about Almost Disjoint hypergraphs; in Theorems 8.2 and 12.6, 
however, the winning sets may have large intersections. This is a rather unpleasant 
new technical difficulty, which demands a change in the definition of the small sets, 
both the emergency and hazardous sets. We refer to this “change” as the RELARIN 
technique (named after RElatively LARge INtersections; the name will be justified 
later). 

The simplest illustration of the RELARIN technique is the following proof of 
the Strong Draw part in Theorem 8.1 (Van der Waerden Game), see Section 42. 
(The Weak Win part was easy, see Section 13.) The good thing about Section 42 is 
that we can entirely focus on the RELARIN technique; we are not distracted by the 
(annoyingly complicated) technicalities of the method of “breaking the square-root 
barrier” (Sections 40-41). 


42 


Van der Waerden Game and the RELARIN 
technique 


Recall the (N, 1) Van der Waerden Game: the board is [N] = {1,2,..., N} and the 
winning sets are the n-term A.P.s (“arithmetic progressions”) in [N]. Note that the 
Weak Win part of Theorem 8.1 was a straightforward application of Theorem 1.2 
(the “easy” Weak Win criterion); at the begining of Section 13 we already proved 
that, if 


N> (1+0(1))n3-2"°, (42.1) 


then the first player can force a Weak Win in the (N, 7) Van der Waerden Game. 

Next we prove the upper bound: the Strong Draw part in Theorem 8.1. We employ 
the simplest BigGame—SmallGame Decomposition developed in Sections 35-36 
(luckily we don’t need the methods of Section 39), and combine it with a new idea 
called the RELARIN technique (named after RElatively LARge INtersections). 
First we have an: 


1. Outline of the proof. Define an “auxiliary” m-uniform hypergraph F — note that 
F will be different from the family of all n-term A.P.s in [N] — and as usual call 
an A € F dangerous when Maker (the first player) occupies its (m—k)th point in 
the Big Game. The unoccupied (in the Big Game) k-element part of this dangerous 
A €F may or may not become an emergency set as follows: let FE), E,, F3,... be 
the complete list of the emergency sets arising in this order in the course of a play 
(if several emergency sets arise at the same time then we order them arbitrarily). 
Let E, = £,, E,= E,\E,, E; = E,\(E,VE,), and, in general 


jl 
E,= E;\ (Us) 
i=1 


We call E ; the “on-line disjoint part” of E;. 

If A € F is the next dangerous set, and A* is the unoccupied (in the Big Game) 
k-element part of A, then we distinguish two cases: (1) if A* intersects some “on- 
line disjoint part” B in > k* points, then we ignore A saying that “A will be 
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blocked inside E, ;’ (ie. A does not contribute a new emergency set); (2) if A* 
intersects every “on-line disjoint part” E ; in less than k* points, then A* is the next 
dangerous set. 

Note that 0 < A < 1 is a fixed constant to be specified later; the intersection size 
k* justifies the name RElatively LARge INtersections (RELARIN). 

In the proof of Theorem 34.1 (see Section 36) Breaker (the second player) used 
a trivial Pairing Strategy restricted to the “on-line disjoint parts” of the emergency 
sets (this was called the small game in Section 36). What we do here is more 
complicated. The similarity is that again in the small game Breaker plays many 
sub-games simultanously, where the disjoint sub-boards of the sub-games are the 
“on-line disjoint parts” E j: if Maker’s last move was in a E, j then Breaker always 
replies in the same Ee The difference is that in every E ; Breaker replies by the 
Power-of-Two Scoring System (instead of making an “arbitrary reply,” which was 
sufficient in Section 36). 

After the outline, it is time now to discuss: 


2. The details of the proof. We begin with the definition of “auxiliary” hypergraph 
F: it is m-uniform where m = n— Roan the hyperedges in F are the m-term 
A.P.s in [N] for which the lower integral part of the Start/Gap ratio is divisible by 
Ean More formally: the m-term A.P. a,a+d,a+2d,...,a+(m-—1)d in [N| 
is a hyperedge of F if and only if | $ | is divisible by malls we refer to these 
A.P.s as special m-term A.P.s. 

Notice that every ordinary n-term A.P. in [N] contains a special m-term A.P.s. 
Indeed, if s,s+d,s+2d,...,s+(n—1)d is an arbitrary n-term A.P. in [J], then 
among the first r= [n'-* | members x = 5,s+d,s+2d,...,5+(r—1)d there is 
exactly one for which |= | is divisible by r; that member s+ jd = a is the starting 
point of a special m-term A.P. contained by s,s+d,s+2d,...,s+(n—l)d. 
Breaker’s goal is, therefore, to block the m-uniform hypergraph F. 

If two A.P.s of the same length have then same gap, we call them translates. 
Notice that in hypergraph F every A € F has at most 2[n*] translates; this is a 
consequence of the definition of special A.P.s. 

We need the following simple “selection lemma”: 


Lemma 42.1 Let A,, A,,..., A, be a family of m-term A.P.’s in the set of natural 
numbers such that no two have the same gap (“translates-free”). If |< m, then we 
can always find a sub-family A;,, A;,,...,A;, with r= 1/3 such that 
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Proof. The proof uses the Pigeonhole Principle. The intersection A; A;, of two 
A.P.s is always an A.P. itself; assume that the intersection has > 2 elements. Let 
A;, = {a;,+jd;,: j=0,1,2,...,m—1} and A, = {a,,+ jd;,: j=0,1,2,...,m— 
1}. Two-element intersection means that there exist b; and b,, with 1 <b, <m—1, 
1<b,, <m—1 such that b, -d; =b,,-d,,, i.e. d;, = (b;,/b;,)-di,- 


Notice that we can estimate the intersection in terms of b,,, b;, as follows 


2m 
|A;, NA,,| < ———_.. (42.2) 
> ~ max{b;,, bi, } 
Now we are ready to select a sub-family A, Aj,,...,A;, with r=/'/ from 


A, A,..., A, such that the union is “large.” First pick A,, and study those Ajs 
for which |A,Aj| > an (M will be specified later); we call these js “M-bad 
with respect to 1.” By (42.2) we have max{b,,b;} < M where d; = (b,/b;)-d,. 
If max{b,, b;} < M, then the number of different ratios (b,/b;) is at most M’, so 
the total number of indices j which are “M-bad with respect to 1” is < M*. We 
throw out from {1,2,...,/} all indices j which are “M-bad with respect to 1,” and 
1 itself, and pick an arbitrary index h, from the remaining set. We study those A;s 
for which |A,, 1 A,;| > am we call these js “M-bad with respect to h,.” By (42.2) 
we have max{b,, , b;} < M, where d; = (b,, /b;)-d),,. If max{b,, , b;} < M, then the 
number of different ratios (b,,/b;) is at most M >| so the total number of indices j 
which are “M-bad with respect to h,” is <M’. We throw out all indices j which 
are “M-bad with respect to h,,” and h, itself, and pick an arbitrary index h, from 
the remaining set, and so on. Repeating this argument, we obtain a subsequence 
ho =1, hy, hy, hy, ... of {1,2,..., 7} such that 


2 
|A),A,,| S — holds for all O<i<j<r= (42.3) 


I 
M2+4+1° 
By (42.3) 


UAi, 


j=l 


r\ 2m 
>rem (5): >(r—1)m 
2) M 


if M => and r= JM. The completes the proof of Lemma 42.1. Oo 


A survivor A € F is called a secondary set if (1) A intersects the small board in at 
least k points, (2) A intersects every E ; (Le. “on-line disjoint part” of emergency 
set E;) in less than k* points, (3) A is not dangerous. 

The following lemma is the perfect analogue of Lemma | in Section 36; the 
concept of Big Game will be defined within the proof of this lemma. 


Secondary Set Lemma: Assume that Breaker has a winning strategy in the Big 
Game, and follows it in a play. Then there is no secondary set. 
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Proof. Assume that A is a secondary set; from the existence of set A we want to 


derive a contradiction. Let E;,, E;,, E;,,... be the eae list of emergency sets 
intersecting A; assume that | < iy e - <i, <---. We claim that 
AN (E;, UE, UE, U...) = AN(E, UE, UE, U...). (42.4) 
1 2 3, 1 2 3 


To prove (42.4) note that, since E;, is the “first,” its “on-line disjoint part” E, 
must intersect A. For E;, we have two options: either (1) AN Ei, Cc E, , or (2) E, 
intersects A. The same eae alternatives hold for E;,, Eis ... let E; be the first 
one for which option (1). fails (i.e. option (2) holds); for notational convenience 
assume that j = 2, Le. E;, i intersects A. For E;, we have two options: either (1) 
ANE;, C E, U E,,, or (2) E, intersects A. The same two alternatives hold for £,,, 


Ex ose let E; be the first one for which option (1) fails (i.e. option (2) holds); for 


ee convenience assume that j = 3, that is, E, intersects A, and so on. This 
proves (42.4). 

Since each intersection AN E; has size less than k* and A intersects the small 
board in at least k points, in view of (42.4) there must exist at least k!~* different 
“on-line disjoint parts” E ;8 which all intersect A. 

Recall the following consequence of the definition of special A.P.s: in hypergraph 
F every A€F has at most 2[n*] translates. Therefore, there exist an index-set 


J with |J| > k'~*/2n* such that (1) the “on-line disjoint part” E; intersects A for 
every j € J, (2) the super-sets A(E;), j € J form a “translates-free” family (i.e. no 
two A.P.s have the same gap). 


Now we apply Lemma 42.1: we can select a sub-family A(E;), i € 7 such that 


Klay 1 
j=r= ae and 
née 


The reason why we wrote “4” instead of “2” in the denominator of the first inequality 
in (42.5) will become clear in the proof of the On-Line Disjoint Part Lemma below. 

This family A(E;), i¢ I defines a Big Set B= U,.; A(E;). Big Set B has the 
following properties: 


UJ A(E)| = (r— 1m. (42.5) 


ie] 


(1) |B] = (r— 1m; 

(2) in the Big Game, Maker occupied at least |B] — rk > (r—1)m-— rk points 
from B; 

(3) in the Big Game, Breaker couldn’t put his mark in B. 


What this means is that, in the Big Game, Maker managed to accomplish a Shutout 
of size (r—1)m—rk in Big Set B. Breaker’s goal in the Big Game is exactly to 
prevent every possible Shutout such as this! 
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Now we are ready to define the Big Game. Let 


kI-A 1/5 
r= ——_ 
(a) 
take the lower integral part); an r-element sub-fam1 
ake the | integral p 1 b-family 


GAA As AVE FE 


is called F-linked if there is a set Ae F with A ¢G such that A intersects each 
element of family G, ie. ANA; 4¥, 1<i<vr. (Note that parameter r is an integer 
between 2 and m/2.) 

The Big Game is played on the family B of Big Sets. What are the Big Sets? 
They are the union sets U;_, A; of all possible F-linked r-element sub-families 
G = {A,, Ay,...,A,} of F 

B={B=UA: GCF, |G|=r, G is F—linked}. 
AcG 
The total number of Big Sets is estimated from above by 
IB] < u(r 2) (42.6) 
Indeed, there are |*| = M ways to choose “linkage" A, there are at most m(D-—1) 
other sets intersecting A where D = MaxDeg(F), and we have to choose r sets 
A,, A,,...,A, among them. 

We are going to show that Breaker can win the Big Game by using the Power- 

of-Two Scoring System. It suffices to check that 


Bl ae- oad (42.7) 


Note that the board of the Big Game is shrinking during a play, but this does not 
cause any extra difficulty. 

Now we are ready to complete the proof of the Secondary Set Lemma. If there 
exists a secondary set, then, in the Big Game, Maker can certainly achieve a 
Shutout of size > (r— 1)m-— rk in some Big Set, which contradicts the assumption 
that Breaker has a winning strategy in the Big Game. L 


The next lemma is the perfect analogue of Lemma 2 in Section 36. 


On-Line Disjoint Part Lemma: Assume that Breaker has a winning strategy in 
the Big Game, and follows it in a play. Then every on-line disjoint part E, has 
size > k/2. 


Proof. Assume |E,| <k/2. Let E,, F;,, E;,,... be the complete list of emergency 
sets intersecting E,; assume that 1 <i, <i, <i, <---. We have the analogue 
of (42.4) 


E,N(E;, UE; UE;, UV...) = E,(E;, UE; VE, U...). 
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Since each intersection E,M E, has size less than k* and |E;| <k/2, there must 
exist at least kin different “on-line disjoint parts” E, s which all intersect E,. 
This ki is half of what we had in the proof of the Secondary Set Lemma, 
explaining the factor of “4” (instead of “2”) in (42.5). The rest follows from the 
previous proof. 


3. Conclusion. The small game falls apart into disjoint sub-games, where each sub- 
game is played on some on-line disjoint part E,, and each small set has size > k*. 
Every small set is the intersection of E , with an m-term arithmetic progression AP, 
implying that every small set in E, is uniquely determined by a 4-tuple (F, L, i, /), 
where f and L are the first and last elements of the m-term arithmetic progression 
AP in E,, F is the ith and L is the jth elements of AP with | <i < j < m. Thus 
the total number of small sets in E, is 


<(2)(0)<Q)G@)< 


By using the Power-of-Two Scoring System, Breaker can blocke every possible 
small set in every on-line disjoint part E, if 


mn ort, (42.8) 


Moreover, by (42.6)-(42.7) Breaker can win the Big Game if 
D-1 
u(™" Z ’) < Qe Dm rk 1 : (42.9) 


where |F| = M and D= MaxDeg(F). 

Assume that both (42.8)-(42.9) hold; then Breaker can block every A € Ff, 
ic. he can force a Strong Draw in F. Assume that there is an Ay € F which 
is completely occupied by Maker; we want to derive a contradiction from this 
assumption. 

If Maker is able to occupy (m—k) points of Ay in the Big Game, then Ay 
becomes a dangerous set. We have two options: if (1) Ag intersects some E, in 
> k* points, then A, will be blocked by Breaker inside E,; if (2) Ap produces an 
emergency set Ey, then Ay will be blocked inside Ep. 

If at the end of the Big Game Maker still couldn’t occupy (m—k) points of Apo, 
then again we have two options: either (i) at some stage of the play A) becomes 
a secondary set, which contradicts the Secondary Set Lemma, or (ii) Ap intersects 
some E, in > k* points, which is case (1) above, i.e. Ag will be blocked by Breaker 
inside E.. In each case we get a contradiction as we wanted. 
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The last step of the proof is to maximize the value of n under conditions (42.8)— 


(42.9). Recall that 
kI-A 1/5 
monan r= (T ) : 
4né 


on the other hand, trivially M =|F| < N? and D= MaxDeg(F) < N. By choosing 
e€=1/8=A and k=n"*, inequalities (42.8)-(42.9) are satisfied with 


n= log N+ cy: (log; N)"* =(14 (log, Tons) 28% 


where cy is a large positive absolute constant. This completes the proof of the 
Strong Draw part of Theorem 8.1. 


Chapter IX 


Game-theoretic lattice-numbers 


The missing Strong Draw parts of Theorems 8.2, 12.6, and 40.2 will be discussed 
here; we prove them in the reverse order. These are the most difficult proofs in 
the book. They demand a solid understanding of Chapter VIII. The main technical 
challenge is the lack of Almost Disjointness. 

Chapters I-VI were about Building and Chapters VII—VIII were about Blocking. 
We separated these two tasks because undertaking them at the same time — ordinary 
win! — was hopelessly complicated. Now we have a fairly good understanding of 
Building (under the name of Weak Win), and have a fairly good understanding of 
Blocking (under the name of Strong Draw). We return to an old question one more 
time: “Even if ordinary win is hopeless, is there any other way to combine the two 
different techniques in a single strategy?” The answer is “yes,” and some interesting 
examples will be discussed in Section 45. One of them is the proof of Theorem 12.7: 
“second player’s moral-victory.” 


552 


43 


Winning planes: exact solution 


The objective of this section is to prove the missing Strong Draw part of 
Theorems 12.6 and 40.2. The winning sets in these theorems are “planes”; two 
“planes” may be disjoint, or intersect in a point, or intersect in a “line.” The third 
case — “line-intersection” — is a novelty which cannot happen in Almost Disjoint 
hypergraphs; “line-intersection” requires extra considerations. 


1. A common generalization. Both Theorems 12.6 and 40.2 will be covered by 
the following generalization of Theorem 40.1: 


Theorem 43.1 Assume that (F,G) is a pair of hypergraphs which satis- 
fies the following Dimension Condition (some kind of generalization of Almost 
Disjointness): 


(a) F is m-uniform, and the hyperedges A € F are called “planes”; 

(b) the hyperedges B € G are called “lines,” and each line has at most 2,/m points; 

(c) the intersection of two “planes” is (1) either empty, (2) or a point, (3) or a 
“line”; 

(d) G is Almost Disjoint, and F has the weaker property that 3 non-collinear 
(meaning “not on a line”) points uniquely determine a “plane”; 

(e) the Max Pair-Degree A, = A,(F) of hypergraph F satisfies an upper bound 


A, < 2-9)" with some positive constant 5 > 0. 


Then there exists a finite threshold constant cy = o(5) < 00 depending on 6 only 
such that, if 
|F| < 2”"' and D= MaxDeg(F) < qin—4ame> 


(which means: breaking the square-root barrier), and m > Co, then the second 
player can force a Strong Draw in the positional game on hypergraph F. 


Before talking about the proof, let me explain how Theorems 12.6 and 40.2 follow 
from Theorem 43.1. Note that m is either g?+9q+1 (“projective planes”), or 
q° (“affine planes”), or n? (“comb-planes in the n@ torus”). Conditions (a)-(d) 
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are trivially satisfied; but how about the Max Degree and the Max Pair-Degree? 
We have 


Dx q““ and A, ¥ q*” ® D° (projective geometry); 
Dx q“ and A, ~ q4 ~ D° (affine geometry); 


D ~ 34 and A, © 24 & D°?/"83 — PD (planes in the n“ torus), 


which settles condition (e). 


2. The proof of Theorem 43.1. It is a combination of the proof of Theorem 40.1 
(see Sections 39-41) and the RELARIN technique (see Section 42). The possibility 
of relatively large “‘line-intersections” demands a change in the definition of the 
small sets, both the emergency and hazardous sets. Let k = m?/>, 

There is no change in the way how the first emergency set arises: when Maker 
(the first player) occupies the (m—k)th point of some survivor (meaning “Breaker- 
free,” where Breaker is the second player) winning set A € F for the first time; 
in that instant A becomes dangerous. Note that we may have several dangerous 
sets arising at the same time: they are A; € F where i € J. For simplicity we may 
assume that J = {1,2,...,5}, and proceed by induction. The first emergency set is 
the “blank” k-element part Aj = A, \ A, (Big; Maker) of A,; Aj is removed from 
the Big Board and added to the small board. Next consider A,; the first novelty 
is that set A, does not necessarily produce a new emergency set, i.e. A, may be 
“ignored.” Indeed, if the “blank” k-element part A} = A, \ A,(Big; Maker) of A, 
intersects an emergency set (at this stage this means the first emergency set A7) in 
> k* points, then we ignore A, by saying that “A, will be blocked inside of A,,” but 
if A} intersects every emergency set (at this stage this means the first emergency 
set A* only) in less than k* points, then A% is the second emergency set; A% is 
removed from the Big Board and added to the small board. (A will be a positive 
absolute constant less than 1; note in advance that A = 1/2 is a good choice.) 

Similarly, let 1 < j < s; if the “blank” k-element part Aj = A; \ A,;(Big; Maker) 
of A; intersects an emergency set in > k* points, then we ignore A ; by saying 
that “A; will be blocked inside of some A; with i < j,” but if A; intersects every 
emergency set in less than k* points, then A* is anew emergency set; Aj is removed 
from the Big Board and added to the small board. 

At the end of this the Big Board becomes smaller, so we may have an untouched 
survivor A € F with |A(Big; blank)| < k; in fact, we may have several of them: 
A; € F where i € J. For simplicity write J = {1,2,..., 5}, and proceed by induction. 
Each A; may or may not contribute a new emergency or hazardous set as follows. 
First assume that |A,(small)| <k; let A} = A, \ A, (Big; Maker); note that |Aj| > 
k. Consider the largest intersection of Aj with an emergency set; if the largest 
intersection is > k*, then (as usual) we ignore Aj. If the largest intersection is less 
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than k*, then A* is a new emergency set; A* is removed from the Big Board and 
added to the small board. 

Next assume that |A,(smaill)| >k+1, and write Aj = A, \ A, (Big; Maker); note 
that |Aj| > k. Consider the largest intersection of A} with an emergency set; if the 
largest intersection is > k*, then we ignore A,. If the largest intersection is less 
than k*, then A¥ is the first hazardous set; A* is removed from the Big Board and 
added to the small board. 

Similarly, let 1 < j < s; write Aj = A; \ A,(Big; Maker); if A; intersects an 
emergency or hazardous set in > k* points, then we ignore A ; by saying that “A; 
will be blocked inside of some A; with i < j,” but if Aj intersects every emergency 
and hazardous set in less than k* points, then (1) Aj is a new emergency set if 
|A(small)| < k, and (2) Aj is a new hazardous set if |A(small)| > k +1; in both 
cases A% is removed from the Big Board and added to the small board. 

Repeating the previous argument, this extension process — that we call the 
“first extension process” — will eventually terminate, meaning that the inequality 
|A(Big; blank)| => k-+ 1 holds for every untouched survivor A € F. 

It may happen, however, that the inequality k+1 < |A(Big; blank)| < |A(small)| 
holds for a family A= A,, i € J of untouched survivors. For simplicity write 
I= {1,2,...,s}; we proceed by induction. Write A? = A; \ A,(Big; Maker); if A; 
intersects an emergency or hazardous set in > k* points, then we ignore A,, but if 
A* intersects every emergency and hazardous set in less than k* points, then A* is a 
new hazardous set; A} is removed from the Big Board and added to the small board. 

At the end of this the Big Board is decreased, so we may have untouched survivor(s) 
A=A,,i€ I withk+1 < |A(Big; blank)| < |A(small)|, and so on. Repeating this 
“second extension process,” it will eventually terminate, meaning that the inequality 
k+1 <|A(Big; blank)| < |A(small)| fails to hold for any untouched survivor A € F. 

At the end of this we may have an untouched survivor A € F with 
|A(Big; blank)| < k; in fact, we may have several of them: A; € F where i¢€ /. 
Applying again the “first extension process,” and again the “second extension 
process,” and again the “first extension process,” and again the “second extension 
process,” and so on, we eventually reach a stage where this “alternating” terminates, 
meaning that both properties 


|A(Big; blank)| >k+1; (43.1) 


|A(Big; blank)| >|A(small)| (43.2) 


hold for each untouched survivor A € F — we refer to this as the Closure Process. 

Up to this point the small sets are exactly the emergency sets and the hazardous sets; 
at a later stage, however, the small sets will differ from the emergency and hazardous 
sets as follows. Assume that, at a later stage the double requirement (43.1)-(43.2) 
is violated; it can be violated (in fact, “violated first”) in two different ways 
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either k = |A(Big; blank)| > |A(smail)| occurs, (43.3) 
or |A(Big; blank)| = |A(small)| >k+1 occurs. (43.4) 


Case (43.3) will or will not produce new emergency sets and case (43.4) will or 
will not produce new hazardous sets explained as follows. 
If (43.3) holds, then write 


S = S(A) = A(blank) = A(Big; blank) U A(small; blank), (43.5) 


and consider the largest intersection of S = S(A) with a small set. If the largest 
intersection is > k*, then we ignore A. If the largest intersection is less than k*, 
then S = S(A) in (43.5) is a new small set, which is (as usual) removed from the 
Big Board and added to the small board; the (possibly) larger set 


E = E(A) = A \ A(Big; Maker) = A(Big; blank) U A(small) (43.6) 


is a new emergency set, and we refer to the small set S = S(A) in (43.5) as a 
small-em set — meaning the “small set part of emergency set E = E(A) in (43.6)”; 
clearly SC E. 

Next assume that (43.4) holds. Again write 


S = S(A) = A(blank) = A(Big; blank) U A(small; blank), (43.7) 


and consider the largest intersection of S = S(A) with a small set. If the largest 
intersection is > k*, then we ignore A. If the largest intersection is less than k*, 
then S = S(A) in (43.7) is a new small set, which is (as usual) removed from the 
Big Board and added to the small board; the (possibly) larger set 


H = H(A) = A\ A(Big; Maker) = A(Big; blank) U A(small) (43.8) 


is a new hazardous set, and we refer to the small set S = S(A) in (43.7) as a 
small-haz set — meaning the “small set part of hazardous set H = H(A) in (43.8); 
clearly SC H. 

In other words, from now on the new small sets are either small-em sets (“blank 
parts of emergency sets’) or small-haz sets (“blank parts of hazardous sets”’). 

The union of the small-em sets is called the Emergency Room, or simply the E.R. 

Of course, we may have several violators of (43.1)-(43.2) arising at the first time: 
we repeat the previous argument for each one of them; then again we may have 
several violators of (43.1)-(43.2): we repeat the previous argument for each; and so 
on. In other words, we apply a straightforward Closure Process — just as before — 
which terminates at a stage where again the double requirement (43.1)-(43.2) holds 
for every untouched survivor A € F. At a later stage the double requirement (43.1)— 
(43.2) may be violated; it can be violated (in fact, “violated first’) in two different 
ways: (43.3) and (43.4), and so on. 
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Summarizing, the new feature in the definition of the small game is to involve 
RElatively LARge INtersections of size > k* (where A is a positive absolute constant 
less than one) — we refer to this as the RELARIN technique. Roughly speaking, the 
proof of Theorem 43.1 is nothing else other than the proof of Theorem 40.1 modified 
by the RELARIN technique. The RELARIN technique forces us to modify the 
Component Condition (see Section 39): we have to guarantee that every component 
of the small game is less than goose k (instead of the more generous upper bound 
2eonstk in Sections 39-41). 

Again the main difficulty is to prove the Hazardous Lemma. 


Hazardous Lemma (II): Under the condition of Theorem 43.1, Breaker can force 
that, during the whole course of the play, every hazardous set H intersects the E.R. 
in at least |H|/4 points. 


Remark. Again Hazardous Lemma (II) holds trivially for the first hazardous set, 
but there is no obvious reason why it should remain true at the later stages of the 
play — unless, of course, Breaker forces it by playing rationally. 


3. Proof of the Hazardous Lemma (II). To understand what Breaker has to 
prevent, assume that there is a “violator.” Let H be the first violator of Hazardous 
Lemma (II): A is the first hazardous set which intersects the E.R. in less than 
|H|/4 points. Since |H| > 2k+2 (see (43.4)), H must intersect the difference- 
set “smallboard minus E.R.” in > k/2 points. These > k/2 points are covered by 
non-violator hazardous sets H,, H), ..., H,, where k!/2 < q < k/2; note that 
an intersection of size > k* would prevent the H to be a new hazardous set — 
this is a consequence of the RELARIN technique. Since each Hj, |< j<qisa 
non-violator of Hazardous Lemma (II), each H; must intersect the E.R. in at least 
|H;|/4 points, which are covered by emergency sets E;,, Ej)», --., Ej, Note that 
k|H|/4 <1, <|H;|/4 for every j= 1, 2,..., q. Formally we have 1l+qt+Di l; 
super-sets 


A(H), A(H,), .--, A(H,), A(E,,1)5 «++» A(E1,)s A(Ep,1)> «++ A(Eo,4)s 
ACE ely) AEA eh: (43.9) 


but there may occur some coincidence among these hyperedges of F, and also there 
may occur some “extra intersection” among these sets. As usual A(...) denotes a 
super-set (but the super-set is not uniquely determined anymore because we gave 
up on Almost Disjointness; the good news is that this ambiguity does not cause any 
problem). 

In Section 41 we reduced the proof of the Hazardous Lemma to the Simplest 
Case; the reduction had 9 steps: Statements 41.1-41.9. Here we do something 
very similar: we reduce the proof of Hazardous Lemma (II) to an analogue of the 
Simplest Case via Statements 43.1-43.9. 
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Again we call A(H;) together with A(E;,), A(E;2), .-- A(E},,,) the jth “cen- 
tipede”; A(H;) is the “head” and A(E;,), A(E;2), -- +» A(E;,,) are the “legs.” Also 
recall that k = m?/>. 

The first statement is the perfect analogue of Statement 41.1. 


Statement 43.1 For every possible i Breaker can prevent the appearance of M > 
m4/> pairwise disjoint sets A(E; ;,), A(E;,;,), --» ACE;,;,,) in the i “centipede.” 


4 
where M>m> 


Proof. Let M denote the maximum number of pairwise disjoint sets among 
the “legs.” Breaker uses the Power-of-Two Scoring System; the target value of 
a “forbidden configuration” is at least 2°"-2™",, and the number of ways to form a 
“forbidden configuration” is at most |F|(mD)™. Since k = m?/> and M > m*/, the 
“total danger” 


Jm—2k 


D M 
|F\(mD)! 2-20 = \FI ( m ) 2 gm! —2M-ne!> (43.10) 


is “extremely small” if M = m*/>, proving that Breaker can indeed prevent the 
appearance of any “forbidden configuration” described in Statement 43.1. 


Next we prove the analogue of Statement 41.2. The extra difficulty is that 2 
points do not determine a winning set A € F any more: we need 3 non-collinear 
points to determine a winning set A € F (see condition (d) in Theorem 43.1). 


Statement 43.2 Consider the ith “centipede” (i is arbitrary) 


IHj\/4 212k NH/4 
G2172,.5.3) 
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Breaker can force that, among the 1; super-sets A(E;,), A(E;2), -... A(E;),) at 
least half, namely > 1;/2, are pairwise disjoint. 


Proof. Let M) denote the maximum number of pairwise disjoint sets among A(E; ,), 
A(E;), --., A(E;,;,), and assume that My < /;/2. For notational simplicity assume 
that A(E; ;), 1 < j < Mp are pairwise disjoint, and each A(E;,,) with My <v <]; 
intersects the union set L),<;<y, A(E;,;)- 


A(H;) 


2 ea Mo My<v<M, 


ee 
non-collinear intersections 


By rearranging the (/;— Mj) sets A(E;,,) with My < v <1; if necessary, we 
can find a threshold M, such that for every My < v < M, the set A(E;,,) has 
a collinear intersection with the union L),;—<;<,-; A(E;,;) of the previous ones, 
and for every M, < v <1, the set A(E;,,) has a non-collinear intersection with 
Ui<j<m, ACE;,;)- 

First we show that (M, — M,) = o(/;) (“small”). Indeed, the “total danger” is 
estimated from above by 


Mi—Mo M, 1 
|F\(mD)Mo2~(m-24) Mo ; Tl ((‘ ot — aa) ‘ (43.11) 


v=1 

Since 
mi! (1—68)m 
|F{| <2" and A, <2 ‘ 


(43.11) becomes “extremely small” if (M, — Mj) > m'/°/6. 

Next we show that (J; — M,) = o(/;) (“small”). Note that every non-collinear set 
contains 3 points which are already non-collinear; it follows that for every v with 
M, <v <1, there are (at most) 3 indices v(1), v(2), v(3) such that 1 < v(1) < 
v(2) < v(3) < M, and A(E;,) has a non-collinear intersection with A(E; 1) U 
A(E;,2)) U A(E;,,~3)). Since a non-collinear set uniquely determines an A € F 
(see condition (d) in Theorem 43.1), we can estimate the “total danger” from 
above by 
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[Flay ea OF (Cs i a) eee) 
2 


ig 
(ee =) ae) : (43.12) 


where R+ S < 37,0 <R,0<S, and 1 < T < (l;—M,). By choosing T © m!? in 
(43.12) we get an “extremely small” upper bound. 


Combining Statements 43.1—43.2 we obtain 
max |H,| < m*”. (43.13) 
The next statement is the analogue of Statement 41.3. 


Statement 43.3 If Breaker plays rationally, then he can prevent that some A(E) 
intersects r > m'> distinct sets A(H,). 


Proof. The “total danger” of the “forbidden configurations” is at most 


|FI’- (es ) Ay: aie), < 


which is “extremely small.” 


The next statement is the perfect analogue of Statement 41.4. 


Statement 43.4 If Breaker plays rationally, then he can prevent the appearance of 
any forbidden configuration described by the picture 


AE) ee 


les forbidden configuration 


where the requirements are listed as follows: 


(1) by dropping A(A), the rest is still connected; 

(2) |\I| > 2m'/; 

(3) every A(E;) intersects at least two A(H;), i € I; 

(4) every A(E;) intersects at least one new A(H;), i € I. 
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Proof. In view of Statement 43.3 we can assume that 2m!/> < |I| < 3m'/°, and want 
to show that the “danger” is “extremely small.” For notational simplicity assume 
J ={1,2,..., J}; then the “danger” is less than a very long product which begins 
with 
—(m—m'4/>) —(m—2k) 2m —(m—m*/5—2,/m|l|) fr 
|F | -(mD)2 -(mD)2 . , -A,-2 : 

(explanation for this part: |F| comes from choosing A(H), (mD)2~\"-""”) . 
(mD)2-“"-*4) comes from choosing A(H,) and A(E,), a, is the number of neigh- 


bors of A(E,) among A(H,), i € I, where “neighbor” of course means “intersecting,” 
and the “—1” in a, — 1 is clear since A(H,) was already counted) 


os 2 ” 
ne D2 a) 7 (( ) , A, ; eee) P 
(explanation: the factor (m*D) comes from choosing A(E))) 
—(m—2k—2./m 2m —(m—m*5—2./m = 
(m?D)2 (m—2k aim ((7) a2 ( at) soy 


where a; (j = 1,2,..., J) is the number of new neighbors of A(E;) among A(H;), 
ie I (“neighbor” of course means “‘intersecting”). Note that the term —2,/m|/| in 
the exponent of 2 above comes from the fact that the sets A(H,), i € J may intersect. 

Since a, +d)+---+a, = |I| > 2m'/, the product above is “extremely 
small.” O 


Statement 43.4 was about the maximum size of a component of A(H;)s (a com- 
ponent arises when A(#) is dropped); the next result — the perfect analogue of 
Statement 41.5 — is about all components, each containing at least two A(H;,)s. 


Statement 43.5 /f Breaker plays rationally, then he can prevent the appearance of 
any configuration described by the figure 


tttyte ett 


j components 
each having 22 A(H,)s 
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5 


where there are j “components” with t,+t,+---+t;2= 4m'/°, where each t, > 2 


(i.e. each “component” has at least two A(H;)s). 


Proof. In view of Statement 43.4 we can assume that 4m! < t)+t+---+1;< 
6m'/>, and want to show that the “danger” is “extremely small.” From the proof 
of Statement 43.4 we can easily see that the “total danger” of the configurations 
described in Statement 43.5 is less than 


|F|-2 Sm(()—1-H(o— D(H 1) 


Since each f; > 2, we have (t; -1)+(4—1)+---+(4,-D2=(+h+---+1))/2= 


2m'/>, implying that 


(FI +2 Sm((t—1)+(t2—D+-+(t;- 1) 


is “extremely small,” proving Statement 43.5. 


Combining Statements 43.2 and 43.5, and also inequality (43.13), we obtain the 
following 


Statement 43.6 If Breaker plays rationally, then he can guarantee the following: 
if there is a violator of the Hazardous Lemma (II), then the first violator A(H) 
generates a “tree like configuration” 


a oa 
ms > 1H;/ > 2k 


where the 1, +1,+---+l1, emergency super-sets are distinct (though they may have 


“extra intersections” among each other). 


Next we study the possible “extra intersections” of these /, +/,-+---+/, emergency 
super-sets. Question: Given an emergency super-set, how many other emergency 
super-sets can intersect it? The following statement — the analogue of Statement 
41.7 — gives an upper bound. 


Statement 43.7 Consider the “tree like configuration” in Statement 43.6: let A(E) 
be an arbitrary emergency super-set — the neighbor of (say) A(H,,) — and assume 
that A(E) has t=y,+y)+...+y; “extra intersections” with other emergency 
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super-sets. If Breaker plays rationally, then he can guarantee the upper bound 
t=y,+y)+...+y, <m'? uniformly for all A(E). 


o 


y221 


1 


yptygter sty 2m 


where each y,,2 1, 1 SvSj. 


Proof. If A(H), A(H;,), A(Hi, ). --- A(H;,), A(E) are fixed, then the picture shows 
t=y,+y.+...+y; 2-bond sets. If the statement fails, then without loss of generality 
we can assume equality y, + y)+...+y,=m'/>. We can estimate the “total danger” 
from above as follows 


|F- ((empya-tm-mt?—aveuen -(mD)2- "2 


((“ 7) “Ay: ea) 


which is “extremely small.” Here the first factor |F| comes from A(H), the next 
factor 


1/5 


((empya- torn? 2vmsy 


comes from A(H;,), A(H;,), A(Hj,),---, A(H;,), the factor (mD)2-""-*) comes 
from A(£), and finally 


(G is .A,- pea), 


is the contribution of the y,+y)+...+y,=m'’ 2-bond sets (see A,). 
We also used the trivial fact that j< y,+y)+...+y,=m'?. o 


1/5 


Next we prove the analogue of Statement 41.8. 
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Statement 43.8 Consider the “tree like configuration” in Statement 43.6: 


By playing rationally Breaker can force that among these 1, +1,+...+1, emergency 
super-sets, where r > k'~4/4, we can always select at least (l, +1,+...+1,)- 
m4/>-* pairwise disjoint sets. 


Proof. Let M denote the maximum number of pairwise disjoint sets among the 
1, +1,+...+1, emergency super-sets, and assume M < (J, +1,+...+1,)—m*>-. 
This means, fixing the r+1 sets A(H), A(H,), A(H,), ..., A(H,), and also the M 
disjoint sets among the emergency super-sets, there are at least m*/°-* emergency 
super-sets which are 2-bond sets. So the “total danger” is estimated from above as 
follows 


ma/5-A 


3 
FI: (mD)"2-e—m 0 (m2p2-e"-2)" (¢ ) me peas) 
2 


Here |F|-(mD)'2-"-""-" is the contribution of A(H), A(H,),..., A(H,), the 
factor 


(m? 2-H)" 


comes from the M disjoint emergency sets 


3 
(CG ) : A, : ae) 


comes from the 2-bond sets (see A,). Finally, the ““m!/>” in the exponent of 2 comes 
from Statement 43.7. It follows that the “total danger” is “extremely small.” 


ma/S-A 


Combining Statements 43.6 and 43.8 we obtain: 


Statement 43.9 By playing rationally Breaker can force that, if there is a first 
violator of Hazardous Lemma (II), then its “tree like configuration” can be trun- 
cated (by throwing out sets if necessary) such that the 1, +1, +...+1,,;. emergency 
super-sets are pairwise disjoint, where r > k'~*/4. 
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A) 


WArial > p> KOA 
4 


MH 
8 


Statement 43.9 can be interpreted as an analogue of Simplest Case (II): there 
is no coincidence, and also there is no “extra intersection” beyond the mandatory 
1-point intersections. 

To complete the proof of Hazardous Lemma (II) we show that Breaker can 
prevent the appearance of any truncated “tree like configuration” in Statement 43.9. 
Let M be the maximum number of pairwise disjoint sets among A(H,), ..., A(H,/2). 
We distinguish two cases: 


Case A: M > r/4 
Then the originial argument at the end of Section 40 works without modification. 


Case B: M < r/4 
Then (r/2—M) > r/4 > M. Breaker employs the usual Power-of-Two Scoring 
System; the “total danger” is estimated from above by 


|\F| 2 LE im |H;| 2/m:j+(m 2k)lj) (mD)" ARM 7 (mD)!t Fhe 


i mD \'i 
=|F|-|] (==) aa nD Ay |. (43.14) 
j=l 


Note that /; > k|H,|/8, so returning to (43.14) 


r/2 mD k|H|/8 
(43.14) s |F| . Il (==) : i ls ? 
j=l 


which is “exponentially small,” i.e. Breaker can indeed prevent it. This completes 


the proof of Hazardous Lemma (II). Oo 


Since hypergraph F is not Almost Disjoint, we have to slightly modify Cases 1-8 
in Section 39. 


4. How to extract a Big Set from a large connected family of small sets? 
Assume we are in the middle of a play; let S denote the family of all small sets 
(up to this point of the play); a small set is either a small-em set (“blank part of 
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an emergency set’’) or a small-haz set (“blank part of a hazardous set”). The union 
of the small sets is the small board; the union of the small-em sets is the E.R. 
(Emergency Room). 

Let C be a component of S with |C| > 2". m-. Of course, a component is a 
connected family. It is trivial from Hazardous Lemma (II) that C must contain an 
emergency set. 

We describe a sequential extraction process finding T = 2'’/? .m~* emergency 
sets in C such that the union of their super-sets in F¥ form a Big Set. More precisely, 
we define a growing family G,={E,, E,,..., E;} of emergency sets, and the union 
Uu;= U/_, A(E;) of their super-sets (E, C A(E;) € F) for j = 1,2,3,..., 7 where 
T = 2"/9. m~ (“integral part”). 

The beginning is trivial: C must contain an emergency set E,. Let G, = {E,}, and 
let U/, = A(E,) be the super-set of E,. 

To explain the general step, assume that we just completed the jth step: we have 
already selected a family G,,,. of g(j) distinct emergency sets, and the union of 
their emergency sets from F is denoted by U,,). Note that g(j) > j: indeed, in 
each step we shall find either 1 or 1 = k-*|H|/8 new emergency sets (the case of 
the “centipede”), i.e. either g(j +1) = g(j) +1 or g(j +1) = g(y) +1. By definition 
Uy] < gi) +m. 

Next we describe the (j+ 1)st step. Unfortunately we have to distinguish several 
cases. The case study is going to be very “geometric” in nature, so it is absolutely 
necessary to fully understand the corresponding figures. 

Note in advance that the family 6 of Big Sets is defined as follows 

B -|s =U, : for all possible ways one can grow U/, of length T = QE age? 


in terms of F by using the Case Study below 


(we shall clarify “grow” and “in terms of F” later). 
Case 1A* is the same as Case | in Section 39; it is just repeated. 


Case 1A*: The first A(C)-neighborhood of U/,,,. contains a super-set A(E) of an 
emergency set E such that |.) A(E)| = 1. Then G.(;41) = Gy; U{E}, and so 


& 8 


The simplest form of “growth” 


ie 


A(E) 
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We use the notation A(...) for a super-set in F, and so “A(C)-neighborhood” 
means a family of super-sets of the members of component C; observe that A(C) 
is a connected sub-family of F. Here the super-sets are not necessarily uniquely 
determined. 

Since the hypergraph is not Almost Disjoint, we have a new case which turns 
out to be a huge “bonus” in the Calculations later. 


Case 1B*: The first A(C)-neighborhood of /,,;. contains a super-set A of a small set 
S such that U/,,, 1A is collinear. Then G.;,1) = Gj) U {S}, and so U5.) =Uy) VA 
satisfies |U,¢.41)| = Uypl + (m—2/m). 


collinear intersection (< 2Vm) 


Why is Case 1B* a “bonus case”? Well, there are (Maal) ways to choose 2 points 
of the collinear intersection Uj) A, and the Max Pair-Degree A, < 2"'~°”"; the 
product 


U,: 
( a em is negligible compared to the target value pe a ce 
which comes from the fact that in the Big Game Maker has a Shutout of size 
> m-—m*/> —2,/m in set A. Note that “—m*/>” comes from (43.13) and “—2,/m” 
comes from condition (b) in Theorem 43.1. 

Next comes Case 2A* which is the analogue of Case 2 in Section 39. 


Case 2A*: The second A(C)-neighborhood of U/,,;. contains a super-set A(E) of 
an emergency set E such that there is a neighbor A, of A(£) from the first A(C)- 
neighborhood of U/,,;. which intersects U/,:;. in at least three non-collinear points. 


A, : bond set 


Then G(j41) =G,) U{E}, A, is an auxiliary bond set, and U/,.;..,, =U) UA(E) 
satisfies |U,(;41)| = |Ugj)| +m. 
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The name bond set comes from the fact that by condition (d) in Theorem 43.1 
three non-collinear points determine a plane. Bond sets have little effect in the 
calculation of the total number of Big Sets, see the Calculations later. To illus- 
trate what we mean, let’s calculate the number of different ways we can “grow” 
to Gj +1) from Gj) in Case 2A*. A trivial upper bound on the number of 


possibilities is 
(eG (m—3)-D< g'(j)-m!D 
3 a 6 , 


where D = D(F) is the Maximum Degree of F. 
Next comes another “bonus case.” 


Case 2B*: The second A(C)-neighborhood of U/,,; contains the super-set A(S) of a 
small set S such that there is a neighbor A, of A(S) from the first A(C)-neighborhood 
of U,;. which (1) intersects U/,,, in a non-collinear set, and (2) A(S)MA, has at 
least 2 elements. 


A(E) 
I (3 

A(A) 
or 


Since A, is a bond set, Case 2B* is a bonus case for the same reason as Case 
1B*. 

As in Section 39 we interrupt our case study for a moment, and make 
an observation about the hazardous sets of C. Let H € S be an arbi- 
trary small-haz set. We show that H can have a very limited number of 
“types” only. The types listed below form the analogue of Types 1-4 in 
Section 39. 


Type 1*: A(H) intersects U. 


e(/) in a non-collinear set. 


q > 


Type 2A*: A(H) intersects U/,,; in at least 2 elements. 
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q 


A) 


Observe that Type 2A* is covered by Case 1B*, so without loss of generality we 
can assume that there is no Type 2A* hazardous set in C. Also Type 1* is excluded, 
unless, of course, A(H) is in the first A(C)-neighborhood of U/,;). 


Type 2B*: There exist an emergency set E such that |A(Z)M A(H)| = 1 and 


A(E) 
se 


A(H) 


Observe that Type 2B* is covered by Case 1A*, so without loss of generality we 
can assume that there is no Type 2B* hazardous set in C. 


Type 2C*: There exist an emergency set E such that |A(E)M A(A)| = 1 and 
A(E)NU,,;) is a collinear set of size > 2. 


A(E) 


cee 


Ney, A(H) 


Observe that Type 2C* is covered by Case 1B*, so without loss of generality we 
can assume that there is no Type 2* hazardous set in C. 


Type 3*: There exist three emergency sets E,, E,, and FE; such that each intersection 
A(E;) NU) is non-collinear, |A(E;) A(H)| = 1 for i= 1, 2,3, and the 3 points 
A(E;) 1 A(A) form a non-collinear set. 
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Type 4*: There exist /= k~*|H|/8 emergency sets E,, E,,..., E, such that |A(E,) 
U,j)| =0 and |A(E;) 1 A(H)| = 1 for i=1,2,...,/; it is like a “centipede.” 


A(H) 


A(E,) A(E,) ACE) 


Note that for Types 2B*, 2C*, 3*, 4* the intersection size |A(H) NU, j| is 0 
or |. In view of Statement 43.2 we can assume that the “legs” of the “centipede” 
are pairwise disjoint. The last type is another bonus. 


Type 5*: |A(H)NU,)| is 0 or 1, and there exist two emergency sets E, and E, 
such that |A(E;) Uy | = 2 and |A(E;) A(A)| = 1 for i= 1, 2. 


A() 


>m—m 


A(Ey) 


We have no more types, because the seemingly missing case “A(H)NU,;) is 
non-collinear” is already covered by Type 1*. 


After the classification of “types,” we can return to our case study. Assume that the 
second A(C)-neighborhood of U/,,; contains a super-set A(E) of an emergency set E. 
Let A, be a neighbor of A(E) from the first A(C)-neighborhood of U/,,;). In view of 
Cases 1B*, 2A*, 2B* we can assume that A, intersects U/,,,, in exactly one point. By 
Case 1A* we know that A, = A(H), ie. A, has to be the super-set of a hazardous set H. 


We have two possibilities: H is of Type 3* or Type 4*. 


Case 3*: H is of Type 3*. Then G.(;41) =Gayj) U{E}, A(E,), A(x), A(E3), ACA) 


are auxiliary bond sets, and clearly |U/,;41)| = |Uj)| + ™- 
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A(E}) 


A(A) 
A(Ey) 


A(E3) 


Case 4*: H is of Type 4*. Then G.(;,;) = Gj) U{H, E), Ey, ..., E;}, and A(H) is 
an auxiliary set, but not a bond set. We have 


A) 


ACE) A(E,) ACE) 


The number of ways we can “grow” to G,;,1) from G,,; in Case 4* is bounded 
from above by 
IU¢p|-D- (mD)' where | = k~*|H|/8 


and D = D(F) is the Maximum Degree. Similarly to the proof of Theorem 40.1, 
here in Case 4* we also include set A(H), so the target value of this configuration 
is at least (note that |H| = 87k“) 


zim |H|)+1(m—2k) __ Q(i4 Im—2k1 8kAl > Qn 28K) (141) 


It follows that the ratio 


IU -D-(mD)' mD ‘is -kl 
Dm—Teiptimam Metal | Samana JS Moc! -2 (43.15) 


is extremely small if |U/,.,)| < 2°. Notice that (43.15) is the perfect analogue of 
(40.15). 

In the rest of the case study we can assume that the second A(C)-neighborhood 
of U/,,;, consists of hazardous sets only. 

Let H be a hazardous set in the second A(C)-neighborhood of U,;. Let A; be a 
neighbor of A(H) which is in the first A(C)-neighborhood of U/,,;,. Then: 


(a) either A, NU,,,) is non-collinear; 
(b) or A, NU; is a collinear set of size > 2; 
(c) or A; NU; is a one-element set. 


Observe that here the second option (b) is covered by Case 1B*. 
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Case 5A*: A, OU, is non-collinear and A; 1 A(H) is a set of size > 2. 


ID 


Then Gj) — Gj) U{H}. Since A, is a bond set, this case is basically the same 
as Case 1B*. 


Case 5B*: |A,NU,)| = 2, |A;  A(A)| = 1, and H is a Type 4* hazardous set. 


A(E)) A(E,) AED 


Then Go¢j41) = Ga) U{E), Ey, .-., E,} with 1 = k~*|H|/8. Since A, is a bond set, 
this case is basically the same as Case 4*. 

Note that the case “A,;MU,,, is non-collinear, |A; A(H)| = 1, and H is a 
Type 3* hazardous set” is covered by Case 3*. 

Finally, consider the case |A, VU.) | = 1. Then A; = A(H,), where H, is either 
Type 4*, which is covered by Case 4*, or of Type 3*, which is covered by Case 3*. 
This completes the case study! 


5. Calculations: We go through the cases discussed above; we give an upper bound 
to the number of ways one can “grow” to G ) from G ~p and also we renormalize 
by dividing each with its own target value 


stl 


IU.) -D-2") <g(j).m-D-2-""* in Case 1A*; 


20 3) 22.9 (1-8)m 
(Meo a, (man) <n 2mm") in Case 1B*; 


3/3). 4 
CC) ~mD - 27-28) sn? .2-™-2) in Case 2A*: 


3 #) 2.9 (1-8) 
Mel) (™) x yrtmamilsy 8G) 20 5mm in Case 2B*; 
3 0 ie 12 
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3 9712 
(2) «mgr nm?) ze 2mm") in Case 3°: 


IUa()|-D- (mD)!2- AD —Hm—2k) <9 j) 2" in Case 4", 
where / = k~*|H|/8, and we used (43.15) 


U.. 3( 7). m5 .2-8)m , —(m—m4!°) 
acal\ (m A, < g()-m in Case 5A*; 
3 2 12 


e } (mb) o> er BD teh) < @ (j) -2-" in Case 5B*, 


where / = k~“|H|/8, and we used (43.15). 

Note that the “legs” A(E,), A(E,),..., A(E;) of the “centipede” are pairwise 
disjoint. Indeed, in view of Statement 43.2 the “disjointness” is guaranteed with 
“1/2” instead of “J,” which is irrelevant in the calculations. 


6. Conclusion. In view of the RELARIN technique, the smallest winning set size 
in the small game is > kA. If two planes have an intersection of size > 2, then the 
intersection is a line. Since 2 points uniquely determine a line (Almost Disjointness, 
see condition (d) in Theorem 43.1), every small set contains at most ( winning 
sets of size > k’. 

It follows that, if every component of the family of small sets in the small game 
has size < 2". m~?, then Breaker can block every winning set in the small game. 
This statement is the perfect analogue of the Growing Erdés—Selfridge Lemma in 
Section 39, and the proof is the same. 

The next statement is the perfect analogue of the Big Set Lemma in Section 39: 
If at some stage of the play there is a component C of the family S of all small sets 


such that ‘ 
ok 
IC| = m2’ 


then there is a Ga sy C such that 


Qk /9 
a) 2 >. 


Here G,,, is a family of small sets selected from C such that in each one of the j 
steps the “growth” comes from one of the cases described above. 
Indeed, we can clearly repeat the proof of the Big Set Lemma if the inequality 
kA 
g(j)-m” < me 


holds, which is certainly the case with g(j) = 2‘? m~*. The final step in the proof 
is to prevent the appearance of the corresponding huge Shutout in a Big Set U/, with 
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Qk/9 


m2 ~ 
Similarly to Section 39, here again Breaker applies Lemma 5 from Section 36 to 
the family of all “Big Sets in the broad sense.” By choosing the parameters as 


m'/5/9 


1 
Ae Se ST = 


> 
m2 


and m > cy = Co(6), every term in the Calculations above becomes less than 1/2 
or 2~'+), respectively, where 2~“*!) corresponds to the “centipedes.” Therefore, 
Lemma 5 from Section 36 applies if 


‘2 wae | 
IF ( = ae 
9 2 


m!/5/9 


which is trivially true with 


T= and |F|<2"" 


if m is large enough. This completes the proof of Theorem 43.1. 


44 
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1. Taking care of the Translates. In the proof of Theorem 8.2 (we ignore case 
(h): complete bipartite graphs, which is basically covered by Theorem 6.4) we face 
a new technical difficulty: two g x q lattices may have very large non-collinear 
intersections, far beyond the square-root size intersection of “planes” in Section 43 — 
translates are particularly bad. Two gq x q lattices are called translates of each other 
if one can be moved to the other by a translation, where the translation is given by 
a vector whose 2 endpoints belong to the g x gq lattice. 


ee @O®@re@®@e@®e@®eQeoeie ee 


This means we have to modify the proof of Theorem 43.1; the RELARIN technique 
has to be combined with some new, ad hoc arguments — see the two Selection 
Lemmas below. The first Selection Lemma says that “a family of emergency 
sets arising in a play, where any two are translates of each other, cannot be too 
crowded.” The second one, a 2-dimensional generalization of Lemma 42.1, says 
that, “if a family of g x q lattices doesn’t contain translates, then we can always 
select a relatively large sub-family with a large union set.” 


575 
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First fix a type from (a) to (g) in Theorem 8.2, and let F denote the family of 
all g x q lattices of the fixed type in the N x N board. Let m= q?, and assume that 


ijFiso"? 20". (44.1) 


Note in advance that e = 10~* will be a good choice — see Theorem 44.1 at the end 
of the section — but at this stage we work with e as an unspecified small positive 
absolute constant. 

The precise form of the First Selection Lemma is the following; note that we 
use the notation of the RELARIN technique introduced in Section 43; here each 
winning set is a q x q lattice of fixed type (see (a)-(g) in Theorem 8.2). 


First Selection Lemma: Let 0 < ¢ < pw < 1/100 and k = q'*. Consider a play 
in a Lattice Game in the N x N board where Breaker uses the RELARIN technique 
described in the proof of Theorem 43.1 up to Hazardous Lemma (II) in Section 43. (The 
value of the critical exponent 0 < X < 1 inthe RELARIN technique is unspecified yet.) 
Let A(E,), A(E,),..., A(E,) be l emergency super-sets such that: 


(1) any two are translates of each other, and 
(2) every A(E;),i=2,3,...,l intersects the first super-set A(E,). If q is sufficiently 
large depending on the value of the RELARIN constant A, then | < q\*. 


Remark. The proof employs an iterated density growth argument. 


e|e ee e je) © «© ee | © © © © @ @ A(E)) 


Proof. Let k = q'~* with 0 < e < w < 1/100. The hypothesis of the lemma implies 
that at the end of the play each A(E;), 1 <i <1 has at least (q* —2k) marks of 
Maker in the Big Game. Here E; denotes the (< 2k)-element emergency set. Let E ; 
denote the (> k)-element small-em subset E , C E;; note that each E; intersects every 
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other small set E 7 G#i, 1 <j <I) in less than k* points — this is a consequence 
of the RELARIN technique. 

Assume that every A(E;) with i=2,3,4,...,/ intersects A(E,). If 1> q!, then 
from this assumption we are going to derive a contradiction. Assumptions (1)-(2) 
above guarantee that the / translates A(E;) with i= 1, 2,3,..., 7 can be all embedded 
in an appropriate “underlying lattice” of size 3g x 3q, see the figure above. 

We divide this 3g x 3q underlying lattice into 100g!t* “boxes,” where each 
“box” has the size 3g“-/?/10 x 3q"-)/"/10. Every super-set A(E;) is a gx q 
lattice itself; we identify it with its “lower left corner’; we denote the “lower left 
corner” by LLC, (1 <i <1). We distinguish two cases: 


Case A: Some “box” contains at least 20 LLC;s 

Let {LLC,: ie¢ I} denote the set of |7| > 20 “lower left corners” in the same 
“box.” Project the |/| > 20 LLC;s on to the horizontal and vertical sides of the 
“box”; we get at most 2|/| points (some of the projections may coincide). 


Let h and h 


tions, and, similarly, let v,,,, and v,,;, 
among the projections. The four projections come from (at most) 4 LLCs, which 
determine (at most) 4 supersets: for notational convenience we denote them by 
A(E,), A(E,), A(E;), A(E,) (there may occur some coincidence among them). 
We study the following geometric question: Let j € /\ {1, 2,3, 4}; how large is 
the difference-set (Ue, A(E ‘)) \ A(E;)? Consider, for example, the lower left corner 


of A(E;), and assume that A(E,) corresponds to h,,,,,, and A(E,) corresponds to v,,in- 


denote the horizontal maximum and minimum among the projec- 
denote the vertical maximum and minimum 


min 


| A(E,) 


A(E}) 


A(E>) 


Then A(E,)UA(E,) “almost” covers the lower left corner neighborhood of A(E;): 
the possibly uncovered part (the shaded region on the picture) has area less than 
that of the “box,” i.e. less than 9g'-“/100. The same applies for the other 3 corners 
of A(E;). It follows that 
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4 
9 9 
A A(E; A(E;) | <4-—-q) * =". 44.2 
na ((U ( »)) ») <4: og!" = 4 (44.2) 
Let V(end; Big; Maker) denote the part of board V = N x N, which is occupied 
at the end of the play by Maker in the Big Game. Clearly 


A(E;) \ V(end; Big; Maker) = E, D E.,. (44.3) 
Since any 2 distinct Es have intersection < k*, with J = T\ {1, 2,3, 4} we have 
Je =>) E|- De ees 
jel jeJ di<h 
IFT) a 
> (lk (75) Je = Wl Dk, (44.4) 


assuming g is sufficiently large depending on the value of (the unspecified yet) 
constant0<A< 1. 
By (44.2) and (44.3) 


4 


UE; 


i=1 


= UE, 


jed 


But (44.5) contradicts (44.4): indeed 


9 
—|J|- or ae (44.5) 


4 


UE, 


i=1 


8k > ee 


UE; 


jet 


9 9 
—|J|-q' * = (V|-Dk-|J|- Sq’ = 9k, 
I+ 554 > ([J|-1) Wl 559 > 


since k = q'-* > q'“. This proves that Case A is impossible. 
If Case A fails, then at least 1/20 “boxes” are non-empty; since | > gq! and 
the total number of “boxes” is 100qg'*“, we have the following: 


Start: The density of the non-empty “boxes” among all “boxes” is at least 
q '/20_ qt 
100g'+# 2000" 


Let us divide the 3g x 3q underlying lattice into 6 x 6 = 36 equal parts, and for 
each part apply the 3 x 3 “Tic-Tac-Toe partition” 
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Assume first that there is a 3 x 3 “Tic-Tac-Toe partition” such that each one 
of the 4 corner squares contains at least one LLC, — let i= 1,2,3,4 — and also 
the middle square contains at least 20 LLC;s — let j € J where |J| > 20. Then we 
obtain a contradiction the same way as in Case A. Indeed 


U A(E;) > UA(E;)), (44.6) 


jes 


and subtracting V(end; Big; Maker) from both sides of (44.6), we have 


4 
UE > UE, (44.7) 
i=l jed 

which is even stronger than (44.5). Now applying the argument in (44.4) we end 

up with a contradiction. 

We can assume, therefore, that in each one of the 36 g/2 x g/2 squares either 
one of the 4 small corner squares is empty, or the small middle square has less 
than 20 LLC;s (“almost empty”). Then in one of the 9-36 = 324 q/6 x q/6 squares 
the density of the non-empty “boxes” goes up by at least 10%, i.e. we arrive 
at the: 


First Step: There is a particular g/6 x q/6 square such that the density of the 
non-empty “boxes” among its all “boxes” is at least 


1\ qv 
1+ — : 
( = =) 2000 


Let’s divide this g/6 x q/6 square into 3 x 3 =9 smaller squares (“Tic-Tac-Toe 
partition”). 


Assume first that each one of the 4 corner squares contains at least one LLC, — 
let i= 1, 2,3, 4 — and also the middle square contains at least 20 LLCs — let je J 
where |J| > 20. Then we obtain a contradiction the same way as in the Start. 

We can assume, therefore, that either one of the 4 corner squares is empty, or 
the middle square has less than 20 LLC;s (“almost empty’). Then in one of the 
9 q/18 x q/18 squares the density of the non-empty “boxes” goes up by at least 
10%, i.e. we arrive at the: 
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Second Step: There is a particular g/18 x q/18 square such that the density of the 
non-empty “boxes” among its all “boxes” is at least 


1\? qv 
1+— : 
( =) 2000 


Iterating this argument, in the rth step we get the: 


General Step: There is a particular g3~"/2 x q3~"/2 square such that the density 
of the non-empty “boxes” among its all “boxes” is at least 


1\' gq’ 
1+— , 
( 3 =) 2000 


3 


By choosing r = ry) where 3" ~ q'/ 
always < 1, so 


we get a contradiction. Indeed, a density is 


eo eee 
10)  2000q7# — 


which clearly contradicts the choice 3’° ~ q'/? if pu < 1/100 and q is large enough. 


This contradiction proves the First Selection Lemma. 


Second Selection Lemma: Let A,, Aj, ..., A, be | qx q parallelogram lattices 
in ZH’. Assume that this is a translates-free family, i.e. there are no two which 
are translates of each other. If | < q*, then we can always select a sub-family A 5 
Aer tecesicy Aj, such that v > l'/? and 


J2? 


Vv 


UA, 


i=1 


> (v—1)¢q. 


Proof. This lemma is a 2-dimensional generalization of Lemma 42.1; not surpris- 
ingly the proof is also a generalization of the proof of Lemma 42.1. Again the 
idea is to employ the Pigeonhole Principle. What can we say about the intersection 
Aj, Aj, of two q x q parallelogram lattices? The intersection is either collinear 
(“small” like O(q)) or non-collinear (‘can be very large”). Let 


A,, = {u, +kv, +iw, : k=0,1,...,g-11=0,1,...,¢-V 


and 
A;, = {u,, +kv;, + lw, : k=0,1,...,q¢g—1,/=0,1,...,q—1}. 


If the intersection is non-collinear, then there are integers a,, b,, Cc}, d,, Ay, by, Cy, dy 
such that 


a,V;, + O\W;, = CV;, + dW, (44.8) 
,V;, + byW;, = Vj, + dow, (44.9) 
and the 2 vectors in (44.8) and (44.9) are non-parallel. 
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It is easy to see that 
2 2 
|A;, NA;,| < : . 
7 max{|a,|,|D,|, [ci [di], [42], [22] Leal, [dot 
If v= (v), v®) and w = (w, w®), then (44.8) and (44.9) together can be 
expressed in terms of 2-by-2 matrices as follows 


(1), (2) qd) . (2) 


(44.10) 


(C >) eee Ni @ |) rene (44.11) 
a, by w w® Cy do ww? 
where (44.11) is a non-singular matrix. 
By (44.11) 
(1) (2) We 035 


-l1 
vi, Ui, » & ) c 5) Ui, Ui, 
aa] \eod a, b QQ) 
Wi, Wj, Doin d, 2 %2 Wj, Wj, 


= a,b vt) vw” 
= (eds dyes)! (% je ) 1" DV (44.12) 


—C, C Q) | (2) 
=. Ay by Wi, Wi, 


So by (44.12) 
(1), (2) (1), (2) 


ae -(° all (44.13) 
Ww), W;, Y WwW; Ww; 


where a, 8, y,6 are four rational numbers such that each numerator and each 
denumerator has absolute value < 2M’, where M = max{|a,|,|b,|,|c,|, |dj|, 
|ay|, [By], [col |aa[}- 

Now we are ready to select a “relatively large sub-family of A,, A,,..., A, 
which forms a large union set.” First pick A,, and study those A;s for which 
|A;NAj| > ee (M will be specified later as an integral parameter much less 
than q); we call these js “M-bad with respect to 1.” By (44.10) we have 
max{lay|, [bi], Leib [dil lal [Bil Iejl> ld} <M (see (44.8)-(44.9)). 

If max{|a,|,|,|, er], 1d: |, |a;l, |O;|, le;l. |d;|} < M, then the number of different 
a B 
y 6 
j which are “M-bad with respect to 1” is (4M? + 1). 

From {1,2,..., /} we throw out all indices j which are “M-bad with respect to 1,” 
and | itself, and pick an arbitrary index h, from the remaining set. We study those 
A;s for which |A,,A;| > 2 we call these js “M-bad with respect to h,.” Just as 
before we throw out all indices 7 which are “M-bad with respect to h,,” and h, itself, 
and pick an arbitrary index h, from the remaining set, and so on. Repeating this 
argument, we obtain a sub-sequence hy = 1, hy, hy, h3,... of {1,2,..., /} such that 


4 
matrices ( ) in (44.13) is at most ( (4M a4 1)’) , So the total number of indices 
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2¢° 1] 
A (apie holds for all 0 <i < j < r= —————___. 44.14 
h; h J r 
 M (4M2+1)8+1 
By (44.14) 

: r\ 2q 
UA, >reg (5): M z (r )q 
j=l 


if M =P and r= JM. This completes the proof of the Second Selection 
Lemma. 


2. How to prove the Hazardous Lemma? Again the main difficulty is how to 
prove the analogous Hazardous Lemma. 


Hazardous Lemma (III): Consider a play in a Lattice Game in the N x N board 
where Breaker uses the RELARIN technique with k = q'~* (where 0 < « < 1/100 
will be specified later) developed at the beginning of Section 43 up to Hazardous 
Lemma (II). If Breaker extends the Big Game with some additional Forbidden 
Configurations, he can force that, during the whole course of the play, every 
hazardous set H intersects the E.R. (“Emergency Room”) in at least |H|/4 points. 


Proof of the Hazardous Lemma (III). Recall that F denotes the family of all 
q X q sub-lattices of a fixed type in N x N (see types (a)-(g) in Theorem 8.2); F 
is an m-uniform hypergraph with m = q’. (If the reader wants a concrete example, 
then it is a good idea to pick the most general lattice: the parallelogram lattice.) 

The situation here is somewhat similar to Theorem 43.1: we have the following 
weaker version of condition (d): 


(1) 3 non-collinear points in the N x N board nearly determine a winning lattice 
A € F in the sense that there are at most (“) winning lattices A € F containing 
an arbitrary fixed non-collinear triplet; 

(2) the Max Pair-Degree A, = A,(F) of hypergraph F satisfies an upper bound 


A, < Q(1-d)m __ 4 (1-8)? 
with some positive absolute constant 6 > 0. 


To understand what Breaker has to prevent, assume that there is a “violator.” Let 
H be the first violator of Hazardous Lemma (III): H is the first hazardous set which 
intersects the E.R. in less than |H|/4 points. Since |H| > 2k+2, H must intersect 
the difference-set “smallboard minus E.R.” in > k/2 points. These > k/2 points are 
covered by non-violator hazardous sets H,, H,,..., H, where ki /2-< g = b/2: 
note that an intersection of size > k* would prevent H to be a new hazardous set — 
this is a consequence of the RELARIN technique. Since each A, 1<j<qisa 
non-violator of the Hazardous Lemma (III), each H; must intersect the E.R. in at 


least |H;|/4 points, which are covered by emergency sets E,,, Ej »,..., Ej, Note 
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that the inequality k|H,|/4 <1, <|H,|/4 holds for every j=1,2,..., q. Formally 
we have 1+q+ ee J; super-sets 


A(H), A(H,),..., A(H,), A(E,,1), -.-» A(E,,1,), A(Eo,1), ---, A(En,); 
A(E3,1),..-, A(E31,), ++», A(Eg1); oA a), (44.15) 


but there may occur some coincidence among these hyperedges of F, and also there 
may occur some “extra intersection” among these sets. As usual A(...) denotes a 
super-set (but the super-set is not uniquely determined anymore because we gave 
up on Almost Disjointness; this ambiguity doesn’t cause any problem). 

Again the idea is to reduce the proof of Hazardous Lemma (III) to an analogue of 
the Simplest Case. A novelty in the proof is that we need many more extra classes 
of Forbidden Configurations, and have to show that they are all “avoidable” in a 
rational play. 

Let k = m"'-°)/? — q'-* (the value of 0 < ¢ < 1/100 is undefined yet; e = 10~* 
will be a good choice). 

Again we call A(H;) together with A(E;,), A(E;»),..., A(E;),) the ith 
“centipede”; A(H;) is the “head” and A(E; ,), A(E;,),---, A(E;,,,) are the “legs.” 

A new technical difficulty is that the “legs” may have very large overlappings; 
the largest overlappings may come from “translates.” 


Step 1: Let A(E; ;), j € J be a family of “legs” such that: 


(1) |A(A) NACE; ;)| 2 2, 7 € J, and 
(2) any two A(E; ;)’s with j € J are translates of each other. 


What is the largest possible size |/| under conditions (1)-(2) above? 


translates 


It follows from the First Selection Lemma that there are |Jy| > q7!*#|J| pair- 
wise disjoint “legs” A(E;;) with j € J) C J. The “target value” of the system 
{A(H;), A(E; ;), 7 € Jo} is at most 


584 Game-theoretic lattice-numbers 


m \Yo| 
(so 
<|F| ((2) pion)" 
= 2 


which, in view of (44.1), is “extremely small” if |Jo| => 2g°/6. Thus the case 
2 
J|>= l-pt+e 
12 54 


is avoidable if Breaker plays rationally in the Big Game. 


Step 2: Let A(E;,,), p € P be the family of all “legs” such that |A(H;) NA(E,,,)| = 2, 
p <P. It follows from Step | that there is a subset P) C P with 


such that A(E, ,), p € Py is translates-free. By the Second Selection Lemma there 


ip 


is a subset P, C Py such that 


[Pi] = |Pol'/* and | U A(E;,»)| = (Pil — Dm. 


peP, 


The “target value” of the system {A(H;), A(E;,,,), p € P;} is at most 


|Pi| 
m - —1)(m—2k— 
i-((3)a2) £9 (IPi|=1)(m—2k—2) 
m Pil 
< |F | mm. (( 4 ees) ; 


which is “extremely small” if 
6 


33 
|P| > (5) | gaan 


is avoidable if Breaker plays rationally in the Big Game. 
Recall that 


oi aN 33e 
Pil 54 =} |Pol=la} a”. 


Therefore, the case 


1 1 
L>k NA /4> —k4 = — gt 0), 
— | il/ —_ 9 54 


Thus if (1 —¢)(1—A) > 1—w+34¢, then the “legs” with (=> 2)-element intersection 
in A(H;) form a small minority; we throw them all out. Therefore, in the rest of the 
proof we can assume that every “leg” A(£; ;) intersects A(H;) in exactly | point. 
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Step 3: Let A(E, ,), s € S be the family of all “legs” with the property that A(E, ,) 
intersects another translate “leg.” Let A(E;, ,), s € Sy be a maximum size sub-family 
of pairwise disjoint “legs”; of course, Sy C S. 


Case a: Among the “legs” A(E; ,), s € Sy there is a sub-family of size > q° such 
that any 2 elements are translates of each other. 

Let S, C Sy with |S,| = eg* the index-set for this family of “pairwise translates.” 
By definition each A(E; ,) with s € S, intersets another translate “leg”; these 2 
intersecting g x q lattices together are contained in a (2q) x (2q) lattice, which 
intersets A(H;) in two points. This means we can repeat the argument of Step 1. 
Indeed, we can assume that the Max Pair-Degree for the family of all (2g) x (2q) 
lattices is 2-®”"; furthermore, there are at most 4g” ways to localize a q x q lattice 
inside a (2q) x (2g) lattice. So the “target value” of the system {A(H;), A(E;, ,), 8 € 


S,} is at most 
a i 
|\F | ¥ : (1-6) ‘ Am? . Q~(m—2k—2) 


which is “extremely small” if |S,| > <q’. This proves that Case a is avoidable if 
Breaker plays rationally in the Big Game. 


Case b: Among the “legs” A(E;,,), s € Sy there is a sub-family of size 


4\3 
> (5) -q°°* which is translates — free. 


Now we can basically repeat the argument of Step 2 (applying the Second Selection 
Lemma!), and conclude that Case b is also avoidable by Breaker. 


We can assume that 
4\¥ 
Il < (5) a 


Indeed, otherwise either Case a or Case b holds, and both are avoidable. The First 
Selection Lemma gives that 


9\4 
|S| <|Sy|-q'“, thus we have |S| < (5) aki 


If (1—e)(1—A) > 1—y +34¢, then the set A(E;,,), s € S of “legs” forms a small 
minority among all “legs” of A(H;); we throw the “legs” A(E;,,), s € S all out. 
Therefore, in the rest of the proof we can assume the following properties: 


(A) any 2 “legs” of A(H;), which are translates of each other, are pairwise disjoint; 

(B) the total number of “legs” of A(H;) is > (1 — o(1))k~*|H;|/4; and from the 
argument at the end of Step 2: 

(C) every “leg” intersects A(H;) in exactly 1 point (of course different “legs” 
intersect in different points). 
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Step 4: For notational convenience we can assume that the consecutive indices 
A(E;,), A(E;2), A(E;3),---, A(E;;,) denote the set of “legs” of A(H;) 
satisfying properties (A)-(B)-(C) above. Consider the largest component 
of {A(E;,), A(E;2),---,A(E;,,)}; again for simplicity we can assume that 
{A(E, ,), A(E,2),..., A(E;,,)} is the largest component (the first ¢ “legs’’), and also 
we can assume that A(E£;,) intersects A(E;,), A(E;,;) intersects A(E,,)U A(E; >), 
A(E,,) intersects A(E,,)U A(E,,) UA(E; 3), and so on. 

We compute the “target value” of {A(H;), A(E;,,), A(E,2), A(E;,3),---, A(E;,,)}- 
The first 2 sets A(H;), A(E;,,) represent “target value” at most 


|F | : mD2-("-2k-2) 


where D = MaxDegree(F). The second “leg” A(E;,) intersects A(H;) in 1 point; 
moreover, A(E; 5) intersects A(E; ,) either (1) in | point, or (2) in a (> 2)-element 
collinear set, or (3) in a non-collinear set. Accordingly, the contribution of A(E; 5) 
in the total “target value” is: 


(1) either < (72")-A,-2-@ 4, 

Q)or = (Ff) Ao rr, 

(3) or = (5)-As-2-% = (5)()2-, 
where M, is the number of Maker’s marks in the difference set A(E; ,) \ A(E;,;) 
in the course of the Big Game, and A, < (") is a trivial upper bound on the 
Non-collinear Triplet-Degree Aj. 


Similarly, the third “leg” A(E;,,) intersects A(H;) in 1 point; moreover, A(E;, 3) 
intersects A(E, ,)U A(E;,) either (1) in 1 point, or (2) in a (> 2)-element collinear 
set, or (3) in a non-collinear set. Accordingly, the contribution of A(E;;) in the 
total “target value” is: 


(1) either < (7")-A,-2-@ 5), 

(2) or < (2) Ay 2-23-20), 

(3) or = (3)-As-2-% = G)G)2", 
where M; is the number of Maker’s marks in the difference set A(E; 3) \ 
(A(E;,,,) UA(E;,z)) in the course of the Big Game, and so on. Since 


iy < 20-8) m= qT. k=q'°, 


both cases (1) and (2) contribute a very small factor < 2-°”/? for each new “leg,” 
which obviously “kills” the big factor 


1+e/2 


eae, 


Qe 


if say t > q’® and cases (1)-(2) are the only options. 
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How about case (3)? We begin the discussion with the trivial lower bound: for 
any subset J Cc {1,2,3,..., t} 


M,+M,+...+M,>|UA(E,,)|—m—|1|(2k +2), (44.16) 
jel 
where the “—m” comes from A(E;,) and the “—|J|(2k+2)” comes from the 
condition “in the course of the Big Game.” 


E 


Case a: Among the r “legs” A(E;;), j= 1,2,...,f there is a subset of size q* 
with the property that any two are translates of each other. 

Property (A) above implies that this set of || = qg?° “translates” consists of pairwise 
disjoint sets, which gives the trivial lower bound 


| UACE;,)| > qm. 
jel 
Returning to (44.16) we have 
M,+M,+...+M,> q°*m—2m— q°*(2k+2) > (q’* —3)m. 
This implies that the total contribution of case (3) “kills” the big factor 
aera 
which makes Case a “avoidable.” 


Case b: Among the ¢ “legs” A(E; ;), j= 1,2,...,¢ there is a subset A(E; ;), j€ J 
with |J| > q®°°*° which is translates-free. 

Then we can apply the Second Selection Lemma: there is a subset Jy C J with 
|Jo| = g’* such that 


|U ACE, ;)| = (ol — Dm = (4°? — Im. 


JeJo 


Now we can argue similarly to Case a, and conclude that Case b is also 
“avoidable.” 

We can assume that t < g°**; indeed, otherwise either Case a or Case b holds, 
and both are “avoidable.” Keeping one “leg” from every component, we can modify 


property (B) above as follows: 
(B*) the total number of “legs” of A(H,) is > k-*|H,|q~®*/5. 


Of course, property (C) remains true (note that property (A) is covered by the 
new (Bx)). This way obtain the following picture: 
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Step 5: 


first violation of 
A(A) Hazardous Lemma(III) 


A(H,) 


A(Aj) A(Ay) 


( 
(3 
\ 


pairwise disjoint “legs” 


The main point here is that, for every “head” A(H;), its “legs” A(E; ;) satisfy 
properties (Bx) and (C); in particular, the “legs” A(H;) are pairwise disjoint. 

We can assume that |H,| < m*/> for every i. Indeed, |H;| > m*/> means at least 
k~|H;|q-*/5 > m** pairwise disjoint “legs” A(E; ;). The “target value” of the 
system {A(H;), A(E;,,), A(E;,2),---, A(E;,3/4)} is at most 


i,m 


m/4 3/4 


|F | (m -D. 2a) < |F| $ Q-km , 


which is extremely small, proving that max, |H,;| > m*/> is avoidable. 

How about the “top centipede” where A(H) is the “head” and A(H,), A(H,), 
A(H;),..., A(H,) with r > k~*|H|/4 are the “legs”? Can we apply Steps 1-5 
to the “top centipede”? Well, an obvious technical difficulty is that the “legs” 
A(H,), i=1,2,...,r of the “top centipede” come from hazardous sets, and the 
First Selection Lemma is about emergency sets. Because H; is a hazardous set, we 
cannot directly apply the First Selection Lemma, but we can still adapt its proof. 
This is how the adaptation goes. 

Recall that at the end of a play each A(H;), i= 1,2,...,r has (m—|H,|) marks 
of Maker made in the course of the Big Game. Let H , denote the (> |H;|/2)-element 
small-haz subset of hazardous set H,. Note that each H; intersects every other small 
set H,, ji, 1<j<r in less than k* points; this is a consequence of the RELARIN 
technique. Also |H,| > 2k-+2 for every i; this inequality (instead of the equality 
for the emergency sets) just Helps in the adaptation of the proof technique of the 
First Selection Lemma. The only extra condition that we need in the proof is that 
the sizes are relatively close to each other (see condition (3) below). 


Modified First Selection Lemma: Let0 < ¢ < uw < 1/100andk = q!~°. Consider a 
play ina Lattice Game in the N x N board where Breaker uses the RELARIN technique 
described in the proof of Theorem 43.1 up to Hazardous Lemma (II) in Section 43. (The 
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value of the critical exponent 0 < X < 1 inthe RELARIN technique is unspecified yet.) 
Let A(H,), A(H;),..., ACH) be | hazardous super-sets such that: 


(1) any two are translates of each other, and 
(2) every A(H,), i=2,3,...,1 intersects the first super-set A(H,), 
(3) the bounds 5 < |H;|/|H;| < 2 hold for any two sets. 


Tf q is sufficiently large depending on the value of the RELARIN constant A, then 
l<qi*. 


By using the Modified First Selection Lemma (of course, condition (3) requires that 
first we put the sizes |H,| into power-of-two size boxes) instead of the original form, 
we can repeat Steps 1-5 for the “top centipede.” The only irrelevant difference is 
that the factor 


2 OIE.) = 2-2-2) ig replaced by 27H) < Q-em—m") 


which is still small enough to “kill” the Max Pair-Degree A, < 2"-°”", This way 
we get: 


Step 6: 


eo 


first violation of 
Hazardous Lemma(III) 


A(H) 


the “legs” of the 
top “centipede” are 
disjoint, and 
r>k |Alg*/5 


disjoint disjoint disjoint 


>k> |Hq-*/5 legs 


Of course, we still may have “extra overlappings” between “legs” with different 
“heads” like A(E;, ;,) and A(E;, ;,), i; # in; also between “legs” and “heads” like 
A(E;,, ;,) and A(H;,) where i, 4 i,; or even a “coincidence” among these sets. 

If there is no “extra overlapping” or “coincidence” among these sets, then we 
get the Simplest Case, which was already fully discussed at the end of Section 40. 
The standard idea that we always use is to reduce the General Case to the Simplest 
Case. This plan can be carried out by repeating the proof of Statements 43.3—43.9 
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(we already have the analogue of Statement 43.1, Statement 43.2, and inequality 
(43.13)). 


3. Transference Principle. There is a good reason why can we repeat the proofs 
of Statements 43.3-43.9, and we call it a Transference Principle. In Section 43 
two Planes intersect either in a Line with intersection size < 2,/m, or in a point, 
or are disjoint. Here in Section 44 the situation is somewhat more complicated: 
two q x q lattices intersect either in a non-collinear set, or in a collinear set of size 
<qz=-/m, or in a point, or are disjoint. “Collinear intersection” in Section 44 
is the perfect analogue of “line intersection” in Section 43; this part is obvious, 
but how about the “non-collinear intersection”? Well, for the Lattice Games the 
Non-collinear Triplet-Degree A, is clearly < ("7). Since (") = O((log N)*/*) is 
a polylogarithnic function of N (which is far below the “square-root barrier’), 
“non-collinear intersection” in Section 44 corresponds to “coincidence of sets” in 
Section 43; at least the calculations give essentially the same result. This sim- 
ple Transference Principle explains why we can “save” Statements 43.3-43.9 in 
Section 44, and can reduce the general case to the Simplest Case essentially the 
same way as we did in Section 43. This is how the proof of Hazardous Lemma 
(II) goes. 

Next comes the BigGame—SmallGame Decomposition (combined with the 
RELARIN technique); in particular the step of how to extract a Big Set from 
a large component of the family of small sets. Again we can repeat the correspond- 
ing argument in Section 43 without any difficulty — of course, we always use the 
Transference Principle. 

The last step is to specify the parameters. Let 4 = 1/100; in the arguments above 


we assumed the inequalities 
4 3 1 
1 A = : 
68e+ (l—e)A < 6 a oH 


(l—e)1—A) > 1—-p4+34e; 


3((1—e)(1 a) -68e) >2+6, 


where the last inequality is needed in the Simplest Case. 

These 3 inequalities are clearly satisfied with the choice of A = 1/200 and 
e= 10%. 

Summarizing, we have just proved the following result. 


Theorem 44.1 Fix an arbitrary Lattice Game among types (a)-(g) (see Section 8) 
in the N x N board. Let F denote the corresponding q’-uniform hypergraph. Let 
é = 107%; if the global and local sizes are bounded from above as 


l-e 


|F| <27” and D=MaxDeg(F) < 27-4 


Winning lattices: exact solution 591 


and q => q, i.e. q is sufficiently large, then playing on F the second player can 


always force a Strong Draw. 


The “largest” Lattice Game is the Parallelogram Lattice Game, and even then 
|F| < N°, so the global condition 


|F| < ort 


is trivially satisfied with gq = O(,/log N), assuming q is large enough. 
The local condition 


l-e 


D= MaxDeg(F) < 27-4@* with e = 10-4 


says that in the Lattice Games we succeeded to break the “square-root barrier’! 
The application of Theorem 44.1 completes the proof of the Strong Draw part of 
Theorem 8.2 (a)-(g). (Note that the Strong Draw part of Theorem 8.2 (h): complete 
bipartite graph, is identical with the proof in Section 38.) 
Finally, notice that the generous (super-exponential in m = qg*) upper bound 


|F| <2” with «= 10~+ 


on the global size proves the Irrelevance of the Board Size, an interesting feature 
mentioned in Section 9 after Open Problem 9.1. 


45 


I-Can-You-Can’t Games — Second Player’s Moral 
Victory 


1. Building and Blocking in the same strategy. In Section 27 we introduced the 
class of Who-Scores-More Games; here another 2-hypergraph class is introduced: 
the class of Who-Scores-First Games. Let F and G be two hypergraphs on the 
same underlying set (“board”) V. As usual, the players alternately occupy new 
points of the board: First Player’s goal is to occupy an A € F and Second Player’s 
goal is to occupy a B € G; the player who achieves his goal first is declared the 
winner; otherwise the play ends in a draw. We refer to this game as the (F,G) 
Who-Scores-First Game. The symmetric case F = G gives back the old concept 
of Positional Game. Just like the Positional Games, the Who-Scores-First Games 
in general are completely hopeless, but there is a sub-class for which some success 
can be reported: the I-Can-You-Can’t Games, i.e. when one player’s goal is just 
doable and the other player’s goal is impossible. 


Doable vs. impossible. Consider, for example, the Aligned Square Lattice vs. 
Aligned Rectangle Lattice Who-Scores-First Game on the N x N board where the 
square-lattice size is q, x q, with 


qi = | Viog, N + 0(1) | (45.1) 


and the rectangle-lattice size is q) x gq, with 
i= | V2log: N+ o(1) |. (45.2) 


In view of Theorem 8.2 (a) gq, = | Viog, N+ 0(1) | is the “largest achievable 


size,” and in view of Theorem 8.2 (b) q, = | y2Toa + 0(1) is the “smallest 
impossible size.” This suggests that in this particular Aligned square-lattice vs. 
Aligned rectangle lattice Who-Scores-First Game the likely winner is First Player 
(“the Square Lattice guy’). It seems plausible that First Player’s job is “merely” 
putting together a Weak Win Strategy and a Strong Draw Strategy. But this is 
exactly where the problem is: “How to put two very different strategies together?” 
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A simple arithmetic operation like “addition” or“‘multiplication” of the potential 
functions clearly doesn’t work; we cannot expect such an elementary solution in 
general. Then what can we do? First of all: 


What is the difficulty here? Because of the value of q, (see (45.2)), First Player has 
a Strong Draw strategy Str (s.d.): he can block every q, x q, aligned rectangle lattice 
in Nx WN. This Str(s.d.) is an advanced BigGame-SmallGame Decomposition 
where the small game falls apart into a huge number of disjoint sub-games with 
disjoint sub-boards (“components”) in the course of a play. 

Also First Player has a Weak Win Strategy Str (w.w.) (an application of Theo- 
rem 1.2): he can occupy a whole gq, x q, aligned Square Lattice (see (45.1)). This 
Str (w.w.) does not decompose; it remains a single coherent entity during the whole 
course of the play. 

Str (s.d.) decomposes into a huge number of components and First Player plays 
componentwise, on the other hand, Str (w.w.) does not decompose! How to combine 
these two very different strategies into a single one? Even if there is no simple 
general recipe, in some special cases we can still succeed. Here one way to do it is 
described; call it: 


2. The technique of super-polynomial multipliers. Assume that we are in the 


middle of a play, where First Player already occupied x,,x,,...,x,; and Sec- 
ond Player occupied y,,y.,...,y; from the board V= Nx WN. The question 
is how to choose First Player’s next move x;,,. Write X(i) = {x,,%,...,x;}, 


Y(i) = {y1, Yareee Yi} and 
F(i) ={A\ X():: AE F, AN Yi) = 9}, (45.3) 


where F is the family of all g, x q, aligned Square Lattices in N x N (see (45.1)). 
Note that F(i) is the family of the unoccupied parts of the “survivors” in F; the 
truncated F(Z) can be a multi-hypergraph even if the original F is not. We use the 
Power-of-Two Scoring System 


TM) = Yo 2 


MeM 


where M is a multi-hypergraph, the sum 7T(F(i)) represents the Opportunity Func- 
tion: if First Player can guarantee that the Opportunity Function remains non-zero 
during the whole course of the play, then at the end First Player certainly owns a 
whole A € F, ie. a g, x q, aligned Square Lattice. 

This is how Str (w.w.) works: First Player tries to keep T(F(i)) “large”; at the 
same time First Player also tries to block hypergraph G where G is the family of 
all q. x q aligned rectangle lattices in N x N (see (45.2)), i.e. he tries to employ 
strategy Str(s.d.). Str(s.d.) is rather complicated: it involves the concepts of Big 
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Game, small game, dangerous sets, emergency sets, hazardous sets, small-em sets, 
small-haz sets, the RELARIN technique, and the two Selection Lemmas. 


Warning: The Big Game is a Shutout Game, not a Positional Game. This leads to a 
minor technical problem: “how to define Shutout Games in terms of hypergraphs.” 
The notation 
TH) = 2 
AcH 

was designed to handle Positional Games and Weak Win: if some winning set Ay € 
F is completely occupied by Maker, i.e. Ay C X(i) for some i, then Ay \ X(i) = 
and 

T(F(i)) = 2740 Ol = 1 (45.4) 


where F(Z) is defined in (45.3). 


In a Shutout Game Maker’s goal is to put b marks in some B € B before Breaker 
could put his first mark in it. Let 6,, denote the multi-hypergraph where 


every Be B with |B| > b has multiplicity m(B) = 2! 
and every B € B with |B| < b has multiplicity m(B) = 0. (45.5) 
If Maker wins the Shutout Game on B and By is the “witness” of his win, then 
T(B,,(i)) = m(By)2- “WO! = 1, (45.6) 


which is the perfect analogue of (45.4) in terms of the auxiliary multi- 
hypergraph G,,,. 

Let Gz,;g denote the multi-hypergraph of the Big Sets with multiplicity (45.5); 
the Big Sets are defined in the “broad sense” (see the end of Section 39). Let Vaig 
denote the Big Board, and, in particular, let Vz,,(i) denote the Big Board at the 
stage X1,%X5,...,%;3 Yj, Y25---» y;- Recall that the Big Board is “shrinking” in the 
course of a play. 

In Section 44 we introduced several Forbidden Configurations, each one was 
a Shutout Game. In view of the Warning above each Shutout Game defines a 
hypergraph with multiplicity; the union of these multi-hypergraphs is denoted by 
Gro» (again in the “broad sense’’). Write 


G* (i) = {B\ (YOO Veic@): BEG, BO (XM) Vaic(i)) = 9}, 
Garg) = {C\ YOO Veg) = C € Gaigs CO (XW N Vaig() = Y}, 
Grow (i) = {D\ (ran Veig@) : DE Grorbs DN (xf) nN Vaig@) = D}, 
and 


F*(i) = {A\ XO Vegi): A€ F, AN WO Vag (i) = 9}, (45.7) 
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where the mark * is an abbreviation for the restriction to the actual Big Board 


Vai (i). 
An inspection of the calculations in Sections 39 and 44 immediately gives the 
following super-polynomially small upper bound 


TGpic) + TG rom) < N7 Coen? (45.8) 


with some positive absolute constant 6 > 0. 
Now we are ready to choose First Player’s next move x,,,. We distinguish two 
cases: 


Case 1: y; ¢ Vgic (i) 

In other words, Case 1 means that Second Player’s last move was in the small 
board V.nai(t) = V \ Vpic(i). Then First Player replies to y, simply following the 
Strong Draw strategy Str(s.d.): First Player replies in the same component of 
the hypergraph of all small sets where y, was, and to find the optimal x,,, he 
uses the overcharged version of the Power-of-Two Scoring System to enforce the 
Component Condition (see the proof of the Growing Erddés—Selfridge Lemma in 
Section 39). 


Case 2: y; € Vpjg(i) 
The main idea is the following: we work with the potential function 


L; =T(F*(i)) SA T( Fron i) & A, . T(Gaig)) 
—A3+T Grow (i) — Ag TG"); (45.9) 


in Case 2 First Player’s choice for x;,, is that unoccupied point z € Vzjg(i) \ (X@U 
Y(i)) of the Big Board for which the function 


L(z) =F") 2) — At T( Fins 2) — Ax: TGag Os 2) 
—A3°TGiron (is 2) — Ag TG"); 2) (45.10) 
attains its maximum. To understand what (45.9)-(45.10) means we note that 


TM;z)= >> 2, 


zeMeM 


the families G3,,(i), Gz.,.,(i), G*(i) were defined in (45.7), F is the family of all 
q, X q, aligned Square Lattices in N x N (see (45.1)) 


Fj) = {A \ (X@N Veig@)) VAC FAN Yan Vag) = D}, 


the multi-hypergraph F,,,,,, will be defined later. Even if we don’t know Fz, yet, 
we can nevertheless write 


Fromli) = {E\ (XM Vegi): E € From, ANYON Veg) = 9}. 
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It remains to specify the positive constants A,, A,, A;, Ay. They are called multipliers, 
and are defined by the side condition 


r; ; T(F ror) =A,- T(Geig) = A; . T(Grow) 
=A,-7(G) = SMF). (45.11) 


It is clear from (45.8) that A, and A, are super-polynomially large. We are going 
to see later that A, is also super-polynomially large; this explains the name “the 
technique of super-polynomial multipliers.” 

The auxiliary hypergraph F,,,,,, will be defined later as a “technical requirement”; 
right now we deal with F;,,,,, aS an undefined parameter. 

In Case 2 we have y; € Vg,¢(i) and x;,; € Vgjg(i), where x,,, is defined by the 
maximum property above. Let y,,,, be the first move of Second Player in Vp, (i) 
with v = v(i) > 1. Since the moves after x,,, and before y,,,, are not in Vz,,(i), we 
have the following inequality (see (45.9)-(45.10)) 


Lip 2 a L; +L; (X41) - L; iWiny) — T(F*(i i); Xi4d> Vir) (45.12) 


The maximum property of x;,,, implies 


Li(Xi1) = LiQiay)s (45.13) 


moreover, trivially 
TP Oi tei doe) Ses (4), (45.14) 


where A, is the Max Pair-Degree of *, where F denotes the family of all g, x q, 
aligned Square Lattices in N x N. Combining (45.12)-(45.14) 


Lay 2 Lj - (2) > L,;— O((log N)’). (45.15) 


Side condition (45.11) implies that Ly) = T(F)/2, so by (45.15), (8.3) and (45.1) 
Lend =Lp == 0 (log N)* ) 


=51(F)— 0(N*(log NY?) > 


=i1F) = (5 : +o) —9rtt 5/0, (45.16) 


Thus by (45.10) and (45.16) 


T(F*(end)) > iF), (45.17) 
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where hypergraph F*(end) is defined by 


V* = Vpic(end) = () Vac (i) 


i>0 
and 
F*(end) ={A\V*: AEF, AN Yend)NV* = O}. 
Since 
q 
T(F*(end)) =) > page 


s=0 AEF: ANY(end)NV*=9,|A\V*|=s 


there must exist an integer sy in 0 < sy < qj such that (see (45.16)-(45.17)) 


1 
2% >— T(F*(end)) 


AéF: ANY(end)NV*=%,|A\V*|=s9 1 


1 ae 
>{— 1)) 2%, 45.18 
>( Gro) (45.18) 
Note in advance that relation (45.18) will motivate our definition of the auxiliary 
hypergraph F,,,». 


3. How to define F,;,,,? We start with the idea. First Player has two goals: (1) 
to completely occupy some Ay € F, and to block every B € G (where B = q, X qp 
aligned rectangle lattice in N x N). To own some Ay € F is equivalent to Ay C 
X(end). If the integer sy defined in (45.18) is s) = 0, then, of course, goal (1) is 
achieved. Thus in the rest we can assume Sy > 1. 

Here is the key idea about Fr,,,: sy => 1 means that in a certain sub-family of 
F First Player has a “very large’ Shutout; on the other hand, working with a 
properly defined auxiliary hypergraph F,,,,,,, First Player himself can prevent this 
“very large” Shutout. Thus the case sy > 1 will lead to a contradiction, proving that 
the “easy case” sy = 0 is the only possibility. Next we work out the details of this 
idea. 


How to define F,,,,,: the details. Write (see (45.18)) 
F,,={AeEF: ANYend)NV* =, |A\ V*| = so}. (45.19) 


If there is no Ay € F with Ay C X(end), then every A ¢ F, has a non-empty 
intersection with Y(end) 1V*™, where V** = V\ V*. 
How large is the small board V**? Write 


m=, andk=m?* =q,”; (45.20) 


then, by definition the size of the E.R. (the Emergency Room) is estimated from 
above by 
|E.R.| < |G*(end)|-k = 2‘T (G*(end)) |-k. (45.21) 
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The Component Condition says that every component has size < 2", thus by the 
Hazardous Lemma 
|V**| = |small board] < |E.R.| oF (45.22) 


Combining (45.20)-(45.22) we have 
|V**| = |small board| < T (G*(end)) |-k- 2" < T (G*(end)) | ym (45.23) 
By (45.11) 
Ay 1G) = 41), 
so by (45.16), (45.9), and (45.23) 
T(F*(end)) =A,-T(G*(end)) 


_ WF) TF) 


1 
-T(G*(end al Jae 45.24 
=H MG en) za WV" (45.24) 
Combining (45.18), (45.19), and (45.24) 
Ff. 2° TF Dg Lis TV(F 
| | > ( ) so 2m2 = 250-2? 3 ( ) (45.25) 


|V""| ~ qi 87(G) gq: T(F) 
We need to demonstrate that First Player owns a whole Ay € ¥. If there is an 
Ay € F with Ay C X(end), then we are done. We can assume, therefore, that there 
is no Ay € F with Ay C X(end). Then every A € F, has a non-empty intersection 
with Y(end)V*™* (where V** = V\ V*). By (45.19) and (45.25) there exists a 
Wy € Y(end)NV*™* such that 


a 


50, Wo 


|=l{AeEF,, : wo € A}| > Ny 
bes TH) 
where N, = N,(s = 2%0-2m? gs 
0 ( 0) Ze 7G) 


4. Disjointness Argument: forcing a contradiction. Every A € F, contains 


SQ, Wo 
point wo; we call wo the root of hypergraph F,, ,,,. Note that the Max Pair-Degree 


(45.26) 


A,(F) of the whole hypergraph F is < (“), so by using a trivial greedy algorithm 
we can select a sub-family F, ,, (disj) of F, ,. satisfying (see (45.26)) 


50.Wo 50.Wo 
(1) the hyperedges in F, ,,, (disj) are pairwise disjoint apart from wy, and 


2) IF, «,(dis/)| > C2! >a 
ONIN TaeAF).— 


MN, = N, (50). (45.27) 


F5.sWy (disj) 
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Notice that in the union set 


LU) Alnave (45.28) 


ACF yy up (dis) 
First Player has a Shutout of size 


(qi- SNF sy.wy (diss) | = (i — 50) Mi (50) 
T(F) 


1. 
> (q}—5)- 20 
1 


(45.29) 
where in the last step we used (45.26)-(45). 

Recall that m = qj. In order to get a contradiction First Player wants to prevent 
any kind of Shutout like (45.28)-(45.29). 

What does it mean “any kind of Shutout like (45.28)-(45.29)’? Well, pick an 
arbitrary integer s in 1 < s < qj; let H C F be an arbitrary sub-family satisfying 
the properties: 


(a) (yey A is a single point, the “root” of H, and the sets A € H are pairwise 
disjoint apart from the “root”; 

lig T(F 

(B) [Ht] = Nj (5) = 2-2 


TG (45.30) 


For every 1 C F satisfying properties (a@)-(8) above, consider the union set 
Uae A; the family of all union sets U4-,,A is denoted by F. The Shutout 
Game on hypergraph F“ with goal size b = b(s) = (q; —s)N,(s) defines a 
multi-hypergraph F{ with multiplicity function (45.5). Finally, let 


Fig JFe. (45.31) 


If a Shutout (45.28)-(45.29) occurs in the ith round of the play, then T(F;,,,,(i)) = 1, 
so by (45.16), (45.9), and (45.11) 


TF) 


T(F* (i) = AV Fi @) = Ar = 81( From) 


(45.32) 
We are going to see that (45.32) is a contradiction: the right-hand side of (45.32) 
is in fact much larger than the left-hand side. This contradiction will show that the 
case Sy > | is impossible, so sy = 0, i.e. at the end of the play First Player owns a 
whole A € F. 


5. Checking the contradiction. Estimate T(¥;,,,,) from above: by (45.5), proper- 
ties (a) and (8) above, and (45.32) with A, = A,(F) < (7) and N, = N,(s) (see 


2 
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(45)) 
fi (N-A 
T(From) < N? a ( eo (@i-)) . 9M @i-D)-M(G-) 
or _ N 
s=1 1 
qt GP PSN 
=v (Manito ewe (SMA) say 
s=l 1 s=l 1" oe: 
We have 
2_ 5 —_ t= 
N,-2% Js—2m2~*—3 , 7 947-5 


1. 
eg ae EG). 
~ T(F)-2% 


and because m = 43, 


dng? 

119) = (4400) 
and ; 

T(F) = (5 +0(1)) Aa 

3 nN 
we obtain e-N-g) _ NS.2%* 2-4 ad 
ee ae (45.34) 
We have a closer look at the last term 
N2.20 °-G 


in (45.34). We need to involve the fractional parts 


| vice, N| = 6, and | /2108, N] = 6,; 
by using the fractional parts we have 


q, = Vlog, N—6, and g,=V/2log,N+1— 4). (45.35) 


Since 


2 
g; = (V2 log, N-+1- 0) = 2log, N +2(1—6,),/2log, N + O(1), 


we have 


N227@ = 27-20-92) /2 log, N40) _ 9-2(1-83)q9-+ 01) (45.36) 


If the inequality 
Pi ait | /2l08, Ny} > (log, N)*? (45.37) 
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is satisfied, which happens for the overwhelming majority of Ns, then by (45.36) 


the last term in (45.34) can be estimated from above as follows 
1 


N2 08 °-G — 9-20 )an tay +00) 


Moreover, by (45.32) 
li, T(F 
N, =N, (s) = gs—2m2 3 7 ( ) 
qi: T(G) 
ang 
s2-4* : N?2-4% 
N42-% 
N327 logy N+26,,/ logy N+O(1) 
N 42721082 N-2(1-6) 4/2 log) N+O(1) 
=? gs §+V2(0;+V2(1-0)) 404 od) | 


l-e 


=2°h 


Assumption (45.37) already implies the inequality 
—gy + V2, +V20 - 0) =H, 
so by (45.39) and (45.40) 
N,>28°> 2a" > 2ilos2 yi 
Summarizing, by (45.33), (45.34), (45.38), and (45.41) 


1/4 


T(F ror) < N? : ie . 


(45.38) 


(45.39) 


(45.40) 


(45.41) 


(45.42) 


Inequality (45.42) shows that T(F,,,,) is super-polynomially small in terms of N, 


so trivially 
T(F ror) = Nom 


which suffices to get a contradiction. 
The contradiction comes from the trivial bounds 


T(F*(i)) < |F| < N° 
and 
N32-4% 


1 


T(F) = (5 2 o(1)) 


= N2+0(1)9— logs N = N20) 


combined with (45.32) and (45.43) 
T(F) we) 


N? > T(F*(i)) = > = Nm, 


am 8T(Frow) > 8N~? 


which is a contradiction if N is sufficiently large. 


(45.43) 


(45.44) 
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As said before, First Player has two goals that he simultaneously takes care of : 
the first goal is: (a) to completely occupy some A € F, and the second goal is (b) to 
block every B € G. The contradiction in (45.44) settles goal (a); it remains to settle 
goal (b). 


6. How to block G? Let’s go back to Case | above; recall that in the small game 
First Player uses the G-blocking Strong Draw strategy Str (s.d.). This strategy 
enables First Player to block G as long as (1) he can win the Big Game, and (2) he 
can prevent the appearance of any Forbidden Configuration described in Section 44. 
A “failure” implies 


max {T(Gpig(end)), Tron (end))} = 1, 
thus by (45.9) and (45.16) 
T(F*(end)) > min {Ay, A3}. (45.45) 
By (45.8) and (45.11) 


T(F 
min {Ay, As} > g (F)_ tos’ (45.46) 


with some positive absolute constant 6 > 0. By (45.45)-(45.46) 

T(F*(end)) > NW, (45.47) 
Inequality (45.47) is clearly false, since trivially 

T(F*(end)) <|F| < N°. 


This contradiction proves that a “failure” cannot occur, i.e. First Player can block 
hypergraph G. This completes the proof of: 


Theorem 45.1 Consider the q, x q, Aligned Square Lattice vs. q, x q, Aligned 
Rectangle Lattice Who-Scores-First Game on an N x N board where 


q= | vlog, N+ o(1)| 
(the “largest achievable size”) and 
gy =| V2l0g, N+ 0(1) ] 


(the “smallest impossible size”). If N is sufficiently large, First Player has a winning 
Strategy. 


Notice that the term “o(1)” in gq = | V2T08, N+ 0(1) | takes care of condition 


(45.37) about the fractional part of ,/2 log, N. 

In the symmetric case, when First Player and Second Player have the same goal, 
namely to build a large Aligned Square Lattice, the proof of Theorem 45.1 gives 
the following: 


I-Can-You-Can’t Games — Second Player’s Moral Victory 603 


Proposition: Consider the game on the N x N board where both players want a 
large Aligned Square Lattice. For the overwhelming majority of Ns, Second Player 
can achieve two goals at the same time: (1) he can occupy a q, X q, Aligned Square 


Lattice with 
= lv log, N | . 


and (2) he can prevent First Player from occupying a qy X q, Aligned Square Lattice 
with qgg=q,+1. 


Observe that the Proposition is exactly Theorem 12.7 about Second Player’s Moral- 
Victory. 


7. Switching goals. Let’s return to Theorem 45.1. What happens if First Player 
and Second Player switch their goals: First Player wants an Aligned Rectangle 
Lattice and Second Player wants an Aligned Square Lattice? Again assume that 
First Player wants the “largest doable size” g, x q, with 


gi = | V2l0g, N + 0(1) | (45.48) 


and Second Player wants the “smallest impossible size” q x q, with 


gy =| Vlog, N + o(1)|. (45.49) 


Who scores first? 

Again it is most natural to expect First Player to have a winning strategy; and, 
indeed, we are going to supply a proof (with a minor weakness). Again the proof 
uses the technique of “super-polynomial multipliers.” 

Let F be the family of all g, x g, aligned rectangle lattices in N x N (see 
(45.8)), and let G be the family of all g, x q, aligned Square Lattices in N x N (see 
(45.9)). Assume that we are in the middle of a play, where First Player already 
occupied x,,x,,...,.x; and Second Player occupied y,, y,,...,y,; from the board 
V=NxN. The question is how to choose First Player’s next move x;,,. Write 
X(i) = {X1,%,.--,X;}, YO = (9), y2,.--, y,}, and for any hypergraph H. 

H(i) = {A\ X(i): AEH, ANY) =9}. 

The first novelty is that the Max Pair-Degree A,(F) of hypergraph F is not a 
polylogarithmic function of N. This is why we have to involve the Advanced Weak 
Win Criterion (Theorem 24.2) instead of the much simpler Theorem 1.2. This is 


why in “Case 2: y, € Vg,¢(i)” First Player maximizes a more complicated function 
(compare (45.10) with (45.51) below). The new potential function is 


i -(™0) = nF (0) ~ Ay: TFhyg(i)) — Ag: TG hug) 


—A3-T Grow) — Ag TG"), (45.50) 
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where the new term “—A,-7(F)"(i))” is justified by the technique of Section 24. 
First Player’s choice for x,,, is that unoccupied point z € Vz,g(i) \ (X()U Y@) 
of the Big Board for which the function 


iG) =(" 0: 2) — Ag TF): 2) ~ Ay: TFhyg (D3 2) 


—A,+T(Giig 3 2) — As - T Gh @)3 2) — Ag: TIG* (3 z) (45.51) 


attains its maximum. Again the mark « indicates “restricted to the actual Big Board 
Verc(i),” the auxiliary hypergraph F,,,, will be defined later, and the positive 
constant factors (“multipliers”) Ap, A,, A>, A3, Ay are defined by the side condition 


Xo 7 T(Fy") =i, y T(Fro) = A, ‘ T(Gpig) 


=A3+T( Grow) = Aq TG) = at). (45.52) 


It is clear from (45.8) that the extra parenthesis (...) in (45.50)-(45.51) joining two 
terms together indicate that we apply the method of self-improving potentials (see 
Section 24). What it means is that we divide the course of the play in the actual 
Big Board V,;g(i) into several phases; in each phase we switch to a new potential 
function where multiplier Ag is replaced by Ag/2, Ap /4, Ao/8, and so on, and each 
new phase in fact turns out to be a bonus (explaining the term se/f-improving). 

The self-improving part works perfectly well; the first real challenge comes in 
the part of the Disjointness Argument (see the proof of Theorem 45.1), due to the 
fact that the Max Pair-Degree of F is not “small.” Instead we have the following 
weaker property of F: if two lattice points in N x N are not on the same horizontal 
or vertical line, then the pair-degree of this point pair is < (7). This leads to the 
following: 


8. Modified Disjointness Argument. The starting point is the same (see (45.26)): 
there is a Wy) € Y(end) 1 V™ such that 


oar =|{A € <a > WE A}| = No 


jes TF) 
where N, =No(sy) = 2°"? 73» —~— (45.53) 

a, qTG) 
and m= q;. Let N, be the maximum number of elements of F.w, Which are 


pairwise disjoint apart from the “root” wo; clearly N, < N; let Fe sight) CF, be 


50. Wo 
the sub-family of these N, sets. 
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horizontal and 
vertical are 
special directions 


We extend F, ,, (1) by adding new sets 


So.Wo 
A,, Ap, A3, re € Fi A eeaag by 


with the property that either A; \ { horizontal wo-line} or A; \ { vertical wo-line} is 
disjoint from 
LJ A]UA,UA,U---UA;4. 
AEF oyun (1) 
We keep doing this extension of F,, ,,,(1) as long as we can; let 


F so,1iy 1) UF gga (2) 


denote the maximum extension; write F,, ,,,(2) = Nj. The maximum property 
implies the analogue of (45) 


N bn T(F 
N;=N,+N, = — : 2 eee = 8 : % (45.54) 
1+47(%) qT) 
Write 
Figen (3) = ee ee U Pec. (2); 

in the union set restricted to the Big Board 

U Ajnv (45.55) 
ACF y,wy (1) 

Maker has a Shutout of size > (q; —59)N; + (qj — 41 — 50) No- (45.56) 


The “loss” q, in the factor (q7 — g, — 59) comes from the horizontal or vertical wo-line. 

Notice that Shutout (45.55)-(45.56) is the analogue of (45.28)-(45.29). Again 
Maker wants to avoid Shutout (45.55)-(45.56); the auxiliary hypergraph F;,,, 
(undefined yet) will be designed exactly for this purpose. 
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Fix an arbitrary integer s in 1 < s < qj; let H C F be an arbitrary sub-family 
satisfying the properties: 


(a) H=H(A)UH(2), where (4221) A is a single point wy = wo(H), and the sets 
A € H(1) are pairwise disjoint apart from wo; 

(8B) for every A’ € H(2) either A’ \ {horizontal wo-line} or A’ \ {vertical wo-line} is 
disjoint from Ugeqtary AS 


h-e 
(7) HI =N, +N, = Ny = N,(s) = 20 SET, 


Fix an integer N, in N, < min{N, N,}. For every H C F satisfying properties (a)— 
(B)-(y) and |H(1)| = N, above, consider the union set (),-, A; the family of all 
union sets U,<7, A is denoted by F%%), The Shutout Game on hypergraph F&) 
with goal size 


b=b(s,N\) = Ci — s)N, + (qi —q,—5)N, = (qi —q,—5)N3+q,N, (45.57) 
defines a multi-hypergraph Fore with multiplicity function (45.5). Finally, let 


gq min{N,N3} 
Frorb = U U Fe (45.58) 
s=1 N=1 
If a Shutout (45.55)-(45.56) occurs in the ith round of the play, then T(F;,,,(4) = 1, 
and we get the analogue of (45.32) 


TF) 


——_—_——., 45.59 
10T(Froy) ( ) 


Again we show that (45.59) is a contradiction: the right-hand side of (45.59) is in 
fact much larger than the left-hand side. 

Estimate T(F;,,,) from above: by (45.5), properties (a@)-(8)-(y) above, and 
(45.58), we obtain the analogue (45.33) 


G min{N, N3(s)} N. q 
T(Frow) aN’) DB ( ) 


s=l N= N, 
Ni 41 Aa) 4 —m@—0) pM @-D-0s-M MB —a1-9) (45.60) 
N;—N, 


Note that A, = A,(F) < N, so returning to (45.60) and using the trivial inequality 
(") < (eM/r)", we have 


q]_min{N,N3(s)} 2. ,4\M N3—N 

-N?. -N-N,- 

TF ew (Sh) (ee) 5.1) 
s=l] M=l 2N,°20~' (N3= Nj) 28 a3 
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where 
~28 T(F) 
N, =N,(s) = 2°23, 45.62 
5s =NG(s) a1 (45.62) 
1 Nt2-4 
17) =(3 +0(1)) ga q= | V2To8, N+ 0(1) | : (45.63) 
l 
and 
1 N32-% 
TG) = (5 +20) > b= | viog, N+ 0(1) ]. (45.64) 
By (45.61), with N, = N;(s) — N,, and using the fact N, < N 
Gear e-N-N,-q ee 
2N, -2%-5 (N; — N,)-201-41-5 
N3 
2 N?.2° eq} /2 ae eN,q,2% MIN3 
ak Vay N, N-N, 


Ns; 
: N2.25 eq! /2 N/N3 eN,q,2"' N2/N3 
TN oa N, N, 


. N?.2° e-gt-2m Ns 
= 2a N; ’ 


(45.65) 


where in the last step we used the simple fact NM Ny? > (MEM NM By using 


the definition of N; = N;(s) (see (45.62)) in (45.61) and (45.65) 


qi min{N,N3(s)} N2.2° e- gt. 24 N3 
q 
T(Fron) SND) ( aad 


s=l N=l 2a N; 
gq? min{N,N3(s)} N-eq!3. yai+24}%* N3 
q 
=N’*yy >» wae a : (45.66) 
s=l1 N=l 2 


Consider the fractional part 


| Vio, | =6,; then g,=,/log,N+1-6,, 
and 
gz = log, N+2(1—6,),/log, N + O(1) = log, N+ V2(1—0,)-q, + O(1). 
Therefore, returning to (45.66) we have 


q min{N,N3(s)} 


T( From) < N? ys, 


s=1 


le N: 
(ergot atm hee > ) = (45.67) 


N=1 
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Assume that 


1 
—J/2(1—05) <0 => {,/log, N} < 1- Ae 293; (45.68) 
then by (45.67) 
gq min{N,N3(s)} 1 N3(s) 
TFrom)<N? > y (5) ; (45.69) 
s=1 N=l 2 
Moreover, by (45.62) 
«3 I(F) 
N, = N,(s) = 25°28 "3 
Yay 2 
Se. N*2-% 
N32-% 
= 42721082 N+261 4/2 log, N+0(1) 
= 2-2 : 


N327 logy N—2(1—62),/ log, N+O(1) 
=? ace +(2/26,;+(1—02))qo4 oe. (45.70) 


where 0, = {,/2log, N} (fractional part). 
Assumption (45.68) already implies the inequality 
ay * + (2020, +211 - 8) = a, (45.71) 


so by (45.70)-(45.71) 


-é 


= N,(s) => 22° > 200%)? (45.72) 
Summarizing, by (45.69) and (45.72) 


oT min{N, N3(s)} ese 
TEEN OS™ en, (45.73) 


s=l M=l 
The contradiction comes from the trivial bounds 


T(F*(i)) <|F| < N* 


nF) = (4400) a 


qi 


and 


= N4+0(1) 9-2 log, N = N27) 


combined with (45.59) and (45.73) 


Os 2g IN 


= NO) | 
T(Frow) ~ 10N-3 


N* > T(F*(i)) = ie 
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which is a contradiction if N is sufficiently large. 
The rest of the proof is the same as that of Theorem 45.1. Thus we obtain: 


Theorem 45.2 Consider the q, x q, Aligned Rectangle Lattice vs. qy X q, Aligned 
Square Lattice Who-Scores-First Game on an N x N board where 


“= | V2To, N+ 0(1) | 


(the “largest achievable size”) and 


h= | Vlog, V + 0(1) | 


(the “smallest impossible size”). If N is sufficiently large and the fractional part 
{,/log, N} < 1— a = .293, then First Player has a winning strategy. 


If {,/log, N} > 1— a = .293, then First Player still has a winning strategy, assuming 


we switch the value of g, to the one larger g, = | vice: N+ o(1) | +1. 

Comparing Theorem 45.2 with Theorem 45.1 there is an obvious weakness: we 
have the extra condition {,/log, N} < 1— a = .293 about the fractional part, which 
holds only for a “positive density” sequence of Ns (with an appropriate density 
concept) instead of the usual “overwhelming majority of Ns.” 


Chapter X 


Conclusion 


The reader is owed a few missing details such as (1) how to modify the Achievement 
proofs to obtain the Avoidance proofs, (2) the Chooser—Picker game, (3) the best- 
known Pairing Strategy Draw in the n“ hypercube Tic-Tac-Toe (part (b) in Open 
Problem 34.1). 

Also we discuss a few new results: generalizations and extensions, such as what 
happens if we extend the board from the complete graph K,, and the N x N lattice 
to a typical sub-board. 

We discuss these generalizations, extensions, and missing details in the last four 
sections (Sections 46-49). 
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46 


More exact solutions and more partial results 


1. Extension: from the complete board to a typical sub-board. The book is 
basically about two results, Theorems 6.4 and 8.2, and their generalizations (dis- 
crepancy, biased, Picker-Chooser, Chooser—Picker, etc.). Here is another, perhaps 
the most interesting, way to generalize. In Theorem 6.4 (a) the board is Ky, that is, 
a very special graph; what happens if we replace K, with a typical graph Gy on 
N vertices? 

Playing the usual (1:1) game on an arbitrary finite graph G, we can define the 
Clique Achievement (Avoidance) Number of G in the usual way, namely answering 
the question: “What is the largest clique K, that Maker can build (that Forcer can 
force Avoider to build)?” 

A typical sub-graph Gy C Ky has about half of the edges of Ky, ice. 
(1+ 0(1))N?/4 edges, and contains (1 + 0(1))(*)2-@) copies of K,. Of course, 
a typical sub-graph Gy C Ky is just an alternative name for the Random Graph 
R(Ky; 1/2) with edge probability p = 1/2. 

The Meta-Conjecture predicts that the Clique Achievement (Avoidance) Number 
of a typical sub-graph G, C Ky is the lower integral part of the real solution 
g=q(N ) of the equation 


N\n—(4 
2G 
() _ 20), 
N?/4 
which is equivalent to 
q = log, N — log, log, N+log, e—1+ (1). (46.1) 


And indeed, (46.1) gives the truth. The proof technique of Theorem 6.4 can be 
trivially adapted due to the fact that the Random Graph is very homogeneous and 
very predictable. 

The corresponding Majority-Play Clique Number is the lower integral part of 


q = log, N — log, log, N+ log, e+1+0(1). (46.2) 
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Comparing (46.1) to (46.2) we obtain the remarkable equality 
Majority Play Clique Number(G) — 2 = Clique Achievement Number(G) 
= Clique Avoidance Number(G) (46.3) 


which holds for the overwhelming majority of all finite graphs G (G is the board)! 

By the way, to decide whether or not a graph Gy contains a clique of log, N 
vertices, and, if it does, to find one, takes about N'°2" steps; on the other hand, the 
number of positions in a graph Gy with about N?/4 edges is roughly 3%’/*, What 
a big difference! This rough calculation justifies that the game numbers are much 
more difficult concepts than the Majority-Play Number; this makes the (typical) 
equality (46.3) even more interesting. 

Of course, equality (46.3) is not true for every single graph. For example, if G 
consists of a huge number of vertex disjoint copies of Ky (say M copies), then the 
Clique Achievement Number remains the usual (2+ 0(1)) log, N for every M, but 
the Majority-Play Clique Number becomes WN if M is much larger than 2G), 

What happens if the symmetric Random Graph R(Ky; 1/2) (meaning the typical 
sub-graph Gy C Kj) is replaced by the general Random Graph R(Ky; p) with an 
arbitrary edge probability 0 < p < 1? 

The Meta-Conjecture predicts that the Clique Achievement (Avoidance) Number 
of R(Ky; p) is the lower integral part of the real solution g = g(N ) of the equation 


(*) p) 50 
pNO 


which is equivalent to 


q (log, N — log, log, N+ log, e+ log, log,(2/p))-—1+o0(1). (46.4) 


= 2 
log,(2/p) 
And again (46.4) gives the truth; the proof technique of Theorem 6.4 can be trivially 
adapted. 
The corresponding Majority-Play Clique Number is the lower integral part of 


q = —— (log, N — log, log, N + log, ¢+log, log,(2/p))+1+0(1), (46.5) 
log, (2/p) 

that is, we have the usual “gap 2” (see (46.3)) independently of the value of 

probability 0 < p< 1. 

Switching from ordinary graphs to 3-graphs “gap 2” becomes “gap 3/2.” Since 
3/2 is not an integer, this means that for a typical 3-graph the Majority-Play Clique 
Number differs from the Clique Achievement (Avoidance) Number either by 1 or by 
2, and the two cases have the same fifty—fifty chance (this is why the average is 3/2). 

In general, for k-graphs the “gap” is k/(k — 1); since k/(k — 1) is not an integer, 
this means that for a typical k-graph the Majority-Play Clique Number differs from 
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the Clique Achievement (Avoidance) Number either by 1 or by 2, and the odds are 
(k —2): 1 (this is why the average is k/(k—1)). 

Next consider the Lattice Games. What happens to Theorem 8.2 if the N x N 
grid is replaced by a “random sub-set’? Let 0 < p < 1 be the probability of keeping 
an arbitrary grid point; we decide independently. This is how we get the Random 
Sub-set R(WV x N; p) of the grid N x N; the case p = 1/2 gives what is meant by a 
“typical sub-board.” 

Let us choose a lattice type; for example, consider the Parallelogram Lattice 
Game. Playing the usual (1:1) game on a Random Sub-set R(N x N; p) of the grid 
N x N, what is the largest value of g such that Maker can always occupy a q x q 
parallelogram lattice inside the given sub-board? 

The Meta-Conjecture predicts that the largest value of the lattice size is the lower 
integral part of the real solution g = q(N ) of the equation 


which is equivalent to 


q = 2,/logy)») N. (46.6) 


The corresponding Majority-Play Number is 


2\% 
No= (=) <> q= V6,/logy/, N. (46.7) 


In this case the ratio J6/2 = ./3/2 remains the same independently of the value 
of probability 0 < p< 1. 

The “invariance of the gap” in the Clique Games (gap 2 for graphs, gap 3/2 for 
3-graphs, and so on) and the “invariance of the ratio” in the Lattice Games (where 
invariance means: independent of the value of probability 0 < p < 1) is another 
striking property of these game numbers. In the proofs switching from p = 1 to 
an arbitrary probability p between 0 < p < 1 makes very little difference (because 
random structures are very “predictable’’). 


2. Strategy Stealing vs. explicit strategy. Consider now the “who can build a 
larger Square Lattice” game. First assume that the board is the complete N x N 
grid; the two players alternate the usual (1:1) way; that player is declared the 
winner who, at the end of the play, owns a larger Aligned Square Lattice (as for 
the winner who owns a q x q lattice and the opponent’s largest lattice has size 
(q—1) x (q—1)); in case of equality, the play ends in a draw. If N is odd, then the 
first player has a simple (at least) drawing strategy: his opening move is the center 
of the board, and in the rest of the play he takes the reflection of the opponent’s 
moves. 
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If the board is an arbitrary sub-set of the N x N grid, then the first player still can 
force (at least) a draw. The reflection strategy above obviously breaks down, but the 
Strategy Stealing argument still works! Of course, Strategy Stealing doesn’t say a 
word about how to actually force (at least) a draw. Can we find an explicit drawing 
strategy here? Well, we can solve this problem at least for a board which is a typical 
sub-set of N x N. Of course, typical means the Random Sub-set R(N x N; 1/2) of 
the N x N grid with inclusion probability 1/2. In view of the Meta-Conjecture the 
largest achievable size is 


q= | Vlog, N+ 0(1) | = EF +0, (46.8) 


A straightforward adaptation of the proof technique of Section 45 (in particular 
Theorem 45.1) gives that the first player can always build an Aligned Square 
Lattice of size q x q, and at the same time he can prevent the second player from 
occupying a lattice of size (¢+1) x (¢+1), where g is defined in (46.8). 

The main point here is that this explicit strategy (using the potential technique 
of Section 45) is much faster than the “backward labeling algorithm” (the general 
recipe to find a drawing strategy guaranteed by the Strategy Stealing argument); 
in fact, the running time of the explicit strategy is a logarithmic function of the 
running time of the “backward labeling.” This is a huge difference! 

The second player can do the same thing: he can also build an Aligned Square 
Lattice of size g x g, and at the same time he can prevent the first player from 
occupying a lattice of size (¢+ 1) x (¢+1), where q is defined in (46.8). 

Note that for the second player the Strategy Stealing argument does not seem to 
work; for the second player the potential technique seems to be the only way to 
force a draw (playing on a typical sub-board). 

The last result of this section is also related to Section 45. 


3. Maker’s building when he is the topdog: how to involve the Cheap Building 
Lemma? We switch to biased games. The (m:b) achievement version of the Meta- 
Conjecture with m > b, i.e. when Maker is the topdog, requires a correction: the 
usual threshold 


1 al 
nN = 108 mtb —_ 
™ |V| 
is replaced by the more complicated threshold 
F 
n= log ms + log», |V], (46.9) 


due to the effect of the Cheap Building Lemma (see Section 30). In Section 30 we 
gave an intuitive explanation for (46.9), we called it the “Random Play plus Cheap 
Building” intuition and said “it is surprisingly easy to make this intuition precise 
in the (m:1) play by involving an auxiliary hypergraph,” and promised to discuss 
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the details in Section 46. What we are going to do is Maker’s part (Breaker’s part, 
unfortunately, remains unsolved). The following argument is similar to that of in 
Section 45, but the details here are simpler. 

The real question is how to enforce the Disjointness Condition in the “Random 
Play plus Cheap Building” intuition. We illustrate the idea with a “typical” example: 
the (2:1) Parallelogram Lattice Game. Assume that we are in the middle of the First 
Stage, where Maker already occupied X(i) = {x; ca xe ; ae xe, au x. a} 
and Breaker occupied Y(i) = {y,, y,,..., y,} from the board V=NxN. Let F 


denote the family of all g x q Parallelogram Lattices in N x N, and write 
F(i) ={A\X@: AEF, AN Yi) = 9}. 


Note that F(i) is the family of the unoccupied parts of the “survivors” in F; the 
truncated F(i) can be a multi-hypergraph even if the original F is not. We use the 
Power-of-(3/2) Scoring System: for an arbitrary finite hypergraph H let 


chee 3\ 18 
TH) = do (5 and T(H; uy, ...,Um) = y 1 ae 
e BEH: {uy,....Um}CB 2 


BEH STF BER: {ty yee 


The new Potential Function is 
2 (70) ait m172())) =A, 1G,@)=as-7G,0). 


where, of course, T(---) refers to the Power-of-(3/2) Scoring System. Here the 
part (T(F(@)) — A,- T(F2(A))) is clearly justified by the technique of Section 24, 
and the auxiliary hypergraphs G, and G, (motivated by the Disjointness Condition 
in the Second Stage) will be defined later. 

The positive constants Ay, A,, A, are defined by the side condition 


ETF) = dy: TFL) = Ay -T1G,) = Aa TG). (46.10) 


The First Stage ends when |F(i)| < N’, that is, when the number of “survivors” 
among the winning sets becomes less than the board size N x N = N°. 

For notational simplicity, let |F(i))| = N*, i.e. iy is the end of the First Stage. 
Note that in the First Stage we apply the method of self-improving potentials (see 
Section 24), which means that we divide the play into several phases, in each phase 
we switch to a new potential where the multiplier Ay is replaced by Ap/2, Ag/4, 
A,/8, and so on, and each new phase turns out to be a bonus. It follows from the 
method that we can assume the following two facts 


T(F (ig) = iM) (46.11) 


and 
T(F(ig)) > Ay» TG, (in) + Ad > TG2(ig))- (46.12) 
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Inequality (46.11) implies that there must exist an integer sy in 0 < sy < q? such that 
a\°" 1 1 
2 (5) > TF) = S/F IP. (46.13) 
4q° 
BEF (ig): |B\=so 
Write F, (io) = {B € F(ig) : |B] = so}; for every Be F, (ig) let A(B) € F denote 
its ancestor, and write 
Fy, ={A(B) € F : Be F,,(io)}. 
We distinguish two cases: 
Case 1: Family ¥,, contains at least 
IF, | er toan'® 
So 


pairwise disjoint sets. 
Then Maker applies the Cheap Building Lemma (see Section 30). If the inequality 


[Fi je Oe S98 (46.14) 


holds, then Maker can occupy a whole A € F,, C F. Recall inequality (46.13) above 
a. 1 |F| 
im = A, lr ? 
2 4q@ |F,,| 


¢ — 5 = logs |F|—log: |F,,| — O(loglog N ). (46.15) 


which is equivalent to 


On the other hand, if (46.14) fails, then 
log, |F,,| < so + O ((logN )'*). (46.16) 
Adding up (46.15) and (46.16), we obtain 
¢° = log; |F| — log; |F,,| +log, |F,,|— O (og N)"). (46.17) 
Since |F,.| < N? =|V|, from (46.17) we conclude that 


F 
q = logs a + log, |V|— O((logN)'), 


which contradicts the hypothesis 


q= | ,/log; (IFI/IVI) + log, IVI - 0(1) | 


if o(1) tends to 0 sufficently slowly. 
It remains to show that Case | is the only alternative (i.e. Case 2 below leads to 
a contradiction). 
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Case 2: There are at least 
ellogn "3 


VP 


sets in family F, which contain the same point. 


Si 


Let w, denote the common point, and write 


Fou, ={A\{w}: w eAeF, }- 


So. Wy 


LetH CF,» 
disjoint sets. 
This is the part where we define and use the auxiliary hypergraphs G, and @,. 


Again we distinguish two cases: 


_ be the maximum size sub-family of F,. ,,, which consists of pairwise 


sw 


Case 2a: We have 


\H| > ellos) /2 


For notational simplicity write m = e“°8")'"/2, We define the auxiliary hypergraph 
G, as follows: B € G, if and only if 


B=\|JA; where |()A;|=1, and 


i=1 i=1 


A,,.-..,A,, are m different sets in F such that they are pairwise disjoint apart from 
the one-element common part. Then by (46.10) 
1 N* 3 —m(q?-1) 
—T(F) =T1(G,) < N’- = ; 46.18 
a n7y=76,) <n?-(") (5) (46.18) 


In (46.18) the factor N? is the number of ways to fix the one-element common 
part, ee ) is an upper bound on the number of ways to choose B = |J;_, A;, and 
the exponent m(q? — 1) is explained by the disjointness apart from the one-element 
common part. 

It follows from the definition of 1 that 


3 —m/(so—1) 
T(G,) = (5) ; (46.19) 
On the other hand, by (46.18) 
TF) (m-G/2)?"\" 
Mea ( Ss (46.20) 


By (46.19)-(46.20) 


(46.21) 


T(F) (m-(3/2)?-»\" 
aria) = ae ( e-N4 ) 
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Recall (46.13) 


and since |F,,| < N*, we have 


gS 
: > EFI (46.22) 
2 ~ 4q? N? 
Trivially 
n\° 
N° > |F| > (=) (46.23) 
2q 


so by (46.22) 


PS 2g) 4 
Se sg ays aN (46.24) 
2 4g-N2 44. ¢8 
By (46.21) and (46.24) we have 
T(F) m a 
a -7G)2 S59) (46.25) 


and since m = el8%)'"/2, (46.25) is a huge super-polynomial lower bound in 


terms of N (note that T(F) > 1). This huge super-polynomial lower bound clearly 
contradicts the polynomial upper bound (46.12) 


T(F (ig) > Ay» TG, (ip))- 


Indeed, T(F(iy)) < |F| < N°, see (46.23). This contradiction proves that Case 2a 
is impossible. 
If Case 2a is impossible, then we have 
Case 2b: There are at least 
ellos )13/2 


q* 


sets in family F,, |, which contain the same point. 
Let w, denote the common point; it means that there is a sub-family 1, of F,, such 
that 


(log N 1/3 /2 


(1) |H,| = —p—. and 
(2) every element of H,, contains the point pair {w,, wy}. 


Let 
H, = {A\ {w,w,—line}: A eH}, 


that is, we throw out the whole w,w,-line, and let #3; C H, be the maximum size 
sub-family of H, which consists of pairwise disjoint sets. 
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Three non-collinear points in the N x N grid “nearly” determine a q x q 
parallelogram lattice: the multiplicity is < (4). It follows that 


au elloe)'3/2 
a|> els - (46.26) 
1+ (4) q 
For notational simplicity write 
elogN "3/2 
ve qi 
We define the auxiliary hypergraph G, as follows: B € G, if and only if 
B=\|JA; where ()A; is (>2)—element collinear, and 
i=l i=l 
A,,.--,A, are r different sets in F such that they are pairwise disjoint apart from 
the line spanned by the collinear common part. Then by (46.10) 
I N? N2\ (3\ 72-9 
—T(F)=T < . x : 46.27 
ann=ney<(")-(") (5) (46.27) 


N?) : . : : N2)\ - 
In (46.27) the factor ( 5) is the number of ways to fix two different points, ( yl is 


an upper bound on the number of ways to choose B = j_, A;, and the exponent 

r(q¢° — q) is explained by the disjointness apart from the collinear common part 

(here we use that a line intersects a g x g parallelogram lattice in at most g points). 
It follows from the definition of #1, that 


3 —r So 
T(G,) = (5) : (46.28) 
On the other hand, by (46.27) 
WF) [r-@/e4\" 
A, > . i 46.29 
glee os ( e-N? oe!) 


Notice that (46.27) is similar to (46.28); in fact, Case 2b is simpler than Case 2a, 
because in (46.27) (and so in (46.29)) we have the much smaller Pair-Degree < N? 
instead of N*, implying that the crucial factor ("") in (46.29) is much smaller than 
the corresponding factor @) in (46.18). This explains why repeating the argument 
of Case 2a, we obtain the same kind of contradiction here in Case 2b (in fact, Case 
2b is simpler!). 

This shows that Case 2 is really impossible, completing the proof of the 
Parallelogram Lattice Game. 

The argument above is simpler than that of in Section 45; it can be easily extended 
to any other lattice game, and also to the Clique Games. Of course, in the Clique 
Games we need calculations similar to Section 25, but the idea remains the same. 


47 
Miscellany (1) 


1. A duality principle. So far we have focused on the Achievement Games, and it 
was often stated that “of course the same holds for the Avoidance version” without 
going into the details. Here an honest effort is made to explain the striking equality 


Achievement Number = Avoidance Number (47.1) 


which holds for our “Ramseyish” games with quadratic goals (see Theorems 6.4, 
8.2, and 12.6). We begin the precise discussion of (47.1) by recalling the simplest 
Achievement building criterion. 


Theorem 1.2 /f F is n-uniform and 
|F| > 2" -A,-|VI, 


where A, is the Max Pair-Degree and V is the board, then at the end of the play 
on F Maker (the first player) can always occupy a whole winning set A € F. 


The Reverse version goes as follows: 
Reverse Theorem 1.2 Jf F is n-uniform and 
|F| > 2"*-A,-|VI, 


then Forcer (the second player) can always force Avoider to occupy a whole 
winning set Ace F. 


The proof of “Reverse Theorem 1.2” is the same as that of Theorem 1.2, except 
that Forcer always chooses a point of minimum value (note that Maker always 
chooses a point of maximum value). 

Is it true that every Achievement building result in the book can be converted 
into a Forcer’s win result in the Avoidance version by simply switching the role of 
maximum and minimum? The answer is “no,” and an example is: 
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Theorem 20.3 [f b= (2s? — o(1))n/logn = (.02567 — 0(1))n/logn, then play- 


ing the (1:b) Hamiltoninan Cycle Game on K,, underdog Maker can build a 


n? 


Hamiltonian cycle. 


What is so special about the proof of Theorem 20.3? Well, Maker’s Hamilton 
cycle building strategy consists of two phases. In Phase 1 he guarantees that his 
graph is an Expander Graph with factor 2 (see property (@) in Section 20), and in 
Phase 2 he keeps creating a /onger path by choosing an unoccupied Closing Edge 
from sub-graph Close(G, P). Phase 1 is exactly like the proof of Theorem 1.2: every 
Maker’s move is a Potential Move, meaning that Maker optimizes an appropriate 
potential function by choosing an edge of maximum value. There is no problem 
with Phase 1: it can be trivially converted into the Reverse Game by switching the 
roles of maximum and minimum. 

Maker can guarantee that Phase | ends at a relatively early stage of the play, 
when the “good” sub-graph Close(G, P) has plenty of unoccupied edges. Of course, 
in Phase 2 Maker jumps on the opportunity and picks an unoccupied Closing Edge 
from Close(G, P) (creating a longer path, and he keeps repeating this). Now this 
is exactly where the problem with Phase 2 is: there is no way to force the reluctant 
Avoider to pick an edge from “good” sub-graph Close(G, P) at an early stage; 
Avoider can wait until the very end when he has no other moves left, and then the 
proof may collapse in the next step (i.e. we may not be able to create a longer path 
in the next step)! This is why there is no obvious way to convert Phase 2 into the 
Reverse Game, and this leads to Open Problem 20.1. 

Theorem 20.3 is a warning: there is no automatic “transference principle” here. 
The good news about the exact results is that their building part is proved by 
either Theorem 1.2 or Theorem 24.2, and in both strategies every Maker’s move 
is a Potential Move (i.e. Maker optimizes a potential function). This fact can 
be checked by inspecting the proofs of Theorems 6.4, 8.2, and 12.6. Of course, 
Potential Moves are “safe”: they can be trivially converted into the Reverse Game 
by switching the roles of maximum and minimum. The same applies for the ad hoc 
arguments in Section 23: every Maker’s move is a Potential Move. 

How about the blocking part of the exact solutions? The simplest blocking cri- 
terion is the Erdés—Selfridge Theorem (Theorem 1.4). It is obviously safe: every 
Breaker’s move is a Potential Move. To prove the exact solutions we combined 
Theorem 1.4 (in fact its Shutout version) with the BigGame—SmallGame Decompo- 
sition technique (see Chapters VIJ-IX). The Big Game remains a single entity, and 
every Breaker’s move in the Big Game is a Potential Move. The small game, on 
the other hand, falls apart into a large number of non-interacting components, and 
this needs a little bit of extra analysis. 

Let us begin with Theorem 34.1 (the first Ugly Theorem). An inspection of 
Section 36 shows that the small game is a disjoint game: it is played on the on-line 
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disjoint parts S; of the emergency sets S;, j = 1,2,3,..., and |S; > 2 holds for 
every j. In the small game Breaker follows the trivial Same Set Rule: if Maker’s 
last move was in an Sis then Breaker always takes another unoccupied point from 
the same S; as long as he can. In the Reverse version Avoider follows the Same 
Set Rule: if Forcer’s last move was in an S$ i then Avoider always takes another 
unoccupied point from the same S; as long as he can do it. Avoider can clearly 
avoid occupying a whole S; if we have the slightly stronger condition: |S;| > 3 
for every j. The original condition |S;| > 2 is not enough as the following simple 
counter-example shows. 


If Avoider starts in So then Forcer takes 2 points from S. and even if Avoider 
follows the Same Set Rule, he will end up with both points of Kye Of course, this 
kind of “cheap” parity problem cannot occur if every [S| > 3. 

The new requirement “|S; > 3 for every j” forces a slight change in the proof 
of Theorem 34.1: a survivor A € F becomes dangerous when Maker occupies its 
(|A| — k — 2)th point, and the condition changes as follows: the term k(k+ 1) is 
replaced by k(k +2), which is, of course, irrelevant in the asymptotic behavior 
(compare (34.6) with (47.2) below). 


Reverse Theorem 34.1 Let F be an m-uniform Almost Disjoint hypergraph. The 
Maximum Degree of F is denoted by D, and the total number of winning sets is 
|F| = M. If there is an integer k with 2 <k < m/2 such that 


7 os ‘ ce 2km—Kk+2)—(6)—1 (47.2) 


then Avoider can always avoid occupying a whole winning set A € F. 


Next consider Theorem 37.5 (the second Ugly Theorem). Here the small game 
falls apart into many-many “sub-exponentially” large components (for the details of 
the proof, see Section 39). In each component Breaker follows the Same Component 
Rule (if Maker moves to a component of the small game, then Breaker replies in 
the same component), and chooses an unoccupied point of maximum value. In the 
Reverse version Avoider follows the Same Component Rule, and chooses a point 
of minimum value. Identical criterions give identical thresholds! 

The same applies for the rest of Part D. This completes our explanation for the 
equality 

Achievement Number = Avoidance Number 


in Theorems 6.4, 8.2, and 12.6. 
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2. An extention of the duality. The equality above can be extended to a longer 
chain of equalities: 


Achievement Number = Avoidance Number 


= Chooser’s Achievement Number = Picker’s Avoidance Number. (47.3) 


(47.3) involves two more games: the Chooser—Picker Game and the Picker—-Chooser 
Game. These games are very different from the Maker—Breaker and Avoider—Forcer 
games: in each turn of the play Picker picks two previously unselected points of 
the board V, Chooser chooses one of them, and the other point goes back to Picker. 
The “first name” indicates the “builder”: in the Chooser—Picker version Chooser 
is the “builder,” he wins if he can occupy a whole winning set A € F; otherwise 
Picker wins. In the Reverse Picker-Chooser Game Picker is the “anti-builder”: he 
loses if he occupies a whole winning set A € F; otherwise Picker wins. In the 
Chooser—Picker Game we have the following analogue of Theorem 1.2. 


Chooser’s building criterion (“linear”). Jf F is n-uniform and 
|F| > 2"*-A,-|VI, 


then at the end of the play on F Chooser can always occupy a whole winning set 
AeF. 


The proof of this criterion is exactly the same as that of Theorem 1.2, except 
that, from the two points offered to him by Picker, Chooser always chooses a point 
of larger value. 

In the Reverse Picker—Chooser Game we have: 


Chooser’s Picker-is-forced-to-build criterion (“linear’’). [f F is n-uniform and 
|F| > 2"*-A,-|VI, 


then Chooser can always force Picker to occupy a whole winning set A € F. 


The proof of this criterion is the same, except that, from the two points offered 
to him by Picker, Chooser always chooses a point of smaller value. 

Similarly, the Advanced Maker’s Win Criterion (Theorem 24.2) can be converted 
into an Advanced Chooser’s building criterion by simply replacing maximum with 
larger, and can be converted into an Advanced Chooser’s Picker-is-forced-to-build 
criterion by switching to smaller. The same applies for the ad hoc arguments of 
Section 23. 

In the Chooser—Picker Game we have the following version of the Erd6és— 
Selfridge theorem (see Section 38). 
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Theorem 38.1 (“Picker’s blocking”) Jf 


ia 1 
eS ae aa 
Aer 8(I|F ll + 1) 
where ||F|| = max,.,|A| is the rank of hypergraph Ff, then playing the Chooser- 
Picker game on hypergraph Ff, Picker can always block every winning set Ac F. 


This criterion is not exactly the same as Theorem 1.4, but it is a similar Power- 
of-Two criterion; consequently, in the exact solutions — where the Erdés—Selfridge 
Theorem is combined with the BigGame—SmallGame Decomposition — the differ- 
ence gives a negligible additive term o(1), which tends to 0 as the board size N 
tends to infinity. Note that Picker can easily enforce the Same Component Rule 
in the small game by always picking his point pair from the same component (by 
using Theorem 38.1). This explains the equality 


Achievement Number = Chooser’s Achievement Number. (47.4) 
In the Reverse Picker-Chooser Game we have the perfect analogue of Theorem 38.1. 
Picker’s anti-building criterion. /f 


1 
Ste eracass 
~ 8(|F Il +1) 


AcF 


where || F || = max,_7|A| is the rank of F, then, playing the Reverse Picker-Chooser 
game on F, Picker can always avoid occupying a whole winning set A€ F. 

The proof of this criterion is exactly the same as that of Theorem 38.1. This 
explains the equality 


Chooser’s Achievement Number = Picker’s Avoidance Number. (47.5) 


Combining (47.4)-(47.5) we obtain (47.3). 
The Picker—Chooser and the Reverse Chooser—Picker Games have not been 
mentioned yet. From Section 22 we know the equality 


Majority Play Number = Picker’s Achievement Number. (47.6) 


In the Reverse Chooser—Picker Game, Chooser loses if he occupies a whole winning 
set A € F; otherwise Chooser wins. 
In the Picker-Chooser Game, we have (for the notation see Section 22) 


Picker’s building criterion: Theorem 22.1 Consider the Picker-Chooser Game 
on hypergraph (V, F). Assume that 


1(F) = 10") FI)" (V 1(F2) + i) | 


Then Picker can always occupy a whole winning set Ae F. 
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Exactly the same proof gives the following result in the Reverse Chooser—Picker 
Game: 


Picker’s Chooser-is-forced-to-build criterion. Consider the Reversed Chooser— 
Picker Game on hypergraph (V, F). Assume that 


T(F) => 10'4||F||'4 (J+ 1) i 


Then Picker can always force Chooser to occupy a whole winning set A € F. 
Next we switch from building to blocking; in the Picker-Chooser Game we have: 


Chooser’s blocking criterion. [f F is n-uniform and |F| <2", then Chooser can 
always prevent Picker from occupying a whole A € F in the Picker-Chooser Game. 


The proof of this criterion is totally routine: Chooser uses the Power-of-Two 
Scoring System, and in each turn among the two points offered to him by Picker 
he chooses a point of larger value. 

A similar proof gives the following result in the Reverse Chooser—Picker Game. 


Chooser’s avoidance criterion. [f F is n-uniform and |F| <2", then Chooser can 
always avoid occupying a whole A € F in the Reverse Chooser—Picker Game. 


The only change in the proof is that Chooser chooses the point of smaller value. 
Identical criterions give identical thresholds; this explains why (47.6) can be 
extended by the extra equality 


Picker’s Achievement Number = Chooser’s Avoidance Number. (47.7) 
This concludes our discussion on the “duality” of the game numbers. 


3. Balancing in discrepancy games. Let 1/2 < a < 1; in the a-Discrepancy Game 
Maker’s goal is to occupy > a@ part of some A € F (instead of occupying the whole 
A € F). The main result was formulated in Theorem 9.1, and the “lead-building” 
part was formulated in Sections 28-29. The balancing part is an adaptation of the 
BigGame-—SmallGame Decomposition, developed for the special case a = 1. In the 
Big Game, and also in every component of the small game, Breaker (“balancer’’) 
applies the Corollary of Theorem 16.1 (see below). We begin by recalling the: 


Corollary of Theorem 16.1 Let F be an n- uniform hypergraph, and consider the 
Balancer-Unbalancer game (introduced in Theorem 16.1) played on hypergraph 


min points from some A € F. If 


he (1+0(/"21)) y2nlog|FI, 


then Balancer has a winning strategy. 


F where Unbalancer’s goal is to own at least 
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The key question is how to define the emergency sets in the a-Discrepancy Game. 
Assume that hypergraph F is n-uniform (i.e. 2 = q x q; we cannot handle the Clique 
Games!). Let 0 < 6 < 1/2 be a fixed constant; when an A € F has the property for 
the first time that Maker’s lead in A equals 


(20 — I)n—max {|A(blank) |, 03 ke (47.8) 


set A becomes dangerous, and its blank part A(blank) is the first emergency set. 
The emergency set A(blank) is removed from the Big Board (which was the whole 
N x N board before) and added to the small board (which was empty before). 

Note that we may have several dangerous sets arising at the same time: each one 
is removed from the Big Board and added to the small board. 

The intuitive justification of (47.8) goes as follows. If Maker achieves an 
a-Discrepancy, then at the end of the play his lead in some Ae F is > 
an—(1—a)n = (2a—1)n. This is what Breaker (as balancer) wants to prevent, 
so a Maker’s lead close to (2a—1)n is obviously dangerous. The second term 
|A(blank)|2*° in (47.8) is motivated by the idea that, in each component of the 
small game, Breaker uses the Corollary of Theorem 16.1 to prevent a discrepancy 
of size |A(blank)|2*°. Breaker succeeds if each component of the small game is 
“not too large,’ which component condition is enforced by the Big Game. This 
is exactly the basic idea of the BigGame—SmallGame Decomposition technique. 
Finally, the term nz shows up in (47.8) because it is much less than ./n; this is 
what Breaker needs to break the “square-root barrier.” 

The rest of the adaptation is straightforward, see Sections 40-44. 


4. Blocking in biased games. In the (m:b) Achievement play the BigGame- 
SmallGame Decomposition can work only if m < b (otherwise Breaker cannot 
keep up with Maker). If m < b holds, then Breaker must “keep the ratio” in the 
Big Game and “keep it fair” in the components of the small game. For example, 
consider the (4:5) play; if Maker’s next move is (say) 2+1-+ 1 in the sense that 
2 points in the Big Game and the remaining 2 points split in 2 different components 
of the small game, then Breaker should reply the 3+ 1+ 1 way, that is, 3 points 
in the Big Game and the remaining 2 points split in the same 2 components of the 
small game. 

By the way, in both exact biased game results, Theorem 9.2 (the (a:1) Avoidance 
game) and Theorem 32.1 (the (1:b) Achievement game), number “1” cannot be 
divided into parts, which makes it even simpler! The decomposition techniques 
developed for the (1:1) play in Part D can be trivially adapted for the (1:b) 
Achievement games and the (a:1) Avoidance games. 


5. Blocking in biased Chooser—Picker games. Theorem 33.4 was about the biased 
(1:s) Chooser—Picker game, where s > 2, i.e. Picker is the topdog. It proves what is 
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conjectured to be the best possible Chooser’s building criterion. Here we discuss the 
missing Picker’s blocking part. The fair (1:1) case is solved in Theorem 38.1. This 
is particularly simple; unfortunately its proof does not extend to the biased (1:5) 
game, or at least we cannot see any straightforward generalization. The following, 
somewhat strange and technical, result is my best effort in the (1:5) case: 


Theorem 47.1 Assume that there is an integer t in | <t < ||F|| such that 


(1) di (s+1)-4' <1; and 


AcF 


(2) the restriction of F to any (s**\|F||'?)-element point-set spans < EE) 
different sets — we refer to this second condition as the Induced Sub-hypergraph 
Size Property. 

Then, playing the (1:s) Chooser—Picker game on F, topdog Picker can always 


block every Aé F. 


Proof of Theorem 47.1. We are going to apply the Power-of-(s+ 1) Scoring 
System: for an arbitrary hypergraph (V, #.), where V is the union set (“board”), write 


T(H) = do (s+ 1, 


AcH 


and for any m-element sub-set of points {u,,..., u,,} CV (m= 1) write 


TH; uy, ---5 Uy) = oy (s+1)7|, 


AEH: {1,...,Um}CA 


of course, counted with multiplicity. 
Assume that we are in the middle of a (1:s) Chooser—Picker play, where Chooser 
already occupied X(i) = {x,, x,,...,x;}, and Picker occupied 


‘ 1 f 1 f 1 s 
WS ai oe eee ee | 


The question is how to pick Picker’s next move {u,, uy,..., u,,,}. Of course, this 
s+ 1)-element set equals {x._,, (1) y 1, but Picker doesn’t know in advance 
( q i+1 Viti > Vind ? 
which one will be x;,; =Chooser’s choice. 
Let 


F(i) ={A\X(i): AEF, ANY(i) =H}; 


F (i) is a multi-hypergraph. 
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We can describe the effect of the (i+ 1)st moves x,,,, oy ; 


Conclusion 


way Pa as follows: 


M(F(it+ 1)) = MF) +5- TF (Is X41) — DMF Os 
j=l 

—s MFO xv ye+ Yo TFs yl. WB) 

j=l I<j)<jo<s 

T(F(i): x. Gi) \Ga)) 3 WH Gi) Go) Ua) — 
+S = (F(a); Xig1 Vint Yan) (F@)3 vist Vin Yeni) 
I<jj<p<s I<jj<h<pss 
(47.9) 


Identity (47.9) may seem rather complicated at first sight, but the underlying pattern 
is very simple: it is described by the expansion of the product 


(l+s-x)(lL-y)(1-y 


It follows from (47.9)-(47.10) that 


MFi+)) < NFW)40 


jal 
+50 TF wii dea 
j=l 


ys TF (A) Xin1; 


I<ji<jpss 


(i) 


+58 Viste Vig 


As said before, the ney question is how to pick Picker’s next move {u,, Us, 
py) from the unoccupied part V,; = V \ (X(i)U Y(a)) of the 


(1) 
(= {Xi41> Vitderes 


(ir 


Nears yet (47.10) 
TF (i); X01) — FO: v2, 
. (i). .i2) 
» T(F (i); Vino ici) 
Sii<hSs 
y+ Yo WFC); ye) y, y¥By+.-- 
I<ji <i <i3S5 
(47.11) 
a ey legs } 


board. To answer this question, list the following trivial inequalities 


{uy ,uy}e(“) 


yy 


Vv; 
{uy .uz,u3}e(%) 


and so on, where the last one is 


x 


YF; uw) < ||FIITFO), (47.12) 
T(F (i); uy, uy) < (U')rew. (47.13) 
T(F (i); Uy, Uz, U3) < es ne), (47.14) 
T(F (i); uy, -.., Us) S (U') reo (47.15) 


usse(%) 
We need the following: 
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Deletion Lemma: Assume that |V,| > s||F||'*, and choose 


[VPA 
kale 
Then there exists a sub-set U, C V, such that 
m lV, ee 
1 Uo| => 
(1) ele = ney 


Q) MFO. mn 0m) See TO) 


holds for every {u,,..., uz} € (| °) and every2<k<s. 


The proof of the Deletion Lemma is a routine application of Erdés’s deletion 
technique, a standard idea in the Probabilistic Method. 

A k-set {u,,..., Uz} € ( ') with 2 <k <s is called a bad k-set if requirement (2) 
above is Holated, ie. if 


ne s\|F || ; 
T(F (i); uy, . ++ Up) > Ween MFO). (47.16) 
Recall 
= ME and [V1 > sl" 
|F Ih 


Let R be a randomly chosen m-set in V,, that is, all (eh m-sets are equally likely. 
For every 2<k <:s let B,(R) denote the expected number of bad k-sets in R. In 
view of (47.13)-(47.15) we have the trivial inequality 


(Me) aR): eee TAO) = (HN rean(U), 


which is equivalent to 


|V,|+@-D/4 mall ae zy 
B,(R) < ——.: mt : 47.17 
w= —(") (47.17) 


Since 


by (47.17) we have 
ie [v[ieoe (ee 2) ‘ [V,[+@- 1)/4 ae) 


SFI © ~~ sIFI IV 
V. 1+(k—1)/4 V, 3/4 
s\|F ll ~ 2s[F Il 2s 
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(47.18) gives that 
3B, (R) <(s—1)- <=. (47.19) 
Far 2s 2 
It follows from inequality (47.19) about the expected value that the poorest m-set 
Ro in V, has the property 
Ss m 
> B, (Ro) < 3” 
k=2 
that is, the total number of bad sets in R, is less than m/2. Deleting 1 point from 


each bad set in Ry we obtain a sub-set Uy C Ro such that |U,| > m/2 and Up) does 
not contain any bad set. This completes the proof of the Deletion Lemma. 


It follows from (47.12) that 
i (FO; 4) S |FIT(FO), (47.20) 


ucUo 
where U) C V, is a sub-set satisfying the Deletion Lemma. By (47.20) at least half 


of u € Uy satisfy 

2\|F Il 
say LIF): 

[Uo| 


that is, there is a sub-set {u,, uy,..., uj} C Uy with 1 > |Up|/2 > m/4 = 4V*4/||F| 
such that 


T(F (i); u) < 


Al|F II? 
MF (Osu) < TyaaTFO) 1s ist (47.21) 
Divide the interval 
A|| Fl? ; Wales 
l= T(F t 
R wpe FO) I az 


equal sub-intervals. By the Pigeonhole Principle one of the sub-intervals contains 
>s+1 elements of {u,, u.,..., u,}; for notational convenience denote them simply 
by {u,,U,...,U,,,}. It follows from (47.21) that the inequality 
eer (FC) 
vib 
INFO; u,)- FO; u,)| < “— 
4s||F\| 
_ 16s||F \|7 
\V, [372 
holds for any 1 < p< q<s+1. Summarizing, there is an (s+ 1)-element sub-set 
{u,,Uy,...,U,,,} C V; such that (47.22) holds, and also, by the Deletion Lemma 
s\|F | 


| V; | 1+(k—1)/4 


———— T(F(i)) (47.22) 


TF (i); uj, +++5y) T(F(i)) (47.23) 


holds for any 1 <j, <j, <--- <j, <s+i1 and any2<k<s. 
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Let us return to (47.11): by (47.22) and (47.23) we have 
16s°|FIP | 2s°l|F | 
wR?" TVR 


T(F(it+ 1)) < mF@)(1 + 


SFI PlFll 
mie tet) 4728 
It follows from (47.24) that, if |V,| > s**||F||'?, then 
1 
T(F(i+1)) < T(F()){ 1+—— ). (47.25) 
[V,|?’8 
Clearly 
1 0 8 
ee —9/8 = : 
x TA zh x9 dx = a (47.26) 


i: [ViJ=M 


moreover, by using the trivial inequality 1+ x < e*, from (47.25) and (47.26) we 
obtain that 
T(F(i)) < e- T(F(0)) = e-T(F) (47.27) 


holds for all i with |V,| > M = s*||F]”. 
Now we are ready to complete the proof of Theorem 46.1. Let |V;,| = s**||F||'?. 
It follows from (47.27) that every set in the truncated hypergraph F(i,) has size 
>t. Indeed, otherwise T(F(iy)) = (s+1)-‘t!, and we get a contradiction from 
the first hypothesis 
T(F) <(s+1)* 


of Theorem 46.1 and inequality (47.27). 

It remains to block F (iy); call it the endplay. Since F (iy) has less than 2'/8(t+ 1) 
sets, and each set has size > t, Picker can block F(iy) in a most trivial way by 
applying Theorem 38.1. This means Picker can ignore (s—1) of his marks per 
move: the endplay is so simple that a (1:1) play suffices to block F(ig). O 


Application to the Clique Game. Consider the biased (1:s) Chooser—Picker 
(Ky, K,) game, i.e. Ky is the board, K, is Chooser’s goal (Chooser is the underdog). 


How to choose parameter ¢ in Theorem 47.1? An arbitrary set of s* ()” edges in 


Ky covers < 2s*4 (jy vertices in Ky. This gives the following trivial upper bound 
on the Induced Sub-hypergraph Size (see the second condition in Theorem 47.1) 


4 (7524 (’) 2 
Induced Sub-hypergraph Size <)> ( : ). 
J 


j=l 


Thus we have the following 2 requirements for parameter t 


eo") : wis i (‘) s6+n0, 


iMs 
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The first requirement is satisfied with the choice t = 24qlog, q; then the second 
requirement becomes 


ey. < (s+ 1)2- red, 
q 


It follows that, if g = 2log,,, N+ O(loglogN ), then Theorem 47.1 applies and 
implies Picker’s win. The value g = 2log,,, N + O(loglog N ) comes very close to 
the conjectured truth, which is the lower integral part of 


2log,,, N —2log,,, log,,; N+2log,,, e—2log,,,2—1-—o(1). (47.28) 


The discrepancy is O(log log N ), which is a logarithmic additive error (logarithmic 
in terms of the main term 2log,,, NV). 

Incidently, Theorem 33.4 proves exactly that, in the (1:s) play in K,, Chooser 
can build a clique K, where q is defined in (47.28). 


Application to the Lattice Games (Theorem 8.2). We can use an adaptation of 
Section 42, i.e. the simplest form of the RELARIN technique. This leads to an error 
term O((log NV )2-*) — note that the main term in Theorem 8.2 is constant times 
Jlog N. The RELARIN technique in Section 42 involves Big Sets Uj_, A;, where 
each A, is a q x q lattice of the same type in the N x N board. The most general 
lattice in Theorem 8.2 (a)-(g) is the Parallelogram Lattice. Three non-collinear 
points of a gq x g parallelogram lattice A nearly determine A: there are at most (“) 
A’s containing the same non-collinear triplet. 


A Key Property of the family of Big Sets: the Size of the Induced Sub- 
hypergraph. Let X be an arbitrary (s74(q?)!”)-element sub-set of the N x N board. 
Let B denote the family of all Big Sets B = Uj_, A; defined by the RELARIN 
technique in Section 42. We need an upper bound on the number of different sets 
in the induced sub-hypergraph By, where by means the restriction of B to X; let 
|By| denote its size. Let B = (J;_, A; be arbitrary. If |A;7 X| => 3 and A; X is non- 
collinear, then let A? be an arbitrary non-collinear triplet in A; X; if |A;Q X| > 3 
and A;MX is collinear, then let A} be an arbitrary point-pair in A; X; and, finally, 
if |A; X| < 2, then let A* = A; X. Let B* = Uj_, Aj. The total number of sets 
B* is trivially less than |X|*”. Therefore, the size of the induced hypergraph 


2 F Ar 
, (4 , (49 : 
|By| < |X|? : (4) as (gy . (4) < (s%. q") . (47.29) 


By using inequality (47.29) it is easy now to apply Theorem 47.1 to the Lattice 
Games. The calculations go very similarly to the Clique Game. We stop here, and 
the details are left to the reader as an exercise. 
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Open Problem 47.1 Formulate and prove a stronger version of Theorem 47.1 
(Picker’s blocking) which perfectly complements Theorem 33.4 (Chooser’s build- 
ing), i.e. which gives exact solutions in the biased (1:s) Chooser—Picker versions 
of the Clique and Lattice Games. 
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1. Fractional Pairing. Recall the stronger form of the Hales-Jewett Conjecture 
(part (b) in Open Problem 34.1): if there are at least twice as many points as 
winning lines in the n¢ Tic-Tac-Toe board, then the Tic-Tac-Toe game is a Pairing 
Strategy Draw. 

The “Degree Reduction for the n‘-hypergraph” (see Theorem 12.2) immedi- 
ately gives the following: the n@ game is a Pairing Strategy Draw if n > 4d (see 
Theorem 34.2 (iii)). Indeed, applying the “Degree Reduction” Theorem to the 
n4-hypergraph with a = 1/4, we obtain a 2|n/4|-uniform hypergraph with max- 
imum degree < d. Then “Degree Criterion” Theorem 11.2 applies, and implies a 
Pairing Strategy Draw. Here we show how to improve the bound “4d” to “3d” 
by using the concept of Fractional Pairing; the result is due to Richard Schroeppel 
(Arizona). 

What is a Fractional Pairing? Where did it come from? As far as we know, the 
very first “fractional” concept was van Neumann’s idea of a mixed strategy. By 
extending the concept of ordinary strategy to mixed strategy, he could prove that 
every 2-player zero-sum game (i.e. pure conflict situation) has an “equilibrium,” 
meaning the best compromise for both players. Mixed strategy means to randomly 
play a mixture of strategies according to a certain fixed probability distribution. 
The fixed probabilities are the “fractional weights,” so a mixed strategy is nothing 
else other than a Fractional Strategy! 

The concept of Fractional Matching is widely used with great success in Match- 
ing Theory. The Bigamy Version of Fractional Matching is exactly the concept 
of Fractional Pairing. It makes it much easier to check the Pairing Criterion 
(Theorem 11.1); it gives a lot of extra flexibility. The following result is from 
Schroeppel’s unpublished (yet) manuscript (we include it here with his kind 
permission). 

A Fractional Pairing formally means to fill out the Point-Line Incidence Matrix 
of the n“ board with real entries ap, such that: 


(1) Os apy, S 1; 
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(2) 0, ap, < 1 for every point P; 
(3) op ap, = 2 for every line L. 


Schroeppel’s Fractional Pairing Theorem. 


(a) If there is a Fractional Pairing, i.e. (1)-(3) are satisfied, then the n4 Tic-Tac-Toe 
has an ordinary Draw-Forcing Pairing (“0 — 1 pairing”); 

(b) If n=3d, d is even, or ifn =3d—1, d is odd, then the n* game has a Pairing 
Strategy Draw. 


Remark. By using Lemma | below we obtain the following extension of (b): the 
n? game has a Pairing Strategy Draw if n > 3d, d even, and n > 3d—1, d odd. 
This is how close we can get to Open Problem 34.1 (b). 


Proof. (a) The Pairing Criterion (Theorem 11.1) applies, since for any sub-family 
£ of lines 
AL <a. = dae. S DY 1L=lVzec Ll. 
LeL P P LeL PeVUpech 

By choosing the common value ap; = 2/n, this argument gives the exponentially 
weak bound (34.1). The obvious advantage here is the extra flexibility that different 
entries dp, may have different values (always between 0 and 1); in (b) below we 
will take advantage of this flexibility. 


Next we prove (b). To find the appropriate weights ap, we define the concepts 
of point-type and line-type. It is based on the concept of “coordinate-repetition” 
just as in the proof of the “Degree Reduction.” We use the same notation: Let 
P = (a), dy, d3,..., 44), 4; € {1,2,...,n}, 1 <i<d be an arbitrary point of the 
board of the n‘-game, let b € {1,2,..., |(n+1)/2]|} be arbitrary, and consider the 
multiplicity of b and (n+1—b) inP 


M(P, b) =|{1 <i<d: a;=bor (n+1—b)}|=M(P,n4+1—-D). 
(In the definition of multiplicity we identify b and (n+ 1 —b).) Let 
M(P, b,) = M(P, b,) => M(P, b;) >--- > M(P,b,) where €=|(n+1)/2], 


i.e. pair (b,,2+1—b,) has the largest multiplicity in P, pair (b,, n+ 1—b,) has the 
second largest multiplicity in P, pair (b,, n+ 1—b,) has the third largest multiplicity 
in P, and so on. For notational simplicity, write 

M,(P)=M(P, b,), M,(P) =M(P, b,), M3(P) = M(P, 3), --- , M;(P) = M(P, b,). 


We call the multiplicity vector (M,(P), M,(P), M;(P),...,M,(P)) the type of 
point P. 
For example, the type of point 


P= (3,9,3,5.153,5,4.3,.155,3,3595901,2,6;5,2. De 
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is type(P) = (12,5, 3, 1). 
Similarly, an n-line L of the n‘-game can be described by an x-vector 


V = (U,, Up, U3,..., Uy) Where the ith coordinate vu, is either a constant c,, or vari- 
able x, or variable (n+ 1—.x), 1 <i<d, and for at least one index i, v; is x or 
(n+1—x). 
For example, in the ordinary 3” Tic-Tac-Toe 
(1,3) (2, 3) (3, 3) 
(1, 2) (2, 2) (3, 2) 
(1, 1) (2, 1) (3, 1) 


{(1, 1), (2, 2), (3,3)} is a winning line defined by the x-vector xx, {(1, 2), 
(2, 2), (3, 2)} is another winning line defined by the x-vector x2, and finally {(1, 3), 
(2, 2), (3, 1)} is a winning line defined by the x-vector xx’, where x’ = (n+1—x). 

The kth point P, of x-vector v is obtained by specifying x =k, 1 <k <n. The 
sequence (P,, P,,...,P,,) gives an orientation of line L. Every n-line L has exactly 
two orientations: (P,,P,,...,P,,) and (P,,P,,_,,...,P,). The second orientation 
comes from x-vector v* which is obtained from v by switching coordinates x and 
(n+1—x). 

Next we define the type of x-vector v, i.e. of line L. Write €= |(n+1)/2], and 
let b € {1,2,..., €} be arbitrary, and consider the multiplicity of b and (n+ 1-5) 
in x-vector Vv 


Mv, b) =|{1 <i<d: v;=b or (n+1—b)}|=M(v,n+1-5). 
Similarly, consider the multiplicity of x and (n+ 1 — x) in x-vector v 
M(v, x) =|{1<i<d: v;=x or (nt+1—x)}|=M(v,n+1—-x). 


It follows that M(P,, k) = M(v, k) + M(v, x), and M(P,, b) = M(v, b) if k ¢ {b, n+ 
1 —b}, where P, is the kth point of x-vector v (i.e. P, is the kth point of line L in 
one of the two orientations), and b € {1,2,..., }. 

Let 


Mv, b,) > Mv, b,) = Mv, b3) > --- > M(v, by,,) where €= ((n+1)/2], 


ie. pair (b,,n +1 —5,) has the largest multiplicity in v (b, € {x, 1,2,..., €}), pair 
(b,,n+1—b,) has the second largest multiplicity in v (b, € {x,1,2,..., €}), pair 
(b,,n+1—b,) has the third largest multiplicity in v (b, € {x, 1, 2,..., €}), and so 
on. For notational simplicity, write 


M,(v) = M(v, b,), M,(v) = M(v, by), M;(v) = M(v, bs), ++» Mp4 (v) = M(v, by 1). 


We call the multiplicity vector (M,(v), M;(v), M3(v),...,My,,(v)) the type of 
x-vector v. Observe that it has (+1) coordinates instead of = |(n+1)/2]. 
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Let M(v, x) = M,(v), that is, pair (x,n+ 1—x) has the qth largest multiplicity 
in x-vector v; q is between | and (€+ 1). 

The proof of (b) is somewhat technical. To illustrate the idea in a simpler case, 
first we prove a weaker statement: 
(c) If n> 4d —2, then the n*-game has a Pairing Strategy Draw. 
We begin the proof of (c) by recalling a variant of the lexicographic order. Let u= 
(k,,k>,k3,...) and v= (1,, l,, 1, ...) be two real vectors such that the coordinates 
are decreasing, i.e. k, >k,>k,>--- andl, >1,>1,>---. We introduce a partial 
order: u < v if there is a j > 1 such that uw; = v; for all 1 <i <j and u; < vj. 

Let P be a point and L be a winning line of the n‘-game. If P € L, then clearly 
type(P) > type(L). Let type(L) = (m,, m,,...,m,,...,m,); then rearranging the 
coordinates we can represent line L as follows 


q 


L: c,...¢, (m, times) c,...c, (m, times)...x...x (m, times) ...c,...c, (m, times), 
(48.1) 
where m, >m,>--->m,>1, and c; actually means “c; or (n+ 1—c;)” and x 
actually means “x or (n+ 1—x)”. 
Now we are ready to define the Fractional Pairing: let 


2; . . a . - . : 

ge Go)? if P € L with type(P) = type(L), where r is defined in (48.1); 
: 0, otherwise. 
(48.2) 
Then clearly 
2 
ap, = (n—2(r—1))- =) 
oe os n—2(r—1) 


for every winning line, since in (48.1) x can be specified as any element of the set 
a epee Ee) cate lel ce 445 (a Peete as caus 
(n + 1— C3 


It remains to show that for every point P of the n‘-board 
sy apy <1. 
L: PeL 


First assume that n = 4d —2, so n is even. 
By rearranging the coordinates we can represent point P as follows (the analogue 
of (48.1)) 


P: c,...c, (m, times) c)...c, (m, times)...c,...c, (mm, times), (48.3) 


where m, > m,>--->m, > 1, and c; actually means “c; or (n+ 1—c;).” 
There are exactly k winning lines L such that P € L with type(P) = type(L). 
Indeed, replacing a whole block c;...c; (of length m;) in (48.3) by x...x is the 
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only way to get a line L satisfying P € L with type(P) = type(L). Thus we have 
(see (48.2)) 


2 
=k. ——_—_____ < 
eae EY ET ee 
if 4k —-2 <4d—2 =n. This shows that (48.2) defines a Fractional Pairing if 
n= 4d—2, so the (4d —2)4-game has a Pairing Draw. 

The case “n > 4d —2” follows from “n = 4d —2” and Lemma 1. This completes 
the proof of the weaker statement (c). 

It is not difficult to improve on the previous argument; this is how we can prove 
the stronger statement (b); the details are left to the reader as an exercise. 


Exercise 48.1 By modifying the proof of (c) above, prove the stronger (b): If 
n= 3d, d even, or if n=3d—1, d odd, then the n‘ Tic-Tac-Toe has a Pairing 
Strategy Draw. 


The following result shows how to extend a Pairing Draw to a larger cube: 


Lemma 1 (“Extending Pairing Draws”): 

(1) If there is a Pairing Strategy Draw (PSD) for n“, and n is even, then there is 
a PSD for (n+1)¢. 

(2) If there is a PSD for n‘, then there is a PSD for (n+2)‘. 


Remarks. (1) and (2) imply that, if n7 has a PSD, and n is even, then m@ has a 
PSD for every m > n. Lemma | is due to R. Schroeppel. 


Proof. We start with (2). First note that: 
(3) If there is a Pairing Strategy Draw (PSD) for n“, then there is a PSD for n“~!. 


Observe that (3) is completely trivial. Indeed, choose any section n*~! from the 
n4 pairing. Dropping any cell which is paired outside of the section, the remaining 
pairs form a PSD for the section. 

To prove (2) we assemble a pairing for (n+2)¢ out of various n*s for dimensions 
k<d. 

The interior n 
(n+2)4 we apply (3): the surface of (n+ 2)4 is covered with 2d n“~! pairings, 
2°($) n*? pairings, 23({) n“~> pairings, ..., and, finally, the 2“ unpaired corners 


4 of (n+2)¢ is covered with the n@ pairing. For the surface of 


(which are irrelevant — do not need to be paired). To prove that this pairing is 
a PSD, consider an arbitrary winning line in (n+ 2)¢. If the line penetrates the 
interior of (n+2)¢, then there are n interior cells, and the pairing of n“ blocks 
the line in a pair. If the line does not penetrate the interior, then it lies in a lower 
dimensional (n+ 2)* on the surface, which has an interior n*. The pairing of n* 
intersects the line in a pair. 
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To prove (1) we slice out all the middle sections (n+ 1)¢~! from (n+ 1)¢. Then 
join the 2¢ “octants” (n/2)¢ into an n“, and apply the n@ pairing. For the middle 
sections (n+ 1)4~! we use (3) just like we did in the proof of (2). O 


We conclude with a new game concept. 


2. Coalition Games. One of the main results of the book is the “perfect solution” 
of the (1:1) Clique Game. We could determine the exact value of the Clique 
Achievement Number: playing on the complete graph K, Maker can always build 
a K, of his own if and only if 


q < |2log, N —2log, log, N+ 2log,e—3+0(1)]. (48.4) 


When Maker is the underdog, we know much less. For example, in the (1:2) 
version where Maker is the underdog, we conjecture, but cannot prove, that Maker 
can always build a K, of his own if and only if 


q < 2log, N —2log, log, N+ O(1) (48.5) 


(the base of the logarithm is switched from 2 to 3). 

Conjecture (48.5) is the best that we can hope for; this follows from the biased 
Erdés—Selfridge Blocking Criterion (see Theorem 20.1). Unfortunately we don’t 
have a clue about Conjecture (48.5), but if two underdog players form a coalition, 
then it is possible to prove that at least one of them can always build a K, of his 
own with 


q = 2log,; N —2 log, log; N+ O(1). (48.6) 


This justifies the vague intuition that coalition helps! 

The notion of “coalition” is made precise in the following way (the author 
learned this concept from Wesley Pegden). We define the (2:1) Coalition Game 
on an arbitrary finite hypergraph F with vertex set V. In each turn of the (2:1) 
Coalition Game, Maker takes 2 new points from V, and colors them with 2 different 
colors, say red and white (the 2 points must have different colors!); Breaker takes 
1 new point per move, and colors it blue. Maker’s goal is to produce a red or 
white monochromatic A € F (doesn’t matter which color). If Maker succeeds to 
achieve his goal, he wins; if he fails to achieve his goal, Breaker wins (so draw is 
impossible by definition). 

The name (2:1) Coalition Game is explained by the fact that in this game Maker 
represents a coalition of 2 players, Red and White, against a third player Blue 
(‘Breaker’). 

In the rest we focus on a particular game: the (2:1) Coalition Clique Game played 
on Ky. At the end of a play each color class of Maker (red and white) has 1/3 of 
the edges of Ky; this indicates a similarity to the Random Graph R(Ky; 1/3) with 
edge probability 1/3. And, indeed, we will prove that Maker (coalition of Red and 
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White) can always build a red or white monochromatic K, with 
q = 2 log, N —2log, log, N+ O(1). (48.7) 


An easy calculation gives that (48.7) is the Clique Number of the Random Graph 
R(Ky; 1/3) apart from an additive constant O(1). 

This means that Maker, as the coalition of Red and White, can achieve the 
“Random Graph Clique Size”. What we don’t know is whether or not (48.7) is best 
possible. In other words, is it possible that the coalition beats the “Random Graph 
Clique Size”? 

We are going to derive (48.7) from a (2:1) Coalition version of the Advanced 
Weak Win Criterion (Theorem 24.2); of course we rely heavily on the proof 
technique of Section 24. 

Assume that there are two hypergraphs on the same board V: a “red hypergraph” 
R and a “white hypergraph” W. Assume that we are in the middle of a play; Maker, 
the first player, owns (“r” indicates red and “w” indicates white) 

RA es A 
and Y(i) = {y,, y.,---, y;} is the set of Breaker’s points. The question is how to 
choose Maker’s (i+ 1)st move x, x. The following notation is now introduced 


i+]? Nig 

KOC SS oa a he OOS eae cee 
R(i) = {A\ X (I): AER, AN(X™ (i) UV) = G}, 
W(i) = {A\ XM): AEW, AN(X MUX) = GB}. 


We work with the usual potential function of Section 24 (see the proof of 
Theorem 24.2) 


L(R) =T;(R(i)) —A-T3(R3(i)), (48.8) 
LCR Uy, ++, Um) =T3(RM@; Uy, .. 5, Un) —A+T3(R5 (A); Uy, --- Um) 


and of course with L,(W) and L;(W; u,,..., u,,). The index “3” in T; (see (48.8)) 
indicates that we use the Power-of-Three Scoring System 


BGs} 3 I and T;(H; uy, 2.5 Uy) = ye 3714. 


HEH {Uy 5-+.5Um}CHEH 


the “3” comes from 2+ 1 (in the (2:1) Coalition Game). 
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First let H(i) = R(i) or R5(i); the effect of the (i+ 1)st moves cee ae 
(“Maker’’) and y(i+ 1) (‘Breaker’) is desribed by the following identity 


T(H(i+ 1) = T(H(i)) + 27H; x, 
—T,(H@); 29-7, (HOs 41) — 2G (HO; 2,20) 
= 2T;(H(i)3 x4, Vins) HT3\AOs HE, Vins) 2TH KP, x, Yin). 
(48.9) 


The underlying pattern of the long (48.9) is rather simple: its terms come from the 
expansion of the product 


(1+2x())d —x™)(1— y) —1=2x% —x™ —y 
— 2x0 x) — 2x Oy 4 pMy 42x y, (48.10) 


Identity (48.9) represents the “red case”; of course the “white case” is very similar: 
let G(i) = W(i) or W2 (i); then 
T(GU+1)) = TGH) + 27(GH): xh 
—Ts(G(Is x21) — TGs Yin) — 2T(GOs xi 
= 27,(G()s 1. Yess) + TG Os M1 Yen) +27 (GOs aH ee Yn) 
(48.11) 


If uw, and u, are two arbitrary unselected points of the common board V, then write 


SACHS G3 uy3 Uy) = THM); uy) +73(G@s ) -—T,H]@3 uy), uy) —T(G; uy, uy). 
(48.12) 


By using notation (48.12) we can rewrite the sum of (48.9) and (48.11) as follows 


T,(H(i+1)) + T,(G(i+ 1) = (HW) + HG) 
+ 2 (Hs Gs xis Kept) — Fis Gs xen 3 Yn) — FHS Gs Yas Ma) 
=3T (HO: x03 Vin) 3 EGO a) 
+273 (H(d)s x51, 201, Yin) F2T3(GOs xe HP, Yin) (48.13) 


& 
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Combining (48.8) with (48.13), we have 
Lisi (R) + Liz (W) = L(R) oe LW) 


+2 (F.0Rs W5 x1913 221) — A- FRE WE 21,3 xfP)) 


— (FuOR3 Ws HPs Yea) — A FRESE: Xs eas)) 


7 (F(R W3 Vig xy) =u “F(R; We; Jit1> a) 


— 37; (Ri); x, Vint) — 3T(WO); 2), yi41) 


POT (RO ky Yan) Po OR a a) 


+A(37REO; 2, Yaar) F3TW2(): 229, Your) 


= 27 (REO; A 18 yo) AOE AM vind)» BAA) 
By using the notation 
F,(uy; Uy) = fi(R3 W3 uy3 Uy) —A- f\(R33 Wes Uy; Up), (48.15) 
and applying the trivial inequality 
T3(H; uy, Uy, U3) < T3(H3 uy, up), 
identity (48.14) leads to the “Decreasing Property” 
Liz (R)+ Li, (W) = L(R)+L,W)+ 
2F; Ga: xi) — FG: Yea) = AG: Vier) 
— 3T(R(i)s 1214 Yen) — 37M OS 21 Yin): (48.16) 


Here is Maker’s strategy: in ae A + 1)st move Maker chooses that unoccupied 
ordered pair u,; = ree Uy = x 2 for which the function F,(u,;u,) (defined in 
(48.15)) attains its maximum. Combining this maximum property with (48.16), we 
obtain the key inequality 


Lig (R) +L j4,.W) = L(R)+ LV) 
—3T3(R(i)3 21, Vig) — 373M (3 01 Yin) (48.17) 


Inequality (48.17) guarantees that we can apply the technique of self-improving 
potentials (Section 24), and obtain the following (2:1) Coalition version of 
Theorem 24.2. 
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Advanced Weak Win Criterion in the (2:1) Coalition. Let R and W be two hyper- 
graphs with the same vertex set V (“board”). If there exists a positive integer p > 2 
such that 

T(R) + T,W) 

[V| 

then playing the (2:1) Coalition Game on UW Maker can always produce a red 
A€éR ora white Be W. 
Combining this criterion with the sophisticated calculations in Section 25, (48.17) 
follows. The details are left to the reader. 

To formulate a question, switch from the complete graph K,, to the complete 
3-uniform hypergraph Ky = eo) (see Theorem 6.4 (b)). By playing the (2:1) Coali- 
tion Clique Game on K3,, Maker can always produce a red or a blue monochromatic 
sub-clique Kj with g = //6log, N + O(1) (see Theorem 6.4 (b)). This follows from 
an application of the Criterion above. 

The question is about the ordinary (1:2) version where Maker is the underdog 
(no coalition!). Playing on K},, can underdog Maker always occupy a sub-clique 
K; with q=c-,/log N where c > 0 is some positive constant? We don’t know! 

Note that for the ordinary graph case the Ramsey proof technique works, and 
guarantees a K, for underdog Maker with q = c- log N where c > 0 is some positive 
constant. (Of course we cannot prove the optimal constant, see Theorem 33.7.) 

We have just discussed a single case, the (2:1) coalition version. How about the 
general coalition game? This is a most interesting open problem. 


1/p 


> p+4p(T(RS))” +4p(T,08)) 
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Concluding remarks 


1. Is there an easy way to prove the Neighborhood Conjecture? The central 
issue of whole Part D was the Neighborhood Conjecture. Many pages were devoted 
to this single problem, proving several special cases. Still the general case remains 
wide open. 

This is particularly embarrassing, because the Neighborhood Conjecture is simply 
a game-theoretic variant of the Erdés-Lovasz 2-Coloring Theorem, and the latter 
has a 2-page proof (see Section 11). There is a fundamental difference, however, 
that needs to be emphasized: in Part D an explicit blocking strategy (using potential 
functions) was always supplied, but the 2-page proof is just an existential argument. 

It is believed that there is no short proof of the Neighborhood Conjecture 
that would also supply an explicit blocking strategy, but perhaps there is a short 
existential proof that has been overlooked. 

What kind of existential proof can we expect here? Here an example is given, 
an existential proof using a probabilistic result, which doesn’t supply any explicit 
strategy. The example is due to Bednarska and Luczak [2000], whose result shows an 
exciting new analogy between the evolution of Random Graphs and biased Maker-— 
Breaker graph games. The new idea is to use results from the theory of Random 
Graphs to show that the “random strategy” is optimal for Maker. Bednarska and 
Luczak investigated the following biased Maker—Breaker graph game (Ky; 1, b; G). 
Here G is a given graph, the board is the complete graph K,,, in each round of 
the play Maker chooses one edge of K,, which has not been claimed before, and 
Breaker answers by choosing at most b new edges from Ky. The play ends when 
all the (*) edges are claimed by either player. If Maker’s graph contains a copy 
of G, then Maker wins; otherwise Breaker wins. Bednarska and Luczak considered 
only the case when G is fixed, i.e. it doesn’t depend on N. This kind of game, 
when G is a clique, was proposed by Erdés and Chvatal [1978], who proved that 
the game (Ky; 1, b; K;) can be won by Maker if b < (2N +2)!/? — 5/2, and by 
Breaker if b > 2N‘/?. In other words, the “threshold” for the (Ky; 1, b; K;) game 
is of the order N'/?. It would be nice to know the exact constant factor! 
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What is the “threshold” for the (Ky; 1,b; G) game in general? Bednarska and 
Luczak completely solved the problem apart from constant factors. For an arbitrary 
graph H let v(H) and e(H) denote the number of vertices and the number of edges, 
respectively. For a graph G with at least 3 vertices define 


e(H)-1 


G)= a, 
aA) ncGu=3 v(H) —2 


Bednarska and Luczak proved that the “threshold” for the (Ky; 1, b; G) game is of 
the order N1/2), 


Bednarska—Luczak Theorem. For every graph G which contains at least 3 
non-isolated vertices, there exist positive constants c, = c,(G), Cc) = ¢,(G), and 
No = No(G) such that for every N > Np the following holds: 


(i) Ifb<c, .N®G, then Maker wins the (Ky; 1, b; G) game. 
(ii) Ifb>cy- Na, then Breaker wins the (Ky; 1,b; G) game. 


Note that the proof of part (ii) uses the biased version of the Erdés—Selfridge 
Theorem (Theorem 20.1). 

The proof of part (i) is a novel existential argument, which goes like this. 
We can assume that G contains a cycle (otherwise the theorem is trivial). Let 
(Ky; 1, b; G; *) denote the modification of game (Ky; 1, b; G) in which Breaker 
has all the information about Maker’s moves, but Maker cannot see the moves 
of Breaker. Thus, if Maker chooses an edge of Ky, it might happen that this 
edge has been previously claimed by Breaker. In such a case, this edge is marked 
as a failure, and Maker loses this move. We say that Maker plays according 
to the random strategy if in each move he selects an edge chosen uniformly at 
random from all previously unselected edges by him (Maker cannot see the edges 
of Breaker). Observe that if Breaker has a winning strategy for the (Ky; 1, b; G) 
game, then the same strategy forces a win in the modified game (Ky; 1, b; G; *) 
as well. Thus, in order to prove part (i), it is enough to show that if Maker plays 
according to the random strategy, there is a positive probability (in fact > 1 —e) 
that he wins the modified game (Kj; 1, b; G; *) against any strategy of Breaker. 
The proof of this statement is based on certain deep properties of Random Graphs. 
Let b= 6-N*© /10 where 6 is a sufficiently small constant to be specified later, 
and consider the play of the modified game (Ky; 1, b; G; *) in which Maker plays 
according to the random strategy and Breaker follows an arbitrary strategy Str. Let 


= oO N < 2N2-1/4(G) 
2b\2 


us consider the first 


rounds of the play. Let R(Ky; M) denote the Random Graph chosen uniformly at 
random from the family of all sub-graphs of Ky with N vertices and M edges. Clearly 
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Maker’s graph at the Mth round can be viewed as R(Ky; M), although some of these 
edges may be failures, i.e. they have been already claimed by Breaker (Maker cannot 
see Breaker’s moves). Nevertheless, during the first M rounds of the play Breaker 
have selected less than 6/2 part of the (") edges of Ky. So foreveryi=1,2,...,M 
the probability that Maker’s ith move is a failure is bounded from above by 6/2. 
Consequently, for large M, by the law of large numbers, with probability > 1 — € at 
most 6M of Maker’s first M moves are failures. Therefore, by the lemma below, with 
probability > 1 — 2¢ Maker’s graph at his Mth move contains a copy of G. 


Lemma A: For every graph G containing at least one cycle there exist constants 
0 <6 =6(G) < 1 and N, =N,(G) such that for every N > N, and M =2N?-1/2) 
the probability of the event “each sub-graph of R(Ky; M) with (1—6)M edges 
contains a copy of G” is greater than | — «. 


Lemma A easily follows from the following extremely good upper bound on the 
probability that a Random Graph contains no copies of a given graph G. 


Lemma B (Janson, Luczak and Rucinski [2000]): For every graph G containing 
at least one cycle there exist constants c; = c,(G) and N, = N,(G) such that for 
every N > Ny and M = N?-'/*), the probability of the event “G(N, M) contains 
no copy of G” is less than exp(—c;M). 


This completes the outline of the proof of part (i) of the Bednarska—Luczak Theorem. 

The proof shows that if Maker plays randomly, then he is able to build a copy 
of G with probabilty > 1 — e. This e is in fact exponentially small, so the random 
strategy succeeds with probability extremely close to 1. Still the proof doesn’t give 
a clue of how to actually win! 


2. Galvin’s counter-example in the biased game. Theorem 6.1 says that if a finite 
hypergraph has chromatic number > 3, then the (1:1) game on the hypergraph is a 
first player win, which of course implies Weak Win. 

How about the (1:2) Maker—Breaker game where Maker is the underdog? Can 
large chromatic number help here? Is it true that, if the chromatic number of the 
hypergraph is sufficiently large, then playing the (1:2) game on the hypergraph, 
underdog Maker can achieve a Weak Win? Unfortunately, the answer is “no”, even 
if the underdog is the first player. The following counter-example is due to Galvin. 
Since large chromatic number not necessarily enforces underdog’s Weak Win, for 
biased games, Ramsey Theory gives very little help. 

First we recall that the rank of a finite hypergraph F is ||F|| = max{|A|:A € F}. 
A hypergraph consisting of r-element sets is an r-uniform hypergraph: a 2-uniform 
hypergraph is a graph, a 3-uniform hypergraph is a triplet system, 4-uniform hyper- 
graph is a quadruplet system, and so on. The complete r-uniform hypergraph on a 
set V is (") ={ACYV: |A| =k}. A subset S C V(F) of the pointset of hypergraph 
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F is independent if it does not contain a hyperedge of #. A hypergraph F is 
r-colorable if its pointset V(F) is the union of r independent sets. In other words, 
F is r-colorable if we can r-color the points such that there is no monochromatic 
hyperedge. The chromatic number of F is x(F) =min{r: F is r—colorable}; F 
is r-chromatic if x(F) =r. 

Fred Galvin showed that for every r > 4 there is an r-chromatic uniform hyper- 
graph such that Breaker wins the biased (1:2) Maker—Breaker game (Maker takes 
1 and Breaker takes 2 points per move). 

We shall say that a hypergraph F is 2-fragile if Breaker has a winning strategy 
in the biased (1:2) Maker—Breaker game on F. 


F. Galvin’s counter-example: There are 2-fragile uniform hypergraphs with 
arbitrarily high chromatic number. 


Proof. The first lemma almost proves the statement except that the constructed 


hypergraph is not uniform. O 


Lemma 1: For each r > 3, there is an r-chromatic hypergraph H. such that the 
biased (1:2) Maker—Breaker game on H is a win for Breaker. 
Proof. We use induction on r. For r = 3, let |V| = 6 and H = (yy O 
Now let r > 3, and suppose there is an r-chromatic hypergraph G such that 
the (1:2) game on G is a win for Breaker. Let k = |V(G)|, m = 2* +1, and let 
W=V,UV,U---UV,, where V,,...,V,, are disjoint k-element sets. For each 
ie {l,...,m}, let G, be an isomorphic copy of G with pointset V(G;) = V;. Let 
F={V,,V>,...,V,,}; and let T(F) = {{x,,...,x,,}: x; €V;, 1<i< m} be the 


set of all transversals of V,,..., V,,,. Finally, let 


H = T(F) UG, UG,U---UG,,. 


We claim that the chromatic number of H is r+ 1. First we prove that H is not 
r-colorable. Color the points of 7 with r colors. Since G; is r-chromatic, the only 
way to avoid monochromatic hyperedges in G; is to have each one of the r colors 
in every V,, | <i<m. Then T(F) would have monochromatic edges, which proves 
that # is not r-colorable. On the other hand, H is (r+ 1)-colorable. Indeed, we 
can color each G; with r of the (r+ 1) colors in such a way that each one of the 
(r+1) colors is omitted from at least one of the G,s. This is clearly possible since 
m>r+1: indeed, r<k and m=2* +1. 

Next we need the following simple: 


Lemma 2: Let k > 3; let V,,V>,...,V,, be disjoint k-element sets; let F = 
{V,,Vo,---5Vin}s and let T(F) = {{x,,...,X,}: x; €V;, 1<i< m} be the set 
of all transversals of V,,...; Vin. If m > 2* +1, then the (1:2) game on T(F) is a 
win for Breaker. 
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Proof. Breaker’s goal is to completely occupy some V,. A play has k stages. In the 
Ist stage, at each of his turns Breaker chooses his 2 points from 2 different sets (say) 
V, and V, such that none of them has at any point chosen by either player before. 
The first stage ends in 2‘! turns, when there is an index-set J ,C{1,2,...,m} such 
that |7,| = 2*~! and every V,, i € I, contains exactly 1 point of Breaker and none of 
Maker. Similarly, the second stage ends in 2*~? turns, when there is an index-set 
I, CI, such that |J,| = 2‘ and every V,, i € J, contains exactly 2 points of Breaker 
and none of Maker. Iterating this process, in the last stage there is an index-set 
I, C [,_, such that |/,| = 1 and V,, ie J, contains exactly k points of Breaker and 
none of Maker. 


Since m = 2‘ + 1, By Lemma 2 the (1:2) game on 7(F) is a win for Breaker. We 
attempt to combine Breaker’s winning strategy in the (1:2) game on 7(F) with 
his winning strategies in the (1:2) games on G;, 1 <i < m to produce a winning 
strategy in the (1:2) game on H. As long as Maker chooses points from different 
V,s, Breaker responds according to his winning strategy in T(F) (see Lemma 2). 
But whenever Maker returns to some V, second, third, fourth, ... time, Breaker 
responds according his winning strategy in the (1:2) game on G;. This play doesn’t 
hurt his chances of winning the (1:2) game on T(F). Indeed, by the proof of 
Lemma 2, when Maker picks a point from some V,, Breaker’s winning strategy on 
T(F) never requires Breaker to return to that V;. But there is a minor technical 
problem! When Maker returns to some V; for the second time, Breaker responds to 
2 points of Maker, so Maker needs a winning strategy in the modified (1:2) game 
on G; where Maker chooses 2 points at his first turn. 

More precisely, the (1+:2) game on hypergraph F is the same as the (1:2) game 
on F except that Maker gets an extra point at the start. That is, Maker chooses 
2 points at his first turn, but only 1 point at every sub-sequent turn, and Breaker 
chooses 2 points at every turn. 

To be able to apply induction we have to work with the concept of the (1*:2) 
game instead of the (1:2) game. Therefore, in order to prove Lemma 2, we have to 
prove the slightly stronger (1+:2) versions of Lemmas 2 and 3. 


Lemma 1’: For each r > 3, there is an r-chromatic hypergraph H. such that the 
biased (1+ :2) game on H is a win for Breaker. 


Lemma 2’: Let k > 3; let V,,V,,...,V,, be disjoint k-element sets; let F = 
{V,,V5,...,V,,}° and let T(F) = {{x,,...,x,}: x; €V,;, 1<i<m)} be the set 
of all transversals of V,,..., Vin. If m >= 2‘ +2. Then the (1+:2) game on T(F) is 
a win for Breaker. 


The proof of Lemma 2’ is exactly the same as that of Lemma 2. 
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Proof of Lemma 1’. We use induction on r. For r = 3, let |V| =7 and H = ({). 
The construction in the induction step is exactly the same as that of in Lemma 2. 

Let r > 3, and suppose there is an r-chromatic hypergraph G such that the (1*:2) 

game on G is a win for Breaker. Let k = |V(G)|, m = 2‘ +2, and let W=V,UV,U 


---UV,, where V,,..., V,, are disjoint k-element sets. For each i € {1,..., m}, let 
G, be an isomorphic copy of G with pointset V(G;) = V;. Let F = {V,,V),..., V,,}5 
and let T(F) = {{x,,...,%,,}: x; €V;, 1<i<m)} be the set of all transversals of 


Vi,---» V,,- Finally, let 
H = T(F)UG,UG,U---UG 


m* 


Again the chromatic number of H is r+ 1. 

Since m = 2‘ +2, By Lemma 2’ the (1*:2) game on 7(F) is a win for Breaker. 
Now Breaker’s winning strategy in the (1*:2) game on T(F) can be combined with 
his winning strategies in the (17:2) games on G,, 1 < i < m to produce a winning 
strategy in the (1+:2) game on H. As long as Maker chooses points from different 
Vs, Breaker responds according to his winning strategy in T(F). But whenever 
Maker returns to some V;, second, third, fourth, ... time, Breaker responds according 
his winning strategy in the (1*:2) game on G;. This is how Breaker wins the (17:2) 
game on H, and the proof of Lemma 1’ is complete. 


Finally, Lemma 1’ implies Lemma 2. 


Next we show that the distinction between uniform and non-uniform hypergraphs 
is more or less irrelevant to the question of finding 2-fragile hypergraphs. Indeed, 
a non-uniform 2-fragile hypergraph can be replaced by a somewhat larger uniform 
2-fragile hypergraph with the same rank and chromatic number. 


Lemma 3: Suppose there is a 2-fragile hypergraph Hy of rank ||Ho|| < k which 
has chromatic number x(H,) = r. Then there is a 2-fragile k-uniform hypergraph 
H with x(H) =r. 


Proof. We use induction on r. If r= 3, then we can take H = (3) where 
|V| = 2(k—1)+1. Now let Hy be a 2-fragile hypergraph of rank ||Ho|| < k which 
has chromatic number y(H,)) => r => 4. By the induction hypothesis, there is a 2- 
fragile k-uniform hypergraph H’ with y(H’) = r—1. Let t= max{k—|H|: H © Ho} 
be the maximum discrepancy from uniformity. Let V= V,UV,UV,U...UV, 
where Vo, V,, V2,...,V, are disjoint sets, Vj = V(Ho), and |V,| = |V;|=...= 
|V,| = |V(H’)|. For each i € {1,2,..., t}, let H; be an isomorphic copy of H’ with 
V(H;) = V;,. Finally let 


7 
H* = {Ae (4F ANV, € Hy} UH, UH, U--UH,. 


The k-uniform hypergraph H* is 2-fragile since Breaker can combine his winning 
strategies on Hy and on H,, 1 <i<t. 
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The chromatic number of H* is > r. Indeed, consider a coloring of the points of 
H* with r—1 colors. Since the chromatic number y(H;) = y(H’) = r—1, the only 
way to avoid monochromatic hyperedges in H; is to have each one of the r—1 
colors in every V;, 1 <i <t. Since the chromatic number of y(H,)) is r, there is a 
monochromatic hyperedge, say, H € H, is red. Let y, € V,, 1 <i<t be red points. 
Since k—|H| =s <t, the red set A= HU{y,,..., y,} is a hyperedge of H*, which 
proves that the chromatic number of H* is > r. Since deleting a hyperedge can 
lower the chromatic number by no more than 1, there is a sub-hypergraph H C H* 
with chromatic number y(H.) = r, and Lemma 3 follows. 

Lemmas 2 and 3 complete the proof. 


3. Compactness-Keisler’s Theorem. In this book we have been focusing on 
finite games, but it is impossible to entirely avoid infinity. Here is a nice exam- 
ple how infinity enters the story in a most natural way. Consider (say) the 
(Ky, K;) Clique Game with N > 49. Since the Ramsey Number of K; is < 49, 
by Theorem 6.1 the (Ky, K;) Clique Game is a first player win for every N > 49. 
How about (K,,, K;)? (The board is the infinite complete graph.) Can the first 
player always win (i.e. build a Ks first) in a finite number of moves? Well, we 
don’t know; it is possible that in the w-play the infinite Clique Game (K,,, Ks) 
is a draw. 

There is one thing, however, that we know: compactness holds, i.e. if the first 
player has a finite winning strategy in (K,,, Ks), then he has a time-bounded 
winning strategy. In other words, finite is upgraded to bounded in time: if the first 
player can always win, then there is a natural number n, such that the first player 
can always win before his myth move. The proof is based on the following simple 
observation: let G be an arbitrary finite sub-graph of K,, and let e € K,, be a new 
edge; then there are only three possibilities: (1) e is vertex-disjoint from G, (2) e 
has exactly one common endpoint with the vertex-set of G, (3) both endpoints of e 
are in the vertex-set of G. This means a finite number of options, so the standard 
compactness argument works. 

Next consider the 5-in-a-row on the infinite chessboard (the whole plane). It is 
widely believed (“folklore”) that the first player has a winning strategy, but we 
don’t know any strict proof. It is not even known whether a winning strategy for 
the first player, if any, can be bounded in time. In other words, is there a natural 
number n such that the first player can always win the 5-in-a-row on the infinite 
chessboard before his nth move? In this case compactness is not clear because the 
distance between two little squares is an arbitrary natural number (an infinite set!). 
The best compactness result is due to H. J. Keisler [1969] and goes as follows. If 
5-in-a-row is played on countably many infinite chessboards, i.e. at every step the 
player chooses one of the boards and occupies a square on it, and if the first player 
has a winning strategy, then the first player has a winning strategy bounded in time. 
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The proof of this amusing theorem is relatively elementary. All that we need 
from set theory is the concept of ordinals. 

Let G be a game between players I (the first player) and II (the second player) 
moving alternately on infinitely many infinite chessboards. By a position of length 
t we mean a sequence of moves P = (p,,..., p,) Starting with all boards vacant. 
G is defined by declaring certain positions to be wins for player I. Say that two 
positions P and Q at time f¢ are 0-equivalent if for each i < j < ft and direction 
d, p; is adjacent to p; in direction d if and only if g; is adjacent to q; in direc- 
tion d. Assume that G has the following property: if P is a win for I and Q is 
0-equivalent to P, then Q is a win for I; of course, the 5-in-a-row game has this 
property. 

Notice that if t is even, player I has the next move, and otherwise player II has 
the next move. 

Let us say that the Move Number of a (finite) positional game is n if the first 
player can win in n moves but not sooner. 

Next consider a semi-infinite positional game, and assume that the first player 
has a winning strategy. The Move Number of this game is an ordinal number and 
can be defined as follows. We say that a position is nice if: 


(1) it is an even position; 
(2) no player has won yet; 
(3) the first player still has a winning strategy. 


An odd position has Move Number 0 if it is a win for the first player, i.e. if the 
first player already owns a whole winning set but the second player does not own 
any winning set yet. We assign ordinal Move Numbers b > 0 to the nice positions 
by using the following transfinite recursion. The nice predecessors of every position 
with Move Number 0 have Move Number 1; these are the maximal elements of 
the set S of all nice positions. We emphasize that the notion “maximal” is well- 
defined because there is no infinite increasing chain in S (due to the fact that the 
winning sets are all finite!). Let S, denote the set of all nice positions with Move 
Number 1. 

A nice position has Move Number 2 if and only if the first player can make such 
a move that, for the second player’s any move, the new position (with two more 
marks) is nice and has Move Number 1; these are the maximal elements of the set 
S\S,. Let S, denote the set of all nice positions with Move Number 2. 

In general, a nice position P has Move Number b> 1 if and only if b is 
the least ordinal such that starting from position P the first player has such a 
move that, for the second player’s any move, the new position (with two more 
marks) is nice and has Move Number less than b; these are the maximal ele- 
ments of the set S\U,_, S,. Let S, denote the set of all nice positions with Move 
Number b. 


652 Conclusion 


The sets S, are obviously disjoint, so eventually we decompose S as S = L{P, : 
b < c} for some ordinal c; this defines a Move Number function m(P) = b if and 
only if Pe S,. 

Note that the Move Number is unique. Indeed, assume that m, and m, are two 
different Move Number functions; then {P € S: m,(P) 4 m,(P)} is non-empty; let 
Q be a maximal element of this set. The contradiction comes from the facts that: 


(1) {m,(P): OZ P, PEeS}={m,(P): OEP, PES}; 
(2) m,(Q) =1.s.u.b.{m(P): OZ P, PES}; 
(3) m,(Q) =1.s.u.b.{m,(P): OZ P, PES}; 


where /.s.u.b. means the least strict upper bound. 

The Move Number of the game is, of course, the Move Number of the starting 
position (“empty board”). Every semi-infinite positional game, which is a first 
player win, has a uniquely determined Move Number. 


Lemma 2: A position P has a finite Move Number at most n if and only if player 
I has a strategy which wins in at most n moves starting from P. 


Proof. An easy induction on n. 


Lemma 3: Player I has a winning strategy starting from position P if and only if 
the Move Number of P exists (and is an ordinal number). 


Proof. Suppose the Move Number of P is an ordinal b. Then player I has a strategy 
starting from P which guarantees that the Move Number decreases with each move. 
Since any decreasing sequence of ordinals is finite, the play must stop at Move 
Number 0 after a finite number of moves, and I wins. 

If P does not have a Move Number, then II has a strategy which guarantees that 
starting from P no future position has a Move Number, and hence we cannot have 
a winning strategy at P. 


Lemma 4: Suppose there is a position with infinite Move Number. Then there is a 
position with Move Number wo. 


Proof. Let b be the least infinite ordinal such that there is a position P of Move 
Number b. Since there are no positions of infinite Move Number < b, the winning 
strategy of I guarantees that the next position has finite Move Number. So P has 
Move Number w. 


Definition. The distance between two points on the same board is the minimum path 
length connecting the points by a sequence of king moves. The distance between 
two points on different boards is infinite. Two positions P and Q of length ¢ are 
n-equivalent if for each i < j <¢, either the distances from p; to p; and from 


Concluding remarks 653 


q; to q; are both > 2", or the distances and the directions from p; to p; and from 
q; to q; are the same. (This agrees with the previous definition of 0-equivalent). 


Lemma 5: /f P and Q are (n+ 1)-equivalent, then for every move r there is a 
move s such that (Q, s) is n-equivalent to (P, r). 


Proof. If r is within 2” of some p;, take s at the same distance and direction from 
5 


q,- Otherwise take s at distance > 2” from each q;,. O 


Lemma 6: Jf P has Move Number n and Q is n-equivalent to P, then Q has Move 
Number n. 


Proof. By induction on n. The case n = 0 holds by hypothesis, and the step from 
nto n+1 follows from Lemma 5. O 


Keisler’s Theorem. /f player I has a winning strategy in G, then there is a finite 
n such that player I can always win G in at most n moves. 


Proof. By Lemma 2, we must show that the starting position has a finite Move 
Number. Suppose not. By Lemmas 3 and 4, there is a position P of Move Number 
w, with II to move. 

Let r be a move on a vacant board. Then (P, r) has a finite Move Number n. If s is 
any move whose distance from P is > 2”, then (P, s) is n-equivalent to (P, r), so (P, 5) 
has Move Number n by Lemma 6. There are only finitely many moves s at distance at 
most 2” from P. Thus there is a finite m such that (P, s) has Move Number < m for 
every move s. Hence P has Move Number at most m, contrary to the hypothesis. 0 


Corollary 1 There are no positions Q of infinite Move Number in G. 
The proof is the same as that of the theorem but starting from position Q. 
Now let G, be the game G restricted to k boards. 


Corollary 2 /f player I has a winning strategy for G in n moves, then he has a 
winning strategy for G, in n moves. 


Proof. Lemmas 5 and 6 hold with the same proofs when P is a position for G and 
Q is a position for G,. 

The next corollary answers the question of why infinitely many boards forces a 
finite bound on the Move Number. 


Corollary 3 Suppose P is a position of infinite Move Number in the game G,, and 
r is a move for G on a new board. Then player I cannot have a winning strategy 
in G from the position (P, r). 


Proof. Use Corollary 1 and the end of the proof of Keisler’s Theorem. O 


This completes our short detour about Compactness. 
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4. Why games such as Tic-Tac-Toe? Why should the reader be interested in the 
“fake probabilistic method,” and in games such as Tic-Tac-Toe in general? Besides 
the obvious reason that games are great fun and everybody plays Tic-Tac-Toe, or 
some grown-up version of it, at some point in his/her life, we are going to present 
4 more reasons. 

One extremely exciting aspect of studying these games is that it might help 
us to understand a little bit better how human intelligence works. It might have 
some impact on fundamental questions such as whether human understanding is 
a computational or a non-computational process. For example, in Japan there are 
several “perfect” players who, as the first player, can consistently win Go-Moku 
(the 5-in-a-row on the 19 x 19 Go board) but they are unable to explain what 
they are actually doing. Similarly, the unrestricted 6-in-a-row game (played on an 
infinite chessboard) between two reasonably good players always turns out to be a 
long, boring draw-game, but we don’t know any proof: Or what is the reason that 
we cannot write good Go-playing computer programs? These are just three of the 
many examples where the human mind “knows” something that we are unable to 
convert into rigorous mathematical proofs. 

It is interesting to know that the human approach to Chess is completely different 
from the way computer programs play. Humans search only a small set of positions 
in the game-tree, between 10 and 100. Surprisingly grand-masters do not search 
the game-tree deeper than less successful players, but consistently select only good 
moves for further study. Performance on blitz games, where the players do not 
have time to explore the game-tree to any depth, supports this idea. The play is 
still at a very high level, suggesting that in human Chess pattern recognition plays 
a much more important role than brute force search. What makes a master is the 
accumulation of problem-specific knowledge. A player needs at least five years 
of very intense chess study to become a grand-master. During this learning period 
a grand-master builds up an internal library of patterns, which is estimated to be 
around 50,000. Computer programs, on the other hand, typically examine millions 
of positions before deciding what to do next. We humans employ knowledge 
to compensate for our inherent lack of searching ability. How to “teach” this 
human knowledge to a computer is a puzzle that no one has solved yet. Maybe 
it is impossible to solve — this is what Roger Penrose, the noted mathematical 
physicist, believes. His controversial theory is that human intelligence is a non- 
computational process because it exploits physics at the guantum-mechanical level 
(see Penrose’s two books, The Emperor’s New Mind and the more recent Shadows of 
the Mind). 

The second reason why the reader might find our subject interesting is that 
the “Tic-Tac-Toe Theory” forms a natural bridge between two well-established 
combinatorial theories: Random Graphs and Ramsey Theory. 
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Third, games are ideal models for all kinds of research problems. Expressing a 
mathematical or social problem in terms of games is “half of the battle.” 

Fourth, this theory already has some very interesting applications in combina- 
torics, algorithms, and complexity theory. 


5. The 7 most humiliating open problems. A central issue of the book is the 
Neighborhood Conjecture (Open Problem 9.1). We were able to prove many partial 
results, but the general case remains wide open. The most embarassing special case 
is the following. Consider the usual (1:1) Maker—-Breaker Degree Game played on 
an arbitrary n-regular graph (every degree is 1). Breaker’s goal is to prevent Maker 
from occupying a large star. At the end of Section 16, it was explained how Breaker 
can always prevent Maker from occupying a star of degree > 3n/4 (Breaker uses 
a simple Pairing Strategy). The problem is to “beat” the Pairing Strategy (it was 
asked by Tibor Szab6). 


Open Problem 16.1 Can the reader replace the upper bound 3n/4 in the Degree 
Game above with some c-n where the constant c < 3/4? Is it possible to get 
c= 5 +o(1)? 


Another major open problem is to extend Theorem 6.4 (“Clique Games’) and 
Theorem 8.2 (“lattice games”) to the biased cases (and also the coalition versions). 
It is embarrassing that we cannot do it even for the (2:2) play, which seems to be 
the easiest case: it is the perfect analogue of the well-understood (1:1) play. The 
problem is just formulated in the special case of the Clique Game. 


Open Problem 31.1 


(a) Is it true that playing the (2:2) Achievement Game on Ky, Maker can always 
build a clique K, with q = 2 log, N — 2 log, log, N + O(1)? 

(b) Is it true that playing the (2:2) Achievement Game on Ky, Breaker can always 
prevent Maker from building a clique K, with q = 2log, N —2log, log, N+ 
O(1)? 

(c) Is it true that the (2:2) Clique Achievement and Clique Avoidance Numbers are 
equal, or at least differ by at most O(1)? 


We know the exact solution of the (1:1) Clique Game, but the Tournament 
version remains wide open; this is the third problem in the list (see the Tournament 
problem below). First, recall that a tournament means a “directed complete graph” 
such that every edge of a complete graph is directed by one of the two possible 
orientations; it represents a tennis tournament where any two players play with each 
other, and an arrow points from the winner to the loser. The Tournament Game 
begins with fixing an arbitrary goal tournament T, on q vertices. The two players 
are Red and Blue, who alternately take new edges of a complete graph Ky, and 
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for each new edge choose one of the two possible orientations (“arrow”). Either 
player colors his arrow with his own color. At the end of a play, the players create 
a 2-colored tournament on N vertices. Red wins if there is a red copy of the goal 
tournament T,; otherwise Blue wins. 

Let Ky (tJ) denote the “complete tournament”: it has a(t ) arrows, meaning that 
every edge of the complete graph K,, shows up with both orientations. At the end 
of a play in the Tournament Game Red owns 1/4 of the arrows in K,(*J). In the 
random play (where both Red and Blue play randomly) Red wins the Tournament 
Game with g = (2—o0(1)) log, N; Red wins with probability > 1 as N > oo. 

This motivates the following tournament problem: Is it true that Red can always 
win the Tournament Game with g = (2 —o0(1)) log, N? 

First, note that Theorem 33.8 proves only half of the conjectured truth. 

Second, observe that the Tournament problem is solved for the Chooser—Picker 
version: it follows from Theorem 33.4. The Chooser—Picker version means that in 
each turn Picker picks 2 new edges of Ky, Chooser (Red) chooses one of them, and 
also chooses one of the two orientations; Chooser colors his arrow red. Chooser 
wins if there is a red copy of the goal tournament T,; otherwise Picker wins. The 
Chooser—Picker version means a (1:3) play on the “complete tournament” Ky(t 1) 
where Chooser is the underdog. It follows that Theorem 33.4 applies with s = 3, 
and gives an affirmative answer to the corresponding tournament problem. 

The fourth problem is about connectivity, the simplest graph-theoretic property. 
In spite of its simplicity, the game-theoretic problem is still unsolved. The Ran- 
dom Graph intuition makes the following conjecture (in fact, 3 conjectures) very 
plausible. 


Open Problem 20.1 Consider the (1:b) Connectivity Game on the complete graph 
K,,. Is it true that if b = (1—0(1))n/logn and n is large enough, then underdog 
Maker can always build a spanning tree? 

Moreover, is it true that under the same condition Maker can always build a 
Hamiltonian cycle? 

Finally, is it true that under the same condition Forcer can always force Avoider 
to build a Hamiltonian cycle? 


The fifth one is the “pentagon problem.” In Sections 1—2 we proved that the regular 
pentagon (of any fixed size) is a Weak Winner, and in the (1:1) play a player can 
build it in less than 10°° moves. Of course, the upper bound 10°” on the Move 
Number seems totally ridiculous. Can we prove a reasonable upper bound like 
< 1000? Another natural question is whether or not the regular pentagon can be 
upgraded from Weak Winner to ordinary Winner, i.e. can the first player build it 
first? 

The sixth problem is again about ordinary win. Ordinary win is such a difficult 
concept that it is unfair to call the following problem “humiliating,” but we still list 
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it here. The author tackled this question in 1980, more than 25 years ago, and does 
not believe it will be solved in the next 25 years. 


Open Problem 4.6 (c) Consider the Clique Game (K,,K,) where n is huge 
compared to q: is there a uniform upper bound for the Move Number? More 
precisely, is there an absolute constant C,<oo such that the first player can always 
win in less than C, moves in every (K,,, K,) Clique Game with n> 18? 

Is there an absolute constant C;<oo such that the first player can always win in 
K;) Clique Game with n>49? 
In general, is there an absolute constant C,<0o such that the first player can 


less than C; moves in every (K,,, 
always win in less than C, moves in every (K,,K,) Clique Game with n = R(q) 
where R(q) is the Ramsey Number? 


Probably C, is finite, but it is perfectly possible that C; or C, are not finite (a curse 
of the Extra Set Paradox, see Section 5)! 

Finally, the seventh humiliating problem is how to extend the Erdés—Selfridge 
Theorem in the biased (a: f) Avoider-Forcer game. The special case “f = 1 and 
a > 1 is arbitrary” has a satisfying solution — see Theorem 20.4 and (30.15) — but 
the general case f > 2 remains a mystery. (It was Tibor Szab6 who pointed out the 
difficulty of the general case.) Why is this innocent-looking problem so hard? 

This was the author’s list of the 7 most humiliating open problems. For con- 
venience, in pages 716-23 the complete set of the open problems in the book is 
given. The reader is encouraged to make his/her own list of the most humiliating 
open problems. 


Appendix A 


Ramsey Numbers 


For the sake of completeness we include a brief summary of quantitative Ramsey 
Theory. 

A well-known puzzle states that in a party of six people there is always a group of 
three who either all know each other or are all strangers to each other. This puzzle 
illustrates a general theorem proved by Ramsey in 1929. The Ramsey Theorem 
is about partitions (colorings) of the edges of complete graphs and partitions of 
k-edges of complete k-uniform hypergraphs (k > 2). First consider the case of 
edges, i.e. k = 2. 

Let R,(s, t), called Ramsey Number, be the minimum of n for which every 
2-coloring (say, red and blue) of the edges of the complete graph K,, on n vertices 
yields either a red K, or a blue K,. A priori it is not clear that R,(s, ft) is finite for 
every s and ¢. 

The following result shows that R,(s, t) is finite for every s and t, and at the 
same time it gives a good upper bound on R,(s, ft). 


Theorem Al (Erdés and Szekeres) If s > 3 and t > 3, then 
R,(s, t) < R,(s—1,)+R,(s, t-1), (Al) 


and 


R,(s, 1) < J 7 ’), (A2) 


Proof. Let n = R,(s—1,7)+R,(s, t—1), and consider an arbitrary 2-coloring (red 
and blue) of the edges of K,,. Assume that some vertex v has red degree at least 
R,(s—1, 1). Let X denote the set of other endpoints of these red edges. Since 
|X| > R,(s—1, 1), in the complete graph on vertex set X, either there is a blue K,, 
and we are done, or there is a red K,_,, which extends to a red K, by adding the 
extra vertex v. 

Similarly, if a vertex v has blue degree at least R,(s, t— 1), then either there is 
ared K,, and we are done, or there is a blue K,_,, and this extends to a blue K, by 
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adding the extra vertex v. The trivial equality red-degree(v)+blue-degree(v) = n—1 
5 


guarantees that one of these possibilities occurs. This proves (A1). O 


We prove (A2) by induction on s+ tf. Inequality (A2) holds if s = 2 or t = 2; in 
fact we have equality since R,(s,2) = R,(2, 5) = s. Then by (Al) we have 


t—3 t—3 
Rls.) SR(S— 1.) +R t= 1) <(** > +t *) 
S— Ss 


Since (*'5°) + (47) = (257), (A2) follows. O 


s-1 s—1 


s—2 
If s=t=3, then we get the bound 


nars(3)-()=s 


which is in fact an equality. If s = += 4, then we get 


4+4-2 6 
mans(is a=” 


which is a strict inequality, but it is very close to the truth since we know that 
R,(4, 4) = 18. If s=t=5, then we get 


5+5-2 8 
(5.5) = ( 5—] )- (1) = 70, 


which is rather far from the truth since we know that 43 < R,(5,5) < 49. The exact 
value of R,(5,5) is not known. Erdés once joked that if an alien being threatens 
to destroy the Earth unless we provide it the exact value of R,(5,5), then we 
should set all the computers on the Earth to work on this problem. If the alien asks 
for R,(6,6), then Erdés’s advise is to try to destroy the alien. (It is known that 
102 < R,(6, 6) < 165, and the Erdés-Szekeres bound (°5°;*) = ('2) is 252.) 

The Erd6s—Szekeres upper bound (oy ) to the diagonal Ramsey Number R,(s, 5) 
is asymptotically (1 + 0(1))4*"!/./as. An important result of Erdés from 1947 
gives an exponential Jower bound by using a counting argument, the simplest form 
of the probabilistic method. 


Theorem A2 (Erdés [1947]) 
R,(s, s) > 2°? 

Proof. Notice that this is a special case of Theorem 11.3; for the sake of complete- 
ness the “counting argument” is repeated. Let n = 2/7; we are going to show that 
there is a simple graph G, on n vertices (i.e. a sub-graph of K,,) such that neither 
G,, nor its complement G,, contains a K,. Coloring the edges of G, red and the 
edges of its complement blue, we get a 2-coloring of the edges of K,, such that 
there is no monochromatic K,. This will prove the inequality R,(s, s) > 2°/. 

Consider the graphs with n distinguished (labeled) vertices. The total number 


of these labeled graphs is easy to compute: it is 2()_ Bach particular s-clique K, 
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occurs in 2@)-() of these 2() labeled graphs. There are @ ways to choose the set 


of s vertices for a K,. So if for each of the 2() labeled simple graphs G,,, either 
G,, or its complement G,, contains a K,, then we have the inequality 


(*)20-0 3150) 
Ss ee! 
Therefore, the reversed inequality 
(")20-0 < 52 (A3) 
S 


guarantees that there is a labeled simple graph G,, such that neither G,, nor its 
complement contains a K,. Rough approximations yield that (A3) holds when- 
ever n = 2°/*, More careful approximation using Stirling’s formula leads to the 
asymptotically stronger lower bound R,(s, s) > const- 52°’. 


Theorems A1-—2 imply that 
V2 <liminf(R,(s, s))'” <limsup(R,(s, ))' <4 


Determination, of this limit (including whether or not the limit exists) is a famous 
open problem in Combinatorics. 

Theorem Al extends to k-uniform complete hypergraphs for every k > 2. Let 
R,(s, t) be the minimum of n for which every 2-coloring (say, red and blue) of the 
k-edges of the complete k-uniform hypergraph (7) (i.e. all the k-element subsets 
of an n-element set) yields either a red G or a blue (). For k > 3 the thresholds 
R,(s, t) are called higher Ramsey Numbers. A priori it is not clear that R,(s, f) is 
finite for every k, s and ¢. 

The following result shows that R,(s, t) is finite for every k, s and t. The proof 
is an almost exact replica of that of Theorem A1. 


Theorem A3 Let 2 < k < min{s, t}; then 
R,(s, 0) < Ry) (Ro(s— 1, 1), Ry. (s, 1-1) +1. 


Proof. Let 
n=R,_,(R,(s—1, 1), Ry(s,t- 1))+1, 


and let X be an n-element set. Given any red-blue 2-coloring C of the complete 
k-uniform hypergraph (*), pick a point x € X and define an induced 2-coloring of 
the (k — 1)-element subsets of Y = X \ {x} by coloring A € (ea) with the C-color 
of AU{x}e€ (ye By the definition of n = |X|, either there is an R,(s—1, t)-element 
subset W of Y such that (a) is monochromatically red, or there is an R,(s, t—1)- 
element subset Z of Y such that (e ) is monochromatically blue. By symmetry we 
may assume that the first case holds, i.e. there is an R,(s—1, t)-element subset W 
of Y such that i) is monochromatically red in the induced 2-coloring. 
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Now let us look at the C-colors of the k-element subsets of an Since |W| = 
R,(s—1, 1), there are two alternatives. If W has a t-element subset T such that (1) 
is monochromatically blue by C, then we are done. If the second alternative holds, 
i.e. if W has an (s—1)-element subset S’ such that (*) is monochromatically red 
by C, then we are done again. Indeed, then every k-element subset of S = S’U {x} 


is monochromatically red by 2-coloring C. O 


The proof of Theorem A3 easily extends to infinite graphs. 


Theorem A4 Let N = {1,2,3,...} denote the set of natural numbers. Let k > 1 
be an integer, and let (*) denote the set of all k-tuples of the set of the natural 
numbers N. Let C : (*) — {1,2} be an arbitrary 2-coloring of the k-tuples of N. 
Then there is an infinite subset of N such that its k-tuples have the same color (we 


call it an infinite monochromatic subset of N). 


Proof. It goes by induction on k. The result is trivial for k = 1 so assume that k > 2 
and the theorem holds for k — 1. 

Pick 1 € N, and write N, = N \ {1}. As in the proof of Theorem A3, define an 
induced 2-coloring C, : Ge) — {1, 2} of the (k — 1)-tuples of N, by putting C, (A) = 
C(AU {1}), where A is a (k — 1)-tuple of N,. By the induction hypothesis, N, contains 
an infinite set S, where all the (k — 1)-tuples have the same color, say, c, € {1, 2}. 
Let n, € S, be arbitrary, and write N, = S, \ {n,}. Define an induced 2-coloring C, : 
Ga) — {1, 2} of the (k — 1)-tuples of N, by putting C,(A) = C(A U {n,}) where A is 
a (k — 1)-tuple of N,. By the induction hypothesis, NV, contains an infinite set S$, where 
all the (k — 1)-tuples have the same color, say, c, € {1,2}. Let n, € S, be arbitrary, 
and write NV, = S, \ {3}. Define an induced 2-coloring C; : (445) — {1,2} of the 
(k — 1)-tuples of N; by putting C;(A) = C(AU {n,}), where A is a (k — 1)-tuple of N3. 
By the induction hypothesis, NV contains an infinite set S, where all the (k — 1)-tuples 
have the same color, say, c, € {1, 2}, and so on. Repeating this argument, we obtain an 
infinite sequence of numbers n, = 1, n, n3,---, an infinite nested sequence of infinite 
sets N= Sy D S; D S, D S; D ---, and an infinite sequence of colors c,, Cy, C3, °-*; 
such that n; € S;_; and n, ¢ S;, and all k-tuples where the only element outside of S; 
is n; have the same C-color c; € {1, 2}. The infinite sequence c; must take at least one 
of the two values 1, 2 infinitely often, say c;, = 1 for 1 <i, <i, <i, <---. Then 
by the construction, each k-tuple of the infinite set {n;,, ;,,n;,,...} has color 1, ie. 
{n;,,1;,>1;,,°**} is an infinite monochromatic subset of N. This completes the proof 


in? Ni,» 


of Theorem A4. O 


iz? 


Theorems Al, A3, and A4 easily extend to colorings with arbitrary finite number 
of colors. For example, if we have 3 colors, (say) red, green, and yellow, then we 
have the easy upper bound 
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R,(s, 8, 8) < R,(s, R,(s, s)). (A4) 


To prove (A4), we replace the last two colors green and yellow by a new color 
(say) blue. Then either there is a red (7), and we are done, or there is a blue ce Py 
But blue means green or yellow, so the green-blue 2-colored (* i) contains either 
a green (*) or a yellow (7), which proves (A4). 

Unfortunately, Theorem A3 provides very poor bounds, even for k = 3. Indeed, 
by Theorems Al-A2, R,(x, y) is exponential, so by repeated applications of 
Theorem A3 we obtain a tower function-like upper bound 

2 


R,(s,8) <2” , (AS) 


where the height of the tower is const-s. 

Much better upper bounds come from an inequality of Erd6s and Rado. For 
example, if k = 3, then the Erdés—Rado argument gives a double-exponential upper 
bound like 2” instead of the tower function (A5). The proof works for arbitrary 
number of colors without any modification, so first we define the multi-color version 
of the Ramsey Number R,(s, f). 

Let R,.(5,,55,°++ 8.) (¢ = 2 integer) be the minimum of n such that given any 
c-coloring of the k-edges of the complete k-uniform hypergraph (’) (i.e. all the 
k-element subsets of an n-element set), there will be an i with 1 <i<c anda 
complete k-uniform hypergraph (') where all the k-edges are colored with the ith 
color. 

In the diagonal case s, = s, =--- =s, = s we use the short notation R,(s|c) = 
R,(s, 5,--- , 8). If c= 2, we simply write R,(s) = R,(s|2). 


Theorem A5 (Erdés and Rado) 


(aisle). 


Remark. If k = 1, then trivially R,(s|c) = sc+1. So for c=2 we get R,(s) < 
2*s+1 — 9.4%, which is asymptotically just a little bit weaker than the Erd6s—Szekeres 
bound (re ) © const -4°/,/s. 


Ry (slo) <c 


Proof. Let S denote the interval 
k 
{1 2, eee | elit) ’ 


and let C be an arbitrary c-coloring of the (k+ 1)-tuples of S. Unlike in the 
proof of Theorem 3, where we fixed a point and considered the induced coloring, 
here we fix a k-tuple and consider the induced coloring. Consider first the k-tuple 
{1,2,---,k}, and for any m € S with k < m, define the induced c-coloring C*(m) = 
C({1, 2,---,k, m}). c-coloring C* defines a partition of S\ {1, 2,--- , k} into c color 
classes. Let S, denote the biggest color class, and let C** =C**({1, 2, --- , k}) denote 
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the corresponding color. We clearly have the inequality 
|S|—k 
|S,| = ——. 

Next let i,,, be the smallest number in S,, and let A be an arbitrary k-tuple 
of {1,2,---,k,i,,,;}, which contains i,,,. For this A and for any m € S, with 
ip, < m, define the induced c-coloring Cj(m) =C(AU {m}). Let A,, Aj,--+ , Ay 
be all k-tuples of {1,2,--- ,k, i,,,;} which contain i,, ,, and consider the c‘-coloring 
Ce 

C*(m) = (Ci, (m), Ci, (m), +++ C4, (m)). 


c-coloring C* defines a partition of S, \ {i,,,} into c* color classes. Let S, denote 
the biggest color class, and let C** = C**(A) denote the corresponding color for 
each k-tuple A of {1,2,---,k, i,,,} with i,,; € A. We clearly have the inequality 


[Si|=1 
ck 


|S5| = 


Next let i,,, be the smallest number in S,, and let A be an arbitrary k-tuple of 


{1,2,-++.k, iggy, ig.2} which contains i,,5. For this A and for any m € S, with 
ipgg < m, define the induced c-coloring C} Atm) =C(AU {m}). Let A,, A,,---,A,, 
r= C= (7 be all k-tuples of {1,2,--+ ,k, ix,1, ig4} which contains i,,5, and 


consider the c’-coloring C* 
C*(m) = (Ci (m), Ci, (m),--- CA (m)). 


Induced c’-coloring C* defines a partition of S, \ {i,,} into c’ color classes. Let 
S; denote the biggest color class, and let C** = C**(A) denote the corresponding 
color for each k-tuple A of {1,2,--- ,k, i41, ig.2} with i,,, € A. We clearly have 
the inequality 

|S>| — 


cc 
k 


Repeating this argument, we obtain a sequence of integers 


|S3| > 


i = 1,1, =2,-+- =k <i) <td <0 <h, 


and a nested sequence of sets 
SF Dojo8s 83 2) Sey 


such that i; eS 


jw kKt+1<j<q 


ISil— 
|Sjii| = a iy. >: 


and for any fixed k-tuple (i 
C-color of the (k+ 1)-tuple (i, 


rte ti) where | < j, <j) <-:- <j, <q, the 


i ee 7 i) isticconotoran® <meS) pate 
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This common color depends on the k-tuple (i, -- ,i;,) only, and it is denoted 


iol Vins 
by C*(i,,,),.°++ i, ). Since 
k 
|S| = o(Re(sied) , 
and 
5» Sila! 
ISjnil = Focus 
an easy calculation shows that the length qg of the longest sequence i, = 1, i, = 
2,05+ = K <ipy) <i. <+++ <i, can be as big as the Ramsey Number R,(5|c). 


So we write q = R,(s|c). 

Now we are ready to complete the ae Indeed, induced coloring C** defines a 
c-coloring on the set of all k- Mesa (i;,.4,5°°+ + d;,) (where 1 <j, <j <--- <j, < 
g=R,(s|c)) of i, =1<- i,. Since q = R;,(s|c), by hypothesis there is a C**- 
monochromatic s-set, i.e. nee is an s-element subset Y such that its k-tuples have 
the same C**-color. Finally, from the definition of induced coloring C** it follows 
that this Y is a C-monochromatic set, too. In other words, all the (K+ 1)-tuples of 
Y have the same C-color. This completes the proof of Theorem A5. 


We introduce the following arrow-notation: if G and H. are k-uniform hypergraphs 
(graphs if k = 2), then G > H means that given any 2-coloring of the k-edges 
of G, there is always a monochromatic copy of H. Of course, G + H means the 
opposite statement: there is a 2-coloring of the k-edges of G such that there is no 
monochromatic copy of H. In view of this, Theorems Al—A2 can be reformulated 


as follows _ 
Geo 
(2) () 


The following result is usually referred as the “Stepping-Up Lemma”: 


and 


Theorem A6 (Erdés, Hajnal and Rado) If ('') & (?) and k > 3, then 


28 % 2s+k 
k+1 k+1/ 
Proof. We are going to transform an anti-Ramsey 2-coloring of (7) into an anti- 
Ramsey 2-coloring of (a) Let C, UC, = () be a decomposition of the set of 
all k-tuples of [n] = {0, 1,--- ,2—1} into two classes such that no C, (i = 1 or 2) 
contains an @ ) i.e. there is no monochromatic ( i in C 1 The set of all 0-1 sequences 


of length n 


S = {a= (a,,q@,---,a,): a4,=0or1 forl1<i<n} 
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is a natural choice for a set of cardinality 2”. A string a= (a), a,,--- ,a,), a4; =0 
or 1, corresponds to the binary form of an integer 
fla) = 4,2") +.4,2" +--+ +4, 42 +4,. 


We say that a <b if and only if f(a) < f(b). If a < b, then there is an index i, 
1 <i<n, such that a, = D,, ---, a;_; = 5,_,, but a; = 0 and b; = 1. We call this 
index i the separating index of the pair (a, b), and denote it by d(a, b). Note that: 


(i) if a<b<ce, then d(a,b) 4 d(b,c), and both cases d(a,b) < d(b,c) and 
d(a, b) > d(b, c) are possible; 
(ii) if a; <a, <---<a,, then d(a,,a,) = min, <,_, d(a;, aj). 


We are going to define a 2-coloring C, UC, = ( et of all the (k + 1)-tuples 


k+1 
of set S which doesn’t contain a monochromatic (25+ k)-element subset. Let 
{a,,a),---,a,,,} bea (k+1)-tuple of S. We can assume that a, <a, <---<a,). 
Let d; = d(a;,a,,,), 1 <i<k. The sequence d,,d5,--- ,d, does not necessarily 


means k different numbers. So first assume that the sequence d; is monotonically 
decreasing or increasing, which automatically guarantees that we have k different 
numbers. If d; > d, >--- > d, or d; <d, <--+-<d,, then color the (k+ 1)-tuple 
{a,,@),---,a@;,,,} by the color of the k-tuple {d,, d,,--- , d,}, that is 


{ay,@,-°> ai} € C; 


if and only if {d,,d,,---,d,} €C;, i= 1 or 2. 

If the sequence d; is not monotonically decreasing or increasing, then the color 
of the (k + 1)-tuple {a,,a,,--- ,a,,,} will be determined later. 

So far we defined only a partial 2-coloring of the (k+1)-tuples of S, but this is 
enough to make the following crucial observation: 


Lemma 1: Assume that {a,,a,---,a,,} is a partially monochromatic subset of 
S, i.e. all (k+1)-tuples of this m-element set which are colored under the partial 
2-coloring have the same color. Without loss of generality, we can assume that 
a, <a) <--- <a,,. Let d; = d(a;,a;,,), 1 <i<m. Then there is no index j such 
that the “subinterval” dj, dj), 4j42,*** »4jzs-1 18 monotonically increasing or 
decreasing. 


Proof. Assume that the color class containing all partially colored (k + 1)-tuples 
of {a,,a,--- ,a,,} is C; (i= 1 or 2). We distinguish two cases. 


Case 1: d; < dj.) < djy. <+++ < diay 

Since C,; UC, = (") was a 2-coloring satisfying the property (') - (:), the s-element 
set {d;,dj,1,°** ,dj4,-1} cannot have all its k-tuples in the same color class C;. 
Therefore, there exists a k-tuple {i,,i,,---,i,} with j <i, <i, <---<i,<j+s-1 
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such that {d;,d;,,---,d;,} is in the other color class: {d;,,dj,,--- ,dj,} € Cs_;- 
Consider now the (k + 1)-tuple 


= {a,,a we 58.841}: 
For 1 < h <k we have 
d(a,,, ai,,,) = ae dy, 


and because in Case | we have d; < dj.) < dj. <-+++ <dj4,_1, it follows that 


d(a;,,a;,,,)= min d,=dz,,. 


in Sl<in4g1 


Therefore 


d(a,,, a,,) =, < d(a,,, a,,) =d,, Se -<d(a,_ 1° a;,) = d,, < a(a;,,8;41:) = dj, 


So the partial 2-coloring applies, and the — 1)-tuple A = a fips 81 <9 Bes ae 


is colored by the color of {d; ,d;,,---,d,}. Since {d, , d; d; a €C3_;, W 
1 2 k 1 a k 4 
conclude that A € C,_;, which contradicts the assumption that the color et 


containing all (k+ 1)-tuples of {a,,a,,--- ,a,,} is C;. 
Case 2: d; > dj4) > djz2 > 00+ > diss 
Just as in Case 1 we can assume that there exists a k-tuple {i,,i,,---,i,} with 
ji <i; <-++ <i, < j+s—1 such that {d;,dj,,---,d;,} € Cy. In this case we 
consider the slightly different (k + 1)-tuple 

A= {8 8)41,4,415°7° A, qi}: 


Just as in Case 1 we obtain 


d(aj,,Aj,41) = 4), > A841, 4,41) = di, > +++ > d(aj,_41, 4,41) = di, 


Now we get the contradiction exactly the same way as in Case 1. This completes 
the proof of Lemma 1. 


Next we extend the partial 2-coloring of the (k+1)-tuples of S to a proper 
2-coloring. To do that we need the following elementary: 


Lemma 2: Let s > k > 3, and let d,, dy, d3,--+- , dy,,,_, be an arbitrary sequence 
of (2s+k —1) integers such that any two consecutive members of the sequence are 
different, i.e. dj #d;,, for 1<i<2s+k—1. Then 


(i) either there is subinterval j,j+1,---,j+s—1 of length s such that the 
sequence dj, dj4,*** ,4j45, is monotonically increasing or decreasing; 

(ii) or there are j <2s and € < 2s such that d,_, < d; and d; > dj,,, and d,_, > dy 
and d, < dy. 


Proof. We call a j a local max if d;_, < d; and d; > d,,,, and a local min if 
d,_, > d, and d; <d,,, 


J 
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If the sequence d,,--- , dy,,,, has a local max j < 2s and a local min ¢ < 2s, 
then we are done. 
If the sequence d,,--- ,d5,,,_, has two local max’s j,; < 2s and j, < 2s, then 


between the two local maxs there is always a local min, so this is the previous case. 
Of course, the same argument holds if there are two local mins. 

If the sequence d,,--- , dy,,,_, has one local max j < 2s and no local min ¢ < 2s, 
then: 


(i) if j <s, the sequence dj, d;,,,+-- ,dj,,-; is monotonically decreasing; 
(ii) if j = s, the sequence d,,,_,,dj4»,,°+* , d; is monotonically increasing. 


The same argument holds if there is one local min and no local max. 


Now we are ready to extend the partial 2-coloring to a complete 2-coloring C,; UC, = 
(4) of all the (k+1)-tuples of set S. Let A= {a,, a,--- ,a,,,} be an arbitrary 
(k+ 1)-tuple of S. We can assume that a, < a) <--- < a,,,. Let d; = d(a;,a;,,), 
1 <i<k. The partial 2-coloring was defined for those As for which the sequence 
d; is monotonically decreasing or increasing. Then the color of A was defined by 
“lifting up” the color of {d,,d,,--- , d,}. 

If the sequence d; is not monotonically decreasing or increasing, then there is a 
local max or a local min (or both). There are three cases. Either 2 is a local max: 
d, < d, > d;, or 2 1s a local min: d, > d, < d3, or the first local max is > 3 and the 
first local min is > 3. Then 2-color (k+ 1)-tuple A like this: if 2 is a local max, then 
A= {a,,a,---,a;,,,} € C,; if 2 is a local min, then A = {a,,a,,--- ,a,,,} € Cp. 
(This is where we use the assumption that & > 3.) Finally, if the first local max is 
> 3 and the first local min is > 3, then color A arbitrarily. 

Assume that {a,, a, +--+ , a),,;,} is amonochromatic subset of S, i.e. all the (k+ 1)- 
tuples of this (2s+k)-element set have the same color under this 2-coloring. Without 
loss of generality we can assume that a, <a, <--- <a,,,. Let d; = d(aj, a;,,), 
1<i<2s+k-—1. In view of Lemma A8, there are two possibilities: 

(i) There is an index j such that the “sub-interval” dj, dj,,,dj4.,°+* »@j4s-1 18 
monotonically increasing or decreasing. But this is impossible by Lemma A7. 

(ii) There are j < 2s and ¢ < 2s such that j is a local max: d;_, < d; > dj,,, and € is 
a local min: d,_, > d, < d,,,. Then by definition, {a;_,,.a;,4;,1,°°> , @j,,-1} € 
C, and {a,_),@,ap,4,°-+.@y,_,} € C,, which is a contradiction. This 
completes the proof of Theorem A6. 


The best lower bound for R3(s) is 


R,(s) > 2°, 
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proved by a simple adaptation of the proof of Theorem A2. Indeed, inequality 
("\20-0 < 5200 (A3’) 
Ss 


guarantees that there is a labeled simple 3-graph G,,, on n points such that neither 


G,,, nor its complement contains an Gy. Rough approximations yield that (A3’) 


holds whenever n = 2"/°. It is a long-standing open problem to improve this lower 
bound to a doubly exponential bound. 
Theorems Al—A2 and A5—A6 imply the following upper and lower bounds for 


R,(n): 

Theorem A7 For k > 2 we have 
2"? < R,(n) <4", 
gr ieiz R,(n) < ae 


2/24 


7 An 
De vat RA ey ae 


n 


on < R;(n) < oe ; 
and in general, for arbitrary k > 3 
1OWET 43-ky,2/6(K — 2) < R,(n) < tower,,(k — 1), 
where tower,(1) = 2*, and for j > 2, tower,(j) = 2°"), 


For more about the results of Erdés, Rado, and Hajnal, see Erdés and Rado 
[1952] and Erdés er al. [1965], and also the monograph Graham et al. [1980]. 


Appendix B 
Hales—Jewett Theorem: Shelah’s proof 


If the chromatic number of the n“-hypergraph is > 3, i.e. if d > HJ(n), then First 
Player has a winning strategy in the n@ Tic-Tac-Toe game. This is the only known 
“win criterion” — unfortunately it does not give a clue how to actually win. 

For the sake of completeness we include a proof of Shelah’s primitive recursive 
upper bound for the Hales-Jewett Number HJ(n). 

Note that the original van der Waerden—Hales—Jewett proof led to the notorious 
Ackermann function. It was a big step forward, therefore, when in 1988 Shelah 
was able to prove that the Hales—Jewett threshold HJ(n, k) (to be defined below) 
is primitive recursive (HJ(n) is the special case of k = 2). 

We briefly recall the so-called Grzegorczyk hierarchy of recursive functions. 
In fact, we define the representative function for each class. For a more detailed 
treatment of primitive recursive functions we refer the reader to Mathematical 
Logic. 

Let g,(n) = 2n, and for i > 1, let g,(n) = Hl gaat a4); where g;_, 
is taken n times. An equivalent definition is g,(n +1) = g;_, (g;(n)). For example, 
g)(n) = 2” is the exponential function 


g3(n) =2” 


is the “tower function” of height n. The next function g,(n+1) = g; (g,(n)) is what 
we call the “Shelah’s super-tower function” because this is exactly what shows up 
in Shelah’s proof. Note that g,(x) is the representative function of the (k+ 1)st 
Grzegorczyk class. 

The Hales—Jewett Theorem is about monochromatic n-in-a-line’s of the n 
hypercube. The proof actually gives more: it guarantees the existence of a monochro- 
matic combinatorial line. Let A = {0,1,2,...,n—1}. An x-string is a finite word 
a,d)a3°--dq of the symbols a; € AU {x} where at least one symbol a; is x. An 
x-string is denoted by w(x). For every integer i € A and x-string w(x), let w(x; i) 


d 
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denote the string obtained from w(x) by replacing each x by i. A combinatorial 
line is a set of n strings {w(x; i): i€ A} where w(x) is an x-string. 

Every combinatorial line is a geometric line, i.e. m-in-a-line, but the converse is 
not true: not every geometric line is a combinatorial line. A geometric lines can be 
described as an xx’-string a,a,a,---a, of the symbols a; € AU {x}U {x'} where 
at least one symbol a; is x or x’. An xx’-string is denoted by w(xx’). For every 
integer i € A and xx’-string w(xx’), let w(xx’; i) denote the string obtained from 
w(xx’) by replacing each x by i and each x’ by (n—1-—i). A directed geometric 
line is a sequence w(xx'; 0), w(xx'; 1), w(xx’;2),..., w(xx';n—1) of n strings 
where w(xx’) is an xx'-string. Note that every geometric line has two orientations. 

It is clear from the definition that there are sub-stantially more geometric lines 
than combinatorial lines. For example, in ordinary Tic-Tac-Toe 


(0, 2) (1, 2) (2, 2) 
(0, 1) (1,1) (2,1) 
(0, 0) (1, 0) (2, 0) 


{(0,0), (1, 1), (2,2)} is a combinatorial line defined by the x-string xx, 
{(0, 1), (1, 1), (2, 1)} is another combinatorial line defined by the x-string x1, but 
the other diagonal 


{(0, 2), (1, 1), (2, 0)} 


is a geometric line defined by the xx’-string xx’. So the other diagonal is a geometric 
line which is not a combinatorial line. 

The Hales—Jewett Number HJ(n, k) is the smallest integer d such that in each 
k-coloring of A‘ there is a monochromatic geometric line. The modified Hales— 
Jewett Number HJ‘(n, k) is the smallest integer d such that in each k-coloring of 
A4 there is a monochromatic combinatorial line. Clearly HJ(n, k) < HJ°(n, k). 

In 1961 Hales and Jewett proved that HJ(n, k) < oo for all positive integers n 
and k; in fact, they proved the stronger statement that HJ“(n, k) < oo. Shelah’s new 
proof gives the following explicit bound: 


Theorem B1 (Shelah’s upper bound) For every n> 1 andk>1 


HJ°(n,k) < : (n+k+2) 
n, k) < ———g,(n ‘ 
(nt DK 

That is, given any k-coloring of the hypercube {0,1,...,n— ie where the dimen- 
sion d > pees eke +2); there is always a monochromatic combinatorial 
line. 

Proof. For each fixed value of k > 2, we are going to argue by induction on n 
that the threshold number HJ‘ (n — 1, k) exists. However, when trying the induction 
step to show that HJ‘(n, k) exists, we are only allowed to use the existence of 
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HJ°(n—1,k). If we also used the existence of HJ*(n—1, k’) for very large values 
of k’, then the argument would become a double induction, and this would lead to 
Ackermann-like bounds (see Section 7). 

For n = 1, the theorem is trivial. Assuming it holds for n—1> 1 and k > 2, we 
prove it for n and for the same k. Let h = HJ°(n—1,k). Define a very rapidly 
increasing sequence m;, i= 1,2,..., h as follows. Let 

nHIo(n-L.b) 


h 
m, =k" =k ; 


and for i > 2 
m,= mee 

Let d=m,+m,+...+m,. We are going to show that HJ°(n,k) < d. Let C 
be an arbitrary coloring of A¢ = {0,1,2,...,n— i? by k colors. The idea of 
the proof is that in any k-coloring C of the d-dimensional cube A“ there is an 
HJ°(n—1,k)-dimensional sub-cube in which “symbols 0 and 1 cannot be distin- 
guished by k-coloring C.” By hypothesis, this HJ°(n — 1, k)-dimensional sub-cube 
contains a monochromatic (n— 1)-in-a-row. The (n — 1) points are those where the 
dynamic coordinates of the line simultaneously run through the values 1,2,...,2— 
1. This monochromatic (n— 1)-in-a-row extends to a combinatorial line of length n 
in A‘. The new point is that where the dynamic coordinates of the line are all 0. By 
using the key property that in the HJ‘°(n — 1, k)-dimensional sub-cube “symbols 0 
and | cannot be distinguished by k-coloring C,” it follows that the C-color of this new 
point is the same as the C-color of that point on the monochromatic (n — 1)-in-a-row 
where the dynamic coordinates of the line are all 1. Therefore, the whole combina- 
torial line of length n is monochromatic as well. This will complete the proof. O 


It is very important to clearly understand what a sub-cube means, so we show an 
example of a 3-dimensional sub-cube of a 11-dimensional cube {0, 1, ove 


0210, 100, 2002 1211, 100, 2002 2212, 100, 2002 
0210, 111,2002 1211,111,2002 2212, 111, 2002 
0210, 122,2002 1211,122,2002 2212, 122, 2002 
0210, 100,2112 1211,100,2112 2212, 100, 2112 
0210, 111,2112 1211,111,2112 2212,111,2112 
0210, 122,2112 1211,122,2112 2212, 122,2112 
0210, 100, 2222 1211,100,2222 2212, 100, 2222 
0210, 111,2222 1211,111,2222 2212, 111, 2222 
0210, 122,2222 1211,122,2222 2212, 122, 2222 
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This particular sub-cube can be described as a 3-parameter string x21xlyy2zz2 
where the dynamic symbols x, y, z run through the values 0, 1, 2 independently 
of each other. The Ist, 4th, 6th, 7th, 9th, and 10th coordinates are the dynamic 
coordinates of this sub-cube. The rest of the coordinates, namely the 2nd, 3rd, 5th, 
8th, and 11th coordinates remain fixed for all the 3° = 27 points of this sub-cube. 
In this example we can separate symbols x, y, z from each other by using the 
comma-notation: x21x,lyy,2zz2. In other words, the string x21xlyy2zz2 can be 
decomposed into three sub-intervals x21x, lyy, and 2zz2. This is why we can call 
the sub-cube x21xlyy2zz2 an interval sub-cube. 

But this is not necessarily the case for a general sub-cube. For example, the 
3-parameter string x21zlyx2zx2, where the symbols x, y, z run through the values 
0, 1, 2 independently of each other, defines another 3-dimensional sub-cube of 
{0, 1, pa ae where the separation of symbols x, y, z by using comma is impossible. 
So the sub-cube x21zlyx2zx2 is not an interval sub-cube. But both sub-cubes 
x21 xlyy2zz2 and x21zlyx2zx2 are isomorphic to the cube xyz (and so to each 
other) in a natural way. 

As we said before, we are going to find an H/J°(n — 1, k)-dimensional sub-cube 
of A4 in which “symbols 0 and | cannot be distinguished by k-coloring C”, and this 
sub-cube will be an interval sub-cube. In fact, its string of length d will decompose 
into h = HJ‘(n—1,k) sub-intervals, where the éth sub-interval will have length 
m,, and it will look like 0...0x,...x,1...1 (€=1,2,..., 4). This means, each 
sub-interval will have the same form: it begins with a string of Os, the middle part 
consists of a string of x,s where x, is the éth independent parameter (“dynamic 
coordinates”), and the last part is a string of ls. The independent parameters 
X1,X2,...,X, run through the values 0, 1,...,— 1 independently of each other; 
this is how we get the n” points of the sub-cube. 

How to find this special HJ‘(n — 1, k)-dimensional interval sub-cube of A“? 
Well, we are going to construct the string of this interval sub-cube by descending 
induction on @, ie. 2=h,h—1,h—2,...,1. This means first we find the string 
0...0x,...x,1...1 of the last sub-interval of length m,. The crucial fact is that 
m,, is much, much larger than d—m, =m,+m,+...+m,_, (see the definition of 
m,;), So we have plenty of room for an easy application of the pigeonhole principle. 
We claim that there are two strings (“closing strings”) t, = 0...01...1 (where the 
first i symbols are 0) and t; = 0...01...1 (where the first 7 symbols are 0) with 
i < j, each of length m,, such that given any string s €¢ A“-"” of length (d—m,) 
(“opening string”), the C-color of the union string st; € A4 is the same as the C-color 
of the other union string st; € A‘, (Of course, st; means that union which begins 
with s and ends with t;.) But this statement is a direct application of the pigeonhole 
principle if 
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Indeed, there are k”””" c-colorings of the set of all possible “opening strings” 


se A(—™), On the other hand, there are m,, +1 special strings 
11, Al dS Wy Ay 1 
0,1,1,1,1,1,1,...,1 
0,0,1,1,1,1,1,...,1 
0,0,0,1,1,1,1,...,1 
0,0,0,0,1,1,1,...,1 


0,0,0,0,0,0,0,...,0 


of length m, (“closing strings”). Each special string t=0,...,0,1,..., 1 on this 
list defines a k-coloring of the set of all possible “opening strings” s ¢ A‘@-™) 
as follows: the color of “opening string” s is the C-color of the union string st. 
Therefore, if 


d-—m 
n nh 
mM, 2c > 


then by the pigeonhole principle there exist two special strings t, =0...01...1 
(where the first i symbols are 0) and t; =0...01...1 (where the first j symbols 
are 0) with i < j, each of length m,, such that the C-color of st; € A“ is the same 
as the C-color of st; € A@ for any “opening string” s € A‘), 

Note that inequality 


d—m), my +-+Mp_y 


m, > k" =k" 


holds by the definition of the m;,s. 

Now the string w(x,) =0...0x,...x,1...1 of the last sub-interval (of length 
m,) of the HJ°(n— 1, k)-dimensional interval sub-cube of A“ is the following: the 
first part is a string of i Os, the middle part is a string of (j—i) x,s (“dynamic 
coordinates’’), and the last part is a string of (m,—) 1s. 

Clearly w(x,;0) =t,; and w(x,; 1) =t,, so changing the dynamic coordinates 
of the last sub-interval simultaneously from 0 to 1 cannot be distinguished by 
c-coloring C. 

The general case goes exactly the same way by using the pigeonhole principle. 
Suppose we have already defined the strings w(x,,,), W(%;42), -... W(x,) of the 
last (h — £) sub-intervals of the desired HJ°(n—1, k)-dimensional interval sub-cube 
of A’. 

Again we claim that there are two strings (“middle strings” this time) t; = 
0...01...1 (where the first i symbols are 0) and t; =0...01...1 (where the first 
j symbols are 0) with i < j, each of length m,, such that given any “opening 
string” se AU™+-+™) of length (m,+...-++m,_,) and given any “closing string” 
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P=P,lp--+ 1, € A“ of length (h— 2), the C-color of the union string 
St W(x p415 TW(Xp495 To) WO%HS Tro) € AY 
is the same as the C-color of the other union string 
St W(X e415 W(X e425 M2) W(%)5 The) € ae 
(We recall that w(x; i) denotes the string obtained from w(x) by replacing each x 


by i.) Again the statement is a trivial application of the pigeonhole principle if 


His pre 
ta :. 


+...bimg_j +(h-0) 
Indeed, there are Kk?" 


sr where s€ A‘) is an arbitrary “opening string” and r= r,r,---r,_, € A“? 
is an arbitrary “closing string.” On the other hand, there are m,+ 1 special strings 


k-colorings of the set of all possible union strings 


Le LA Td Ty dase 
O,1,1,1,1,1,1,...,1 
0,0, 1,1, 1,1,1,...,1 
0,0,0,1,1,1,1,...,1 
0,0,0,0,1,1,1,...,1 
0,0,0,0,0,0,0,...,0 


of length m, (“middle strings”). Each special string t=0,...,0,1,..., 1 on this 
list defines a c-coloring of the set of all possible union strings sr where s € A‘~») 
is an arbitrary “opening string” and r = r,r,---r,_, € A“~ is an arbitrary “closing 
string”: the color of sr is the C-color of 


Stw(x e415 1) W(X e425 1) W(%n3 The) € AY 


Therefore, if 


my +..tmy_ +(h—) 
m, > ge (-1 ; 


then there are two strings (“ middle strings”) t; = 0...01...1 (where the first i 
symbols are 0) and t; =0...01...1 (where the first j symbols are 0) with i < j, 
each of length m,, such that the C-color of the union string 


. : : d 
Sty w(% e415 W(X e425 2) °° WO 3 Tre) EA 
is the same as the C-color of the other union string 


St W(X e415 M1) W(X e405 Pr) + W(X) 3 The) € Af 
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for any “opening string” s ¢ A(™+-+™-1) of length (m,+...+m,_,) and any 
“closing string” r=r,r,---r,_, € A“ of length (h— 2). 

Note that inequality 
m, > ia 
holds by the definition of the m;s. 

The string w(x,) =0...0x,...x,1...1 of the th sub-interval (of length m,) of 
the HJ°(n—1, k)-dimensional interval sub-cube of A“ is the following: the first part 
is a string of i Os, the middle part is a string of (j —7) x,s (“dynamic coordinates”), 
and the last part is a string of (m,,—/) Is. 

Clearly w(x,;0) =t; and w(x,; 1) =t;, so changing the dynamic coordinates 
of the ith sub-interval simultaneously from O to 1 cannot be distinguished by 
k-coloring C. 

At the end of this procedure we obtain an /-parameter string w(x,)w(x,)--- w(x,) 
of length d which defines an h-dimensional interval sub-cube of A“ having the fol- 
lowing property. Let Z be an arbitrary non-empty subset of {1,2,..., 4}; then 
simultaneously changing the dynamic coordinates of all the ith sub-intervals, where 
iéZ, from 0 to | cannot be distinguished by k-coloring C. This is the prop- 
erty referred to when we say that “in this sub-cube symbols 0 and 1 cannot be 
distinguished by k-coloring C.” 

The h-dimensional interval sub-cube defined by string w(x,)w(x,)---Ww(x,) 
is a {0,1,2,...,0— 1}" sub-cube. Consider that sub-cube of it where A = 
{0,1,2,...,2—1} is restricted to its (n—1)-element subset A\{0} = {1,2,..., 
n—1l}. This is a {1,2,...,n— 1}" sub-cube. Since h = HJ,(n —1,c), this 
{1,2,...,n—1}" sub-cube contains a monochromatic (n—1)-in-a-row where the 
dynamic coordinates of this line simultaneously run through {1,2,...,2—1} = 
A \ {0}. This monochromatic (m — 1)-in-a-row extends to a combinatorial line of 
length n in A‘, where the new point is that where the dynamic coordinates of the 
line are all 0. 

By using the property that “in this sub-cube symbols 0 and | cannot be distin- 
guished by k-coloring C,” it follows that the C-color of this new point (i.e. where 
the dynamic coordinates of the line are all 0) is the same as the C-color of that point 
on the monochromatic (n — 1)-in-a-row where the dynamic coordinates of the line 
are all 1. Therefore, the whole combinatorial line of length n is monochromatic as 
well. 

This proves that 


HJ°(n,k) <d=m,+m,+...+m,. 


It is trivial from the definition of the m;s that 


m,+m,+...+m, < g3(knh), 


1 
(n+ 1)k 
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where g(x) is the tower function. Since h = HJ°(n—1,k), by the induction 
hypothesis HJ*(n—1,k) < + 8% (n+k-+1) we conclude that 


1 1 1 
AJ°(n,k) < k k+1)}) = ———— k+1)). 
(164) = 8s (mk esl t+ 1) = alent k +1) 
By definition g, (s(n +k+ 1)) = g,(n+k+2), so 
1 1 
HAJ°(n, k) < ———— k+1)) = ———— k+2). 
(n,k) < Ge pester +1)) Gangs + +2) 


This completes Shelah’s proof. 


Appendix C 


A formal treatment of Positional Games 


Everything that we know about ordinary win in a positional game comes from 
Strategy Stealing. We owe the reader a truly precise treatment of this remark- 
able existence argument. Also we make the vague term “exhaustive search” 
precise by introducing a backtracking algorithm called “backward labeling”. We 
start the formal treatment with a definite terminology (which is common sense 
anyway). 


Terminology of Positional Games. There are some fundamental notions of games 
which are used in a rather confusing way in everyday language. First, we must 
distinguish between the abstract concept of a game, and the individual plays of that 
game. 

In everyday usage, game and play are often synonyms. Tennis is a good example 
for another kind of confusion. To play a game of tennis, we have to win two or three 
sets, and to win a set, we must win six (or seven) games; i.e., certain components 
of the game are again called “games.” If the score in a set is 6:6 — a “tie” — then, 
by a relatively new rule in tennis, the players have to play a “tie-break.” We will 
avoid “tie,” and use “draw” instead; “drawing strategy” sounds better than “tie, or 
tying, strategy.” 

In our terminology a game is simply the set of the rules that describe it. Every par- 
ticular instance at which the game is played in a particular way from the beginning 
to the end is a play. 

The same distinction should be made for the available moves and for the personal 
moves. At each stage of a play either player has a set of available moves defined 
by the rules of the game. An available move turns the given position of the play 
into one of its possible options defined by the rules. A personal move is a choice 
among the available moves. 

A game can be visualized as a tree of all possible plays, where a particular 
play is represented by a full branch of the tree. This is the well-known concept of 
“game-tree”’; We will return to it later in the section. 
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In a Positional Game: 


1. there are two players: the first player, who starts, and the second player; 

2. there are finitely many positions, and a particular starting position; 

3. there are clearly defined rules that specify the available moves that either player 
can make from a given position to its options; 

4. the players choose their personal moves alternately; 

5. the rules are such that a sequence of alternating personal moves will always 
come to an end in a finite number of moves, and the “ends” are called terminal 
positions; 

6. a complete sequence of alternating personal moves ending with a terminal 
position is called a play; 

7. the outcome of a play is specified by the rules: it may be a win for the first 
player, or a win for the second player, or a draw; 

8. both players know what is going on (“complete information”); 

9. there are no chance moves. 


A move in a Positional Game simply means to claim a previously unselected point 
of the board. 

What is a position in a Positional Game? Well, it is not completely obvious, 
because there are two natural interpretations of the concept. A position in the 
broad sense is called a partial play. It is the sequence of the alternating moves 
X15 V1, Xz, Yo,--- made by the two players up to that point of the play. In other 
words, a linear ordering, namely the “history” of the play, is involved. 

The notion used for position throughout this book is the “memoryless” position: 
the ordered pair of sets of the moves {x,,.x,,...}U{y,, y.,...} made by the first and 
second player up that point of the play (“position in a narrow sense”). This means 
the present configuration only is consided, and we ignore the way the “present” 
was developed from the “past” in the course of the play. A position in a Positional 
Game can be interpreted as a 3-coloring of the points of the board: the “colors” are 
X, O, and ?. X means the point was occupied by the first player, O means the point 
was occupied by the second player, and ? means “unoccupied yet.” 

In a Positional Game (i.e. such as the “Tic-Tac-Toe game’’) the history of a posi- 
tion is irrelevant; this is why we can afford working with the simpler “memoryless” 
concept of position. Chess is different: it is a game where the history of a play 
may become relevant. For example, a well-known “stop rule” says that the play is 
a draw if the same position (“in the narrow sense”) occurs for the third time. This 
means in Chess we must work with “position in the broader sense.” 

Given a partial play x,,Y\,X,Y2,...,X; (respectively x), ¥,,%2,Vo.--+5 Xj. Vi)» 
we call the position {x,,x,...,%;}, {¥1,¥2.--->¥i-1} (resp. {%),%,...,%;}, 
{y,,¥2,---, ¥,}) the end-position of the partial play. In other words, the end-position 
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is the “memoryless” partial play. Note that different partial plays may have the same 
end-position. 

A terminal position in a Positional Game means a “halving” 2-coloring of the 
points of the whole board by X and O (naturally X means the first player and O 
means the second player). “Halving” means that the two classes either have the 
same size, or the number of X’s is greater by one (depending on the parity of the 
size of the board). (A terminal position is the end-position of a complete play.) 

A drawing (terminal) position means a position such that every winning set has 
at least one X and at least one O, i.e. every winning set is blocked by either player. 

Let N = |V| denote the size of the board V. What is the total number of plays? 
Well, the answer is simply N! if we use the Full Play Convention: the players 
do not quit and keep playing until the whole board is completely occupied. N! is 
obvious: every play (i.e. “full play”) is a permutation of the board. What is the total 
number of partial plays? The answer is 


N+NN—1)+MN—1)(N—2)4+...+ N= le-NI, 


that is, the lower integral part of e- N!. What is the total number of positions? The 


exact answer is 
NN m 
© (n) (unas) 


but we don’t really need the exact answer, the easy upper bound 3” is a good 
approximation. Notice that 3” is the total number of 3-colorings of the board. 

Of course, a hypergraph may have a lot of ad hoc symmetries. Identifying 
‘fsomorphic positions” may lead to reductions in the numbers N!, |e-N!|, 3% 
computed above. 


Strategy. The main objective of Game Theory is to solve the strategy problem: 
which player has a winning (or drawing) strategy, and how does an optimal strategy 
actually look like? So the first question is: “What is a strategy?” Well, strategy is a 
rather sophisticated concept. It is based on the assumption that either player, instead 
of making each choice of his next personal move as it arises in the course of a play, 
makes up his mind in advance for all possible circumstances, meaning that, if there 
are more than one legitimate moves which the player can make, then a strategy pre- 
scribes unambigiously the next move. That is, a strategy is a complete plan which 
specifies what personal moves the player will make in every possible situation. 

In the real world, when we are playing a concrete game, we are hardly ever 
prepared with a complete plan of behavior for all possible situations, i.e. we usually 
do not have a particular strategy (what we usually have instead is some kind of 
a vague “tactic’”’). All that we want is to win a single play, and the concept of 
strategy seems unnecessarily “grandiose.” In Game Theory, however, strategy is 
the agreed-on primary concept — this idea goes back to J. von Neumann. This 
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approach has some great advantages. It dramatically simplifies the mathematical 
model of game playing. In the von Neumann model, at the beginning of a play 
either player makes a single “ultimate move” by choosing his own strategy. If a 
definite strategy has been adapted by either player, then the two strategies together 
uniquely determine the entire course of the play, and, consequently, determine the 
outcome of the play. In other words, strategy is the primary concept, and the rest, 
like play and the outcome of a play, are “derivative concepts.” This explains why 
Game Theory is often called the Theory of Strategies. 

One more thing: it is important to see that the use of a strategy by no means 
restricts either player’s freedom of action. A strategy does not force the player to 
make decisions on the basis of less information than there would be available for 
him in any instance during an actual play. 

In a Positional Game, a strategy for player P (the first or second player) is a 
function that associates with every possible play of the opponent a unique counter- 
play of player P. This procedure is non-anticipative: at a certain stage of a play a 
strategy assigns the “next move” in such a way that it depends on the previously 
selected moves only. The precise formal definition is easy, and goes as follows: 


Strategy: formal definition. Consider a Positional Game played on a finite hyper- 
graph (V,F). A strategy for the first (resp. second) player formally means a 
function Str such that the domain of Str is a set of even (resp. odd) length sub- 
sequences of different elements of the board V, and the range is V. If the moves of 
the first player are denoted by x,, x,,x3,..., and the moves of the second player 
are y,,Y>,¥3,---, then the ith move x; (resp. y;) is determined from the “past” by 
Str as follows 


X; = Str (1, V1, X21 V2. +++ Vin) © V\ {X15 Vis X29 Ya Yi-vf 


(resp. Yj = Str (Xp, Vis X25 Vas e+ > Vina Xi) © V\ 15 Wi X00 Yao ee Vind xi) 


defines the ith move of the first (second) player. 

In other words, a strategy for the first (second) player is a function that assigns 
a legal next move to all partial plays of even (odd) length. 

A winning (or drawing) strategy Sr for the first player means that in all 
possible plays where the first player follows Str to find his next move is a win for 
him (a win or a draw). Formally, each play 


X= Str(D), V1, xy = Str(X1,Y1), V2. %3 = Str, Vis X25 Ya)s V3 - ++ Wyo 
(C.1) 
if N =|V| is even, and 


x, = Str(D), Vy}... Vy w—1/2> Xwayy2 = Str(X1, Yi, X25 Yar +++ Yw—1)/2) (C.2) 


if N is odd, is a win for the first player (a win or a draw). 
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Similarly, a winning (or drawing) strategy Str for the second player means that 
in all possible plays where the second player uses Str to find his next move is a 
win for him (a win or a draw). Formally, each play 


Vx), ¥) = Str(x,), -.., VXny20 Ynyn = Str(X1, Vis X25 Vas +++» Xz) (C.3) 
if N is even, and 
WX1,Y, = Str(X1), VX2, V2 = Str(X,, Vy, Xp), V3, 0+ VX gty2 (C.4) 


if N is odd, is a win for the second player (a win or a draw). In both cases 


x, © V\ {Xp Vis Xa. Var Vi-rf and -y, © V\ {y, Wy, X05 Yao +++ Via Xi} (C.5) 


hold for all i > 1. 

The ultimate questions of Game Theory are about strategies, more precisely about 
optimal strategies. Optimal strategies are the (1) winning strategies, and the (2) 
drawing strategies when winning strategy does not exist. Unfortunately, counting 
the number of optimal strategies is hopelessly complicated. To count all possible 
strategies is a much easier task; we can do it as follows. 

Again we use the Full Play Convention (the players do not quit and keep playing 
until the whole board is completely covered, even if the winner is known well 
before that). This assumption ensures that the structure of the hypergraph becomes 
irrelevant, and the answer depends on the size N=|V| of the board only. The 
total number of strategies turns out to be a doubly exponential function of N. 
This quantitative result demonstrates the complexity of the concept of strategy; it 
justifies the common sense intuition that “strategy is a deep concept.” 

We begin the counting with an obvious analogy: play < function and strategy 
<> operator. What this means is that a play is basically a function, and a strategy is 
basically an operator. Indeed, like an operator associates a function to a function, a 
strategy associates with every possible play of the opponent a counter-play of the 
player owning the strategy. 

This analogy yields the trivial upper bound N°’ on the number of all strategies. 
Indeed, a strategy associates with every accessible partial play a unique next move. 
With a little bit more effort we can even find the exact answer. 


Exact number of all strategies. Consider a concrete play x,, y), X7, 2,3, V3, --5 
that is, x,, x5, X3,... are the points claimed by the first player, and y,, y,, y3,... are 
the points claimed by the second player in this order. 

Let Str be a strategy of (say) the second player. A strategy for the second 
player is a function Str such that the ith move y, is determined from the “past” by 
Yj = Str(Xy5 V1, X25 Vas e+e s Vina Xi) © V\ {15 Vis X25 Vas ee Vinay Kid 

Therefore, given x, (the first move of the first player), Str uniquely determines 
y, (4 x,), the first move of the second player. Similarly, given x,, x,, Str uniquely 
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determines y, (¢ {x,, y,,X5}). Given x,,x,,%3, Str uniquely determines y, (¢ 
{X1, Y1.X5.¥2,X3}), and so on. This shows that we can write 


Yj = Str(X 15 V5 Xp Vos +++ Vinay Hj) = Sti, Xp, --- + %)) 
since y,, Yx,-.-, y;_; are already determined by x,, x),...,.x,_,. Therefore, Str can 
be considered as a vector 
Str = (Str,, Str,, Strz,...), 


and call Str, the ith component of strategy Str. By definition, the total number of 
first components Str, is precisely (N —1)%. Similarly, the total number of Str,s is 
(N —3)%"~2), the total number of Str,s is (N —5)N®-2)—%), and so on. 

Two strategies, str and STR, are different if and only if there is an integer /, 
1<j<(N+1)/2 and a sequence x,,x5,...,x, of length j such that 


Str (1, Xp, ---,%;) A STR (x1, X,---, X;)- 
It follows that the total number of strategies is the product 
(N _ 1)” r (N = ayn) i (N— Sy ©) saad 


LW/2}—1 c N log N/2+0 
ad I] (N — 1 —2i)!Ti-0(N—-29 =e log N/2+ Ms (C.6) 
i=0 
This proves that strategy is a genuine doubly exponential concept. 
In particular, ordinary 3? Tic-Tac-Toe has 9! % 3.6- 10° possible plays (“Full 
Play Convention”), the total number of partial plays is 


e-9! = 10°, 


the total number of positions is 


=O) (uas)=73” 


and finally, the total number of strategies is 
8° " 67 i" 4975 : 29-753 SS 10°. 


To try out all possible strategies in order to find an optimal one is extremely 
impractical. 

The next theorem says that every Positional Game is “determined.” This is a 
special case of a more general theorem due to Zermelo [1912]. 


Theorem C.1 (“Strategy Theorem”) Let (V, F) be an arbitrary finite hypergraph, 
and consider a Positional Game (normal or Reverse) on this hypergraph. Then 
there are three alternatives only: either the first player has a winning strategy, or 
the second player has a winning strategy, or both of them have a drawing strategy. 
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Proof. We repeat the argument at the beginning of Section 5 with more rigor. It 
is a repeated application of De Morgan’s law. Indeed, we have the following three 
possibilities: 


(a) either the first player (I) has a winning strategy; 
(b) or the second player (II) has a winning strategy; 
(c) or the negation of (a)v(b). 


First assume that N = |V| is even. In view of (C.1)-(C.5) case (a) formally means 
that 
Ax Vy, Ax Vy ++ AxyVn/2 (C.7) 


such that I wins (the sequence in (C.7) has to satisfy (C.5)). 
Indeed 


Str (1, Vy, X25 Yar eer Vin) = Hi © V\ {X15 Vs Xa» Var ee Vis 


defines a winning strategy Str for I. 
By the De Morgan’s law, —(a) is equivalent to 


Vx, dy Vx2AJy>-- Wx An? (C.8) 


such that I loses or it is a draw (the sequence in (C.8) has to satisfy (C.5)). Therefore, 
—(a) means that IT has a drawing strategy. 

Similarly, —(b) means that I has a drawing strategy. 

Case (c) is equivalent to -(a)A—(b), which means that both players have a 
drawing strategy. 

Finally, we leave the case “N is odd” to the reader. O 


The three alternatives of Theorem C.1 are the three possible outcomes of a game. 
Note that basically the same proof works for all finite combinatorial Games (to 
be defined later). This fact is traditionally expressed in the form that “every finite 
combinatorial game is determined”; this is often called Zermelo’s Theorem. For 
a constructive proof of Theorem C.1, which gives an algorithm to actually find 
an explicit winning or drawing strategy, see Theorem C.3 later in the section 
(unfortunately the algorithm is impractical). 

In a Positional Game a particular play may end with Second Player’s win, but 
only if First Player “made a mistake.” If First Player plays “rationally” (i.e. he uses 
an optimal strategy), then he cannot lose a Positional Game (see also Theorem 5.1). 


Theorem C.2 (“Strategy Stealing”) Let (V, F) be an arbitrary finite hypergraph. 
Then playing the Positional Game on (V,F), First Player can force at least a 
draw, i.e. a draw or possibly a win. 


Proof. Assume that Second Player (II) has a winning strategy STR, and we want 
to obtain a contradiction. The idea is to see what happens if First Player (I) steals 


684 Appendix C 


and uses STR. A winning strategy for a player is a list of instructions telling the 
player that if the opponent does this, then he does that, so if the player follows the 
instructions, he will always win. Now I can use II’s winning strategy STR to win 
as follows. I takes an arbitrary first move, and pretends to be the second player 
(he ignores his first move). After II’s move, I, as a fake second player, reads the 
instruction in STR to take action. If I is told to take a move that is still available, 
he takes it. If this move was taken by him before as his ignored “arbitrary” first 
move, then he takes another “arbitrary move.” The crucial point here is that an 
extra move, namely the last “arbitrary move,” only benefits I in a Positional Game. 

The precise formal execution of this idea is very simple and goes as follows. We 
use the notation x,, Xx, .x3,... for the moves of I, and y,, y,, y3,... for the moves 
of II. By using II’s moves y,, y,, y3,...and II’s winning strategy STR, we are 
going to define I’s moves x,, x», x;,... (satisfying (4.5)), and also two auxiliary 
sequences Z,, Z>,Z3,... and w,, Wy, W3,.... Let x, be an “arbitrary” first move of I. 
Let w, = x, and z, = STR(y,). We distinguish two cases. If z; 4 w,, then let x, = z, 
and w, = u,. If z; = w,, then let x, be another “arbitrary” move, and let wy = x). 
Next let z,. = STR(y,, Z;, y2). Again we distinguish two cases. If z, 4 w,, then let 
X3 = Z, and w; = wy. If z, = wy, then let x; be another “arbitrary” move, and let 
W3 = X3, and so on. In general, let z; = STR(y,, Z;, Yo; Z25---» ¥;). We distinguish 
two cases: if z; # w,, then let x,,, =z; and w,, = w;; and if z; = w,, then let x,,, 
be another “arbitrary” move, and let w,., = X;<1. 

It follows from the construction that 


Aas esp isi} = {Z1,Z2,-++,Z;}U {wi} (C.9) 


for each i > 1. In view of (C.9) the “virtual play” y,, Z,, ¥2, 22, 3, Z3.--- is a legal 
one, i.e. it satisfies (C.1)-(C.5). We call the two players of this “virtual play” Mr. Y 
(who starts) and Mr. Z (of course, Mr. Y is II, and Mr. Z is “almost” I). The only 
minor technical difficulty is to see what happens at the end. We consider two cases 
according to the parity of the board size. The complete “virtual play” between Mr. 
Y and Mr. Z is 


Vir Z1> V2» 22> V3> 230 -++9 Vino Zm> Wnt (C.10) 
if the board size |V| = 2m+ 1 is odd, and 


Vie S1> Yao <2» V3> 239-222 Vm—19 Sm—-19 Vine Win (C.11) 


if the board size |V| = 2m is even. 

We recall that z; = STR(y, Z,, Yo, Z2,---»Z;-1, y;) for each i> 1. Since STR is a 
winning strategy for the second player, it follows that Mr. Z wins the virtual play 
(C.10) (ie. when |V| is odd) even if the last move w,,,, belongs to Mr. Y. In view 
of (C.9) this implies a I’s win in the “real play” 


X15 Vi>%2> Yr» X35 Y3>--+>Xm> Vino Xm4i- 
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Similarly, Mr. Z wins the virtual play (C.11) (ie. when |V| is even) if the last move 
w,, belongs to him. This implies a I’s win in the “real play” 


X1> Vp» X29 Yao X35 V30-++>Xino Vine 


We used the fact that in a positional game an extra point cannot possibly harm I. 
This is how I “steals” II’s winning strategy STR. 

The conclusion is that if If had a winning strategy, so would I. But it is clearly 
impossible that both players have a winning strategy. Indeed, if either player follows 
his own winning strategy, then the play has two winners, which is a contradiction. 
So the supposed winning strategy for II cannot exist. This implies that I can always 


force at least a draw. L 


The main interest of Game Theory is to solve games, i.e. to determine which player 
has a winning or drawing strategy. In terms of plays, it means to predict the outcome 
of a play between perfect players. 

In Game Theory we always assume that the players are perfect (gods like Pallas 
Athena and Apollo); what it means is that either player knows his/her optimal 
strategy (or at least one of them if there are several optimal strategies) even if this 
knowledge requires “‘supernatural powers.” 

Real world game playing is of course totally different. The players are anything 
but perfect, and make “mistakes” all the time. For example, when real world players 
are playing a Positional Game, it often happens that Second Player ends up winning 
a play by taking advantage of First Player’s mistake(s). But, of course, an incident 
like this does not contradict Theorem C.2. 

There is an important point that we have to clarify here. When we talk about 
“perfect players,” it does not mean that the concept of winning (or drawing) strategy 
presupposes “rational” behavior of the opponent. Not at all. A winning (drawing) 
strategy for player P simply means that player P can always force a win (a draw or 
possibly a win), no matter what his opponent is doing. If player P has a winning 
strategy and follows the instructions of his winning strategy, it does not make any 
difference that the opponent is perfect or foolish, player P will win anyway. On 
the other hand, if player P has a drawing strategy, then the opponent can make a 
difference: by “making mistakes” the opponent may lose a potential draw-game, 
and player P may have a win after all. 

Strategy Stealing may reveal who wins, but it does not give the slightest clue 
of how to actually find the existing drawing or winning strategy in a Positional 
Game. To find an explicit drawing or winning strategy we often have no choice but 
need to make an exhaustive search. For example, consider the (K,,, K,, —) Reverse 
Clique Game. In the normal version, First Player has a winning strategy (but we 
do not know how he wins); in the Reverse version one of the players must have a 
winning strategy, but we don’t even know which one. To determine which player 
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wins we need to make an exhaustive search. What is an exhaustive search? A trivial 
approach is to try out all possible strategies. Since the total number of strategies is 
doubly exponential, this is extremely impractical. A much faster way to do it is to 
search through all positions (instead of all strategies). A systematic way to search 
through all positions is now described. We begin with the concept of: 


Game-Tree. Every Positional Game can be visualized as a “tree of all possible plays”; 
we call it the game-tree. The game-tree is a labeled rooted directed tree. The vertices 
represent the partial plays, the root is the starting position, and a directed edge goes 
from a partial play to one of the options of the end-position. The full branches of 
the game-tree represent the plays. The terminal positions (“leaves”) are labeled by 
I, I, and D according to the outcome of the concrete play ending at that terminal 
position. Tif itis a first player win, I if it is a second player win, and D if it is a draw. 
Figure C.1 shows the game-tree of the 2?-game. 


A good way to visualize a strategy is to look at it as a special sub-tree of the game- 
tree. Note that every vertex of the game-tree has a well-defined distance from the root. 
If this distance is even, then the first player moves next; if the distance is odd, then 
the second player moves next. The following is an alternative way to define strategy. 


Strategy: an alternative definition. A strategy for the first (second) player is a 
sub-tree T’ of the game-tree T such that: 


(1) the root belongs to T’; 

(2) in T’ each even-distance (odd-distance) vertex has out-degree 1; 

(3) in T’ each odd-distance (even-distance) vertex has the same out-degree as in 
the whole game-tree T. 


A drawing or winning strategy for the first (second) player is a sub-tree T’ of 
the game-tree T such that it satisfies (1)-(2)-(3) and each leave of T’ is labeled by 
D or I, or I only (D or I, or II only). Figure C.2 shows a First Player’s winning 
strategy in the 2?-game. 
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The next picture is the beginning of Qubic’s distinct-position tree (Qubic is the 
4x 4x 4 version of Tic-Tac-Toe). 


ladadaasaaan 


ZEEE EEEEEEe 
EE LEG LEG LEG fig) (eG fig) [2a ia) LEG lig 


688 Appendix C 


The picture represents levels 0,1,2, and 3. There are only 7 distinct 3-moves, 
reduced from 12 2-positions by choosing first player’s optimal responses for these 
12 positions. 


Position-graph. Every Positional Game (normal or Reverse) has a position-graph. 
The position-graph is a labeled rooted directed graph. The vertices are the positions, 
the root is the starting position, and the directed edges go from a position to its 
options. The terminal positions (“leaves”) are labeled by I, II, and D according to 
the outcome of the concrete play ending at that terminal position. I if it is a first 
player’s win, II if it is a second player’s win, and D if it is a draw. 

Every vertex of the position-graph has a well-defined distance from the root: it 
is the number of moves made by the two players together. If this distance is even 
(odd), then the first (second) player moves next. 


Memoryless strategy. A memoryless strategy for the first (second) player is a 
sub-graph G’ of the position-graph G such that: 


(i) the root belongs to G’; 
(ii) in G’ each even-distance (odd-distance) vertex has out-degree 1; 
(iii) in G’ each odd-distance (even-distance) vertex has the same out-degree as in 
the whole position-graph G. 


A drawing or winning memoryless strategy for the first (second) player is a 
subgraph G’ of the position-graph G such that it satisfies (i)-(ii)-(iii) and each leave 
(i.e. vertex with zero out-degree) of G’ is labeled by D or I, or I only (D or II, or 
II only). 

Note that a strategy Str is not necessarily a memoryless strategy. Indeed, let pp 
and PP be two distinct partial plays which have the same end-position Pos; then 
strategy Str may associate different next moves to pp and PP. If Str is an optimal 
strategy, then there is a simple way to reduce Str into an optimal memoryless 
strategy. Assume that Str is a (say) winning strategy for (say) the first player, but 
it is not a memoryless strategy. Then there exists a “violator,” i.e. there exist two 
distinct partial plays pp and PP which: 


(1) have the same end-position Pos; 
(2) it is the first player’s turn to move in Pos; and, finally, 
(3) Str associates different next moves to pp and PP. 


Let T be the game-tree. Note that Str is a special sub-tree of T. Let T(pp) 
and T(PP) denote, respectively, the labeled directed sub-trees of T which are 
rooted at pp and PP. By property (1) these two labeled sub-trees are identical 
(isomorphic). On the other hand, by property (3) StrOT(pp) and StrN T(PP) 
are different “sub-strategies.” Replacing sub-tree Str T(PP) of Str with Strn 
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T(pp), we obtain a winning strategy Str’ of the first player with fewer number 
of “violators.” Repeating this argument we have a sequence Str, Str’, Str”, ... of 
winning strategies with a strictly decreasing number of “violators,” terminating (in 
a finite number of steps) in a memoryless winning strategy. 

Note that the number of memoryless strategies is substantially less than the 
number of strategies (as always we use the Full Play Convention that the players 
do not quit and play until the whole board is completely covered). Indeed, by (C.6) 
the number of strategies is around 

oN log N/2+0(N) (C. 12) 
where N=|V| is the size of the board. On the other hand, since a memoryless 
strategy associates with every accessible position a unique next move, the number 
of memoryless strategies is less than 


N 


3 N ON) 
N = e log N = °° 


? 


which is much less than (C.12). 
A trivial lower bound on the number of memoryless strategies is 


QN/3 


ey (ca 


Indeed, consider a concrete play x), ¥,, X2, Y2, 3, Y3,--., that is x1, %,%3,... are 
the points claimed by the first player, and y,, y,, y3,... are the points claimed by 
the second player in this order. Let V = V, UV, be a decomposition of the board 
such that |V,| = N/3 and |V,| = 2N/3. Let Str be a memoryless strategy of (say) 
the second player. A memoryless strategy for the second player is a function which 
associates with an arbitrary accessible position {x,,x5,...,x;}U{9,,¥.---.¥-1} 
(i> 1) a next move y; such that y, € V\ {x,, ¥j,%, Y2,--->Y;_1>X;}. We follow the 
extra rule that if {x,,x,,...,x;} C Vj, then y, € V,. Under this rule memoryless 
strategy Str associates with every subset {x,,x,,...,x,;}C V, a next move y, € V,\ 
{v1 ¥o.---+>¥;_-1} where |V,\ {¥,,¥.,---.¥_1}| = N/3. This proves (C.13). (C.13) 
shows that the number of memoryless strategies is still doubly exponential. 

The ultimate questions of game theory are “which player has a winning (or 
drawing) strategy” and “how to find one.” From now on we can assume that 
strategy always means a memoryless strategy. 

A simple linear time algorithm — the so-called “backward labeling” of the 
position-graph — settles both ultimate questions for any Positional Game (nor- 
mal and Reverse). This algorithm gives an optimal memoryless strategy for either 
player in linear time: linear in size of the position-graph. What is more, the “back- 
ward labeling” provides the “complete analysis” of a Positional Game. Note that the 
position-graph is typically “exponentially large”; this is why the “backward labeling 
algorithm” is usually impractical. (To try out all possible strategies is much, much 
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worse: the total number of strategies is a doubly exponential function of the size of 
the board.) Note that “backward labeling” applies for a larger class of games called 
Combinatorial Games. 


Combinatorial Games. How to define Combinatorial Games? Here is a list of 
natural requirements: 


1. There are two players: the first player (or I, or White, etc.) who starts the game, 
and the second player (or II, or Black, etc.). 

2. There are finitely many positions, and a particular starting position. 

3. There are clearly defined rules that specify the moves that either player can 
make from a given position to its options. 

4. The players move alternately. 

5. The rules are such that a sequence of alternating moves will always come to 
an end in a finite number of moves. The “ends” are called terminal positions. 

6. A complete sequence of alternating moves ending with a terminal position is 
called a play. 

7. The outcome of a play is specified by the rules. It may be a win for the first 
player, or a win for the second player, or a draw. 

8. Both players know what is going on (complete information). 

9. There are no chance moves. 


Note that the 5th requirement prohibits perpetual draws, i.e. we exclude infinite 
“loopy” games. 

Of course, Combinatorial Games must contain the class of Positional Games. 
With every Positional Game (normal and Reverse) we can associate its game-tree. 
The standard way to define an “abstract” combinatorial game is to reverse this 
process: an “abstract” combinatorial game is a “coin-pushing game” on a labeled 
rooted directed tree. 


Definition of Combinatorial Games. A (finite) combinatorial game [ = (T, F) 
means a coin-pushing game on a finite rooted directed tree JT. The root of T has 
in-degree zero, and any other vertex has in-degree exactly one. At the beginning 
of a play a coin is placed in the root (“starting position”). At each move the 
players alternately push the coin along a directed edge of tree T. F denotes the 
outcome-function (“labeling”) which associates with each leaf (i.e. vertex with zero 
out-degree) of tree T a label. The three possible labels are I, II, and D. 

Note that a vertex of the tree represents a “partial play,” a leaf represents a 
“terminal position”, and the unique full branch ending at that leaf represents a 
“play.” Label I “means” that the particular play ending at that leaf is a first player 
win, II “means” a second player win, and D “means” a draw. We can identify a 
combinatorial game IT = (T, F) with its own game-tree. 
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We can easily define a strategy in a combinatorial game [ = (T, F) as a special 
sub-tree of T. 

A Positional Game can be represented as a coin-pushing game on its own game- 
tree. A more “economic” representation is a coin-pushing game on its own position- 
graph. This representation belongs to the class of Linear-Graph Games (to be 
defined below). This representation implies a (rather irrelevant) formal restriction 
in the concept of strategy: it restricts strategies to memoryless strategies. 

The position-graph of a Positional Game (without the labeling) belongs to the 
class of rooted linear digraphs. A digraph (i.e. directed graph) is a linear digraph 
if its vertex set has a partition V), V,, V>,..., V, (k = 1) into non-empty sets such 
that: 


(1) for each v € V; with 1 <i<k there is a u € V,_, such that the directed edge 
u—> v, which goes from vertex u to vertex v, belongs to the linear digraph, 

(2) if u— vis a directed edge of the linear digraph, then there is ani with 1 <i<k 
such that uw € V;_, and ve V;,. 


A rooted linear digraph means that the first vertex-class V) consists of a single 
vertex called the root. Note that a rooted linear digraph is always connected as an 
ordinary graph, i.e. when we ignore the directions. In a rooted linear digraph every 
vertex has a well-defined distance from the root: if u € V;, then the distance of 
vertex u from the root is i. 


Linear-graph game. A (finite) linear-graph game [ = (G, F) means a coin- 
pushing game on a finite rooted linear digraph G. At the beginning of a play a 
coin is placed in the root (“starting position”). At each move the players alternately 
push the coin along a directed edge of digraph G. F denotes the outcome-function 
(“labeling”) which associates with each leaf (i.e. vertex with zero out-degree) of 
digraph G a label. The three possible labels are I, II, and D. 

Note that a vertex of the digraph represents a “position,” a leaf represents a 
“terminal position,” label I “means” that the terminal position is a first player win, 
II “means” a second player win, and D “means” a draw. 

By following We leave to the reader to define a strategy in a linear-graph game 
I = (G, F) as a special sub-graph of G. 

Since a rooted directed tree is a rooted linear digraph, the class of Combinatorial 
Games is a sub-class of the class of linear-graph games. “Backward labeling” (see 
below) will give a precise meaning to the vague expression “exhaustive search”; 
“backward labeling” applies for the whole class of Linear-Graph Games. 


Complete Analysis. “Backward labeling” is an algorithm for extending the I, II, D- 
labeling F of the terminal positions in a linear-graph (or combinatorial) game [ to 
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all positions. The resulting label of the starting position answers the first ultimate 
question “who wins?”. 

Let I = (G, F) be an arbitrary linear-graph game, where G = (V, E) is a finite 
rooted linear digraph, V is the vertex-set, and E is the edge-set. Let Z Cc V be the 
set of terminal positions (i.e. vertices with zero out-degree). The outcome-function 
F cuts Z into 3 parts (“TI wins,” “II wins,” “draw’’) 


Z,={ueZ: Fu)=Th, 
Zy={ueZ: Flu) =I, 
Zp={ueZ: Flu) =D}. 


We are going to extend this partition Z = Z,UZ,,U Zp into a partition of V = 
V,UV,,U Vp satisfying V, > Z,, V;; 2 Z,, and Vp > Zp. 
Let u € V be an arbitrary position (i.e. vertex). Its options are 


Options(u) = {ve V: u> ve £}. 


By definition, all terminal positions are labeled by I, IL, and D. In a rooted linear 
digraph every vertex has a well-defined distance from the root. If the distance is 
even (odd), then the first (second) player moves next. 

We use the natural rules (1)-(2)-(3) and (1’)-(2’)-(3’) below to extend the LII,D- 
labeling F backward from Z to the whole vertex-set V in O(|E|) steps (“iff’ stands 
for if and only if): 


(1) we V, iff Options(u)NV, 4G, 
(2) ué Vp, iff Options(u) NV, = @ and Options(u) NV, 4 G, 
(3) ue V,, iff Options(u) C V,,, 


if vertex u has an even distance from the root; and 


(1') we V,, iff Options(u) NV, 4G, 
(2') ué V, iff Options(u) NV, = @ and Options(u) NV, 4 @, 
(3') ue V, iff Options(u) C V,, 


if vertex u has an odd distance from the root. 

More precisely, let s € V denote the starting position. Let V) = {s}, V, = 
Options(s), and in general 

V,., = U Options(u). 
ucV; 

Vo, Vi, Vo,... iS a partition of V. Let m be the largest index such that V,, is not 
contained by set Z. Then depending on the parity of m we use rules (1)-(2)-(3) if 
m is even and rules (1’) — (2’) — (3’) if m is odd to extend the LII,D-labeling to 
V,,, then to V,,_,, then to V,,_,, and so on back to Vo. 
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Let F denote this extension of labeling F from the set of the terminal positions 
Z to the whole V. We call T = (G, F) the complete analysis of game I = (G, F). 
The reason why we call I the complete analysis is that it answers the two ulti- 
mate questions of “who wins” and “how to win.” Rules (1),(2),(3),(1’), (2’), (3) 
guarantee that if a position is labeled I (II) then the first (second) player can force 
a win in the sub-game starting from this particular position. Label D means that 
both players can maintain a draw in this sub-game. If the position is the starting 
position, then the sub-game is the whole game I. In other words, the label of the 
starting position answers the question of “who wins.” 

The next question is “how to win.” The complete analysis T provides an explicit 
way to find either player’s optimal strategy in game I’. 


(i) If the starting position is labeled by I (i.e. the first player has a winning strategy), 
then the first player’s explicit winning strategy is to keep moving to any option 
with label I (he can always do that). 

(ii) If the starting position is labeled by IT, then the second player’s explicit winning 
strategy is to keep moving to any option with label II. 

(iii) If the starting position is labeled by D, then the first (second) player’s explicit 
drawing strategy is to avoid II (I). 


Note that the complete analysis carries much more information than merely 
answering the two ultimate questions. Indeed, by using the complete analysis we 
can easily obtain the complete list of all possible optimal strategies in a linear-graph 
game (though this list is usually absurdly long). 

Furthermore, the complete analysis I of T answers the two ultimate questions in 
every sub-game where the players start from an arbitrary position, not necessarily 
the starting position. 

For example, in Section 3 we gave an explicit Second Player’s Drawing Strategy 
in ordinary Tic-Tac-Toe. But an optimal strategy is far less than the Complete 
Analysis; an optimal strategy does not solve, among many others, the following 
Tic-Tac-Toe puzzle: “What is Second Player’s (i.e. Os) optimal reply in the position 
on Picture 1?”. Note that Second Player can force a draw here, but the five moves, 
marked by ?, all lead to Second Player’s loss (why?). (That is, First Player gives the 
opponent several “chances” to lose; this is all what we need against a poor player.) 


Second Player's 
Draw forcing 
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Note that the position on in the figure cannot show up if Second Player follows 
his Section 3 Drawing Strategy. Of course, the Complete Analysis of ordinary 
Tic-Tac-Toe solves this particular puzzle, and all possible puzzles like that. 

Here is a game where it is easy to find a winning strategy but the Complete 
Analysis remains a mystery. In the following Domino Game the players take turns 
placing a domino everywhere on a rectangular board. Each domino must be put 
down flat, within the border of the rectangle and without moving a previously 
placed piece. There are more than enough dominoes to cover the whole rectangle. 
The player who puts down the last piece is the winner. A play cannot end in a draw, 
so which player has a winning strategy? Of course, First Player can force a win: 
his opening move is to place the first domino exactly at the center of the board, 
and thereafter to copycat his opponent’s play by placing symmetrically opposite. It 
is obvious that whenever Second Player finds an open spot, there will always be 
an open spot to pair with. 

Here comes the twist: if First Player’s opening move is not the center, then we 
do not know whether or not he can still force a win. 

A similar example is “The-longer-the-better Arithmetic Progression Game” 
played on the interval {1,2,...,2N} of even size. The players alternately select 
previously unselected integers from the interval. The winner is the player whose 
longest arithmetic progression at the end of the play is Jonger than the opponent’s 
longest progression; in case of equality the play is a draw. The mirror image pairing 
{i, N+1—i},i=1,2,...,N is obviously a drawing strategy for Second Player. 
However, if Second Player’s first move is not the reflection of the opponent’s 
opening move, then again we do not know whether or not he can still force a draw. 
In these two games it was very easy to find an optimal strategy, but the Complete 


Analysis is not known. 
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We summarize the properties of the “backward labeling” in the following general 


statement. 
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Theorem C.3 (“Backward Labeling”) Let T = (G, F) be a linear-graph game. The 
Backward Labeling algorithm determines the complete analysis of Y — in particular, 
it finds the outcome of the game, and provides either player’s optimal strategy — in 
computing time O(|G|), i.e. linear in size of the graph G. 

In particular, for a Positional Game (V, F) the computing time is linear in size 
of the position-graph, i.e. O(N -3%) where N =|V\. 

In the special case of Combinatorial Games T = (T, F) the computing time is 
linear in size of the game-tree T. 


Theorem C.3 seems to be folklore; a variant was published in the classical book of 
von-Neumann and Morgenstern [1944]. 


The Main Problem of Positional Game Theory. Consider a Positional Game 
(normal or Reverse): if the size of the board V is N, then the size of the game- 
tree is clearly O(N!). Note that O(N -3%) is substantially less than O(N!); this 
saving — O(N -3%) instead of O(N!) — was the reason to introduce the concept of 
Linear-Graph Games. 

The Backward Labeling algorithm describes the winner and provides an explicit 
winning or drawing strategy in linear time. In particular, for Positional Games the 
running time is O(N - 3%). 

Backward Labeling answers the ultimate questions of Game Theory. This is 
great, but there are several reasons why we are still “unhappy.” First, the Back- 
ward Labeling is hardly more than mindless computation. It lacks any kind of 
“understanding.” 

Second, a 3%-step algorithm is impractical. To perform 3” operations is far 
beyond the capacity of the fastest computers, even for relatively small board-size 
like (say) N = 100. The laws of physics suggest a universal speed limit which is 
much smaller than (say) 3! operations per second (or minute, or hour, or year, 
it does not really matter). Right now 10!° operations per second is about what the 
fastest computers are capable of doing. 

This means that, unless we find some substantial shortcut, for a game with board- 
size > 100 Backward Labeling is intractable. Human brain can sometime diagnose 
shortcuts, but we cannot expect substantial shortcuts too often, certainly not for the 
whole class of Positional Games. In other words, even small Positional Games are 
so complex that it is possible that the existing winning or drawing strategies may 
never be found. (In general we cannot expect too many symmetries, and it is not 
clear how to make use of sequences of forced moves.) 

Is there any escape from the “trap” of exponential running time? At first sight, 
exponential running time seems inevitable: a complete analysis has to describe a 
unique next move in every possible position, and in a Positional Game the total 
number of positions is around 3” (i.e. exponential). But in a particular play the 
players face no more than N =|V| positions, and the game is described by a 
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hypergraph F. What we are really interested in is not the complete analysis, but 
to achieve the optimal outcome in every particular play. The real question is: can 
we implement an optimal strategy in polynomial time — polynomial in terms of 
O(|V| + |F]|) where (V, F) is the given hypergraph — in every single play? 

Now we understand why the Backward Labeling, although theoretically very 
important, cannot be the last word of the theory. The “catch” of Theorem C.3 is 
that Backward Labeling answers the two ultimate questions — “who wins” and “how 
to win” — in the fastest way in terms of the position-graph (or game-tree), but the 
position-graph (or game-tree) is an inefficient way to describe a particular play. 

For example, if the Erdés—Selfridge Strong Draw criterion applies: F is n- 
uniform and |F| < 2”~!, then the power-of-two scoring system provides an explicit 
drawing strategy for both players. The computational complexity (“running time’) 
of the power-of-two scoring system is polynomial in terms of O(|V|+|F]|) for 
every single play. 

Similarly, every other theorem in this book describes classes of Positional Games 
(i.e. hypergraphs) for which we know the outcome (“who wins”), and the proof sup- 
plies an explicit strategy for either player (with the exception of those using Strategy 
Stealing). The implementation of these explicit strategies is always polynomial in 
the sense that the necessary computation is polynomial in terms of O(|V|-+|#F]) for 
every single play. 

Can we do it in general? This is a major open problem. 


Open Problem C.1 Consider the class of all Positional Games. 


(a) Does there exist an algorithm that determines the outcome of the game on 
an arbitrary hypergraph (V,F) in polynomial time, polynomial in terms of 
OV] +|F I)? 

(b) Does there exist an algorithm that determines an optimal strategy for either 
player, and for every single play the computational complexity of the 
implementation of this optimal strategy is polynomial in terms of O(|V| +|F|)? 


In view of the famous conjecture PANP (where P and NP are the well-known 
complexity classes), it seems to be hopeless to give a positive solution to Open 
Problem C.1. We conclude, therefore, that Theorem C.3 is not the end, but rather 
the starting point of the theory. We consider Backward Labeling the “worst case 
> and the main problem of Positional Game Theory is to describe large 
classes of games (i.e., hypergraphs) for which there is a much more efficient way 
to answer “who wins” and “how to win.” 

A complementary “negative” approach is to try to prove that some classes of 
Positional Games are hard in the sense that every algorithm, which determines the 
“outcome” (or an “optimal strategy”) for all games in the class, must necessarily 
take as much computations as the Backward Labeling, or at least a very large 


scenario,’ 
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amount of computations. Unfortunately no one knows how to prove unconditional 
computational complexity lower bounds for “natural games,” only for “artificial 
games,” so the “negative” approach is quite unexplored yet. For a survey paper 
about games and computational complexity, see Fraenkel [2005]. 


Simulation. Positional Games form a very narrow sub-class of Combinatorial 
Games. Indeed, Combinatorial Games like Chess and Checkers are “dynamic” 
in the sense that the players can repeatedly relocate and also remove pieces from 
the board. On the other hand, Positional Games are “static” in the sense that the 
players are not allowed to relocate or remove their marks. It is rather surprising, 
therefore, that the sub-class of Positional Games is, in fact, universal: every com- 
binatorial game can be simulated by a Positional Game, and the simulation can be 
described by a fairly simple general construction. 

First, however, we have to overcome an obvious obstacle: in a Positional Game 
Second Player cannot have a winning strategy. To resolve this difficulty, we intro- 
duce the concept of Snub Games. Every combinatorial game can be played in the 
Snub way: it just means a single premove. First player decides whether he wants 
to keep his role (to be the first player) or he wants to switch role and become the 
second player. 

Snub Games are in favor of the first player because the second player cannot 
have a winning strategy. This peculiar resemblance to Positional Games suggests 
that they are closely related. And so they are: every Snub Combinatorial Game is 
“equivalent” to a Positional Game. This surprising result is due to Ajtai, Csirmaz, 
and Nagy [1979]. 

What does “equivalent” mean? Well, two Combinatorial Games are strictly equiv- 
alent if the labeled game-trees are isomorphic in the standard graph-theoretic sense. 
This implies that finding the complete analysis in two strictly equivalent games 
are identical problems. But what we are really interested in is not the complete 
analysis: all what we want is a single Optimal (winning or drawing) Strategy. So it 
is reasonable to consider two games equivalent if any winning or drawing strategy 
in either game can be converted into a winning or drawing strategy of the other 
game in “linear time”. We stop here and refer the reader to the paper of Ajtai, 
Csirmaz and Nagy [1979]. 


Undetermined Games Exist! Let us return to the Backward Labeling algorithm. 
An important byproduct is that every finite combinatorial game is determined. The 
proof of Theorem C.1 gave a pure existence argument, and Backward Labeling 
(Theorem C.3) supplied an algorithm. 

Determined means that either player has a winning strategy, or both of them 
have a drawing strategy. These three alternatives are the possible outcomes of a 
combinatorial game. Formally, we distinguish this from the concept of the outcome 
of a perfect play, which means the outcome of a particular play where either player 
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knows and follows one of his optimal strategies. There is, however, a natural 
connection between these two concepts. If the outcome of a game is that the first 
player (second player, neither player) has a winning strategy, then the outcome of 
a perfect play in the same game is a first player win (second player win, draw), 
and vice versa. So the loosely stated first ultimate question “who wins a game” 
more precisely means “who has a winning strategy”, or equivalently, “who wins a 
perfect play.” It is a completely different question whether real-world players know 
an optimal strategy or not. In advanced games like Chess and Go nobody knows an 
optimal strategy, and exactly this ignorance keeps the game alive for competitive 
play (“ignorance is fun’)! 

If we extend the concept of Combinatorial Games to Infinite Games, then the 
Backward Labeling argument obviously breaks down. If a proof breaks down, it 
doesn’t mean that the theorem itself is necessarily false. But it is false: there exist 
infinite Combinatorial Games which are undetermined! This is a striking result, a 
“paradox” in the same league as the more well-known Banach-Tarski “paradox” of 
doubling the ball. 


Banach-Mazur Game. The first example of an undetermined game was invented 
by the Polish mathematician S$. Mazur around 1928. Let A be an arbitrary subset 
of the closed unit interval [0,1], and let B be the complementary set B = [0, 1]\ A. 
The (A, B)-game is played by two players: player A and player B, who move 
alternately. Player A begins the play by choosing an arbitrary closed sub-interval 
I, C [0, 1], next player B chooses a closed sub-interval J, C J,, then again player A 
chooses a closed sub-interval J, C J,, then player B chooses a closed sub-interval 
I, C Jz, and so on. At the end of a play the two players determine a nested infinite 
sequence of closed intervals [,, n= 1,2,3,...; player A chooses those with odd 
indices, and player B chooses those with even indices. If the intersection set ()?—_, I, 
has at least one common point with set A, then player A wins; otherwise player B 
wins. 

Banach and Mazur proved the following perfect characterization of the 
(A, B)-game. 


Exercise C.1 


(a) Playing the (A, B)-game Player B has a winning strategy if and only if A is a 
first category set (i.e. a countable union of nowhere dense sets). 

(b) On the other hand, player A has a winning strategy in the (A, B)-game if and 
only if BOI, is a first category set for some proper sub-interval I, C [0, 1]. 


Is it possible that neither of these two criterions hold? Yes! By using transfinite 
induction we can prove the existence of a subset S of the real numbers such that 
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both S and its complement intersect all uncountable closed subsets of the reals. 
Such a set S is called a Bernstein Set. 


Exercise C.2 Prove that Bernstein Set exists. 


Now if A is the intersection of the unit interval [0,1] with a Bernstein set S, then 
the Banach—Mazur (A, B)-game is clearly undetermined. 


Gale-Stewart game. More than 20 years after Mazur, in 1953, D. Gale and 
F. M. Stewart discovered a much simpler undetermined game, the so-called Infinite 
0-1 Game. The fact that the Infinite 0-1 Game is undetermined can be proved by 
simple “cardinality considerations” instead of the more delicate topological proof 
of the Banach—Mazur Theorem. Next we discuss the Infinite 0-1 Game in detail. 

Let A c {0, 1}° be an arbitrary subset, and B = {0, 1}°\ A. The game-tree of 
the Gale-Stewart Infinite 0-1 Game is the infinite binary tree of height w (the 
first infinite ordinal number), and the labeling is determined by sets A and B. 
The coin-pushing game on the infinite labeled binary tree of height w means the 
following. The two players, player A and player B, alternately say 0 or 1, which at 
the end gives an infinite 0-1 sequence. If this infinite 0-1 sequence belongs to set 
Ac {0, 1}°, then player A wins; otherwise player B wins. 


Theorem C.4 (Gale and Stewart) There exists a set AC {0,1}° such that the 
corresponding Infinite 0-1 Game is undetermined. 


Proof. A strategy for player A or B is a rule that specifies the next move. It is a 
function F which associates with every finite 0-1 sequence (a), a), 43,..., Ayn45)s 
a;=0or 1, 1 <i<2n+6, the next move 


Aon +146 = F(a, Ay, A3,.---> Arn45)> 


where 6 = 0 for player A and 1 for player B, and n> 0. Let STR, and STR, be, 
respectively, the set of all strategies for players A and B. 

Let F ¢ STR, be a strategy of player A and G € STR, be a strategy of player 
B. If both players follow their strategies, then we get a unique play. This means an 
infinite 0-1 sequence that we denote by (F, G). 


Lemma 1: 


(i) Both sets STR, and STR, have cardinality 2°. 

(ii) For each F € STR, the cardinality of the set of plays (i.e. infinite 0-1 sequences) 
P, ={(F, G): Ge STR,} is 2*°. Similarly, for each G € STR, the cardinality 
of the set of plays Pg = {(F, G): F € STR,} is 2*0. 


Proof. 
(i) Let {0, 1}<° denote the set of all finite 0-1 sequences. Set {0, 1}<° is clearly 
countable. Let F be the set of all functions f: {0, 1}<° — {0, 1}. The cardinality 
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of F is 280. We can associate with every f € F a strategy F € STR, of player 
A as follows 


An = F(a), A, 43, - ++, Arn) = f(Aa, Gg,» Arn). 


Since different functions f ¢ F define different strategies F ¢ STR,, the car- 
dinality of STR, is the same as the cardinality of #, namely 2*°. The same 
argument works for STR. 

(ii) Let b = (b,, by, b;,...), b; = 0 or 1, be an arbitrary infinite 0-1 sequence. 
The cardinality of the set of these bs is 2*°. We associate with every such 
b a strategy G, € STR, of player B as follows: his ith move is b; for every 
i> 1. Now let F € STR, be an arbitrary strategy of player A. If b 4c, then 
(F, G,) 4 (F, G,) (indeed, the (27)th coordinate of (F, G,) is b; and the (27)th 
coordinate of (F, G,) is c;). This proves that the cardinality of P, is 2* for 
every F € STR,. The same holds for Pg. 


Now we are ready to complete the proof of Theorem C.4. By using transfinite 
induction we define subset A C {0, 1}° such that: 


(1) for each strategy F € STR, of player A there is a “witness” play t(F) € Pp NB, 
which proves that F is not a winning strategy; 

(2) for each strategy G € STR, of player B there is a “witness” play s(G) € Pg NA, 
which proves that G is not a winning strategy; 

(3) different strategies have different “witnesses.” 


We cannot give an explicit construction of set A. The proof uses the Axiom of 
Choice via the well ordering. 

By the well-ordering principle, the class STR, of strategies of player A can be 
indexed by the ordinal numbers a less than 2°: STR, ={F,: a < 2*}. Similarly, 
we can index the set STR, ={G,: a < 2%} of strategies of player B. 

Choose ty) <¢ P,, arbitrarily. Choose s) € Pg, such that sy F to. 

Proceed inductively. If 0 < a < 2% and if t, and s, have been defined for all 
B <a, then the sets {s,: 8 < a} and {tg: 8 < a} have cardinality less than 2%. 
So the set 


Pr, \ ({8¢: B<a}U{t,: B <a}) 


is non-empty. Choose one of its elements and call it t,. Similarly 


Pa, \ ({Sp: B<a}U{t,: B<a}) 


is non-empty. Choose one of its elements and call it s,. By definition the sets 
S=({s,: a <2} and T= {t,: a < 2%} are disjoint. Let S Cc A and TC B= 
{0, 1}°\ A. 

Since every play has a winner, it is enough to check that neither player has a 
winning strategy. First we show that player A does not have a winning strategy. 
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Let F = F,, € STR, be an arbitrary strategy of player A. By the construction there 
exists a play t, € P,, such that t, ¢ B. By definition t, = (F,, G) for some strategy 
G € STR, of player B. This means that if player A uses strategy F = F, and player 
B uses strategy G, then player A loses the play. 

Symmetrically we show that player B does not have a winning strategy. Let 
G=G, € STR, be an arbitrary strategy of player B. By the construction, there 
exists a play s, € Pg, such that s, ¢ A. By definition s, = (F,G,) for some 
strategy F ¢ STR, of player A. This means that if player B uses strategy G=G, 
and player A uses strategy F, then player B loses the play. This completes the proof 
of Theorem C.4. L 


The Ultrafilter Game: an undetermined positional game. Theorem C.4 was 
an undetermined combinatorial game; next we show a positional game which is 
undetermined. The underlying set can be w, but the /ength of a play may go beyond 
w, the first infinite ordinal number. Let F be an arbitrary infinite hypergraph, and 
suppose Maker (the first player) and Breaker play a positional game on F, and they 
play not only until they have made their nth move for every natural number, but 
they continue to make moves as long as there is any unoccupied vertex of F. In 
this case a play is a transfinite sequence of moves, and for an ordinal number a, 
the ath move of that play is the ath element of the sequence. The players move 
alternately, but the limit moves have no immediate predecessor, so we have to 
decide separately about them. We admit the most natural possibility and offer these 
limit moves to Maker. This type of game will be called infinite full games. 

If the hypergraph F has finite edges only, then the following compactness result 
holds (we mention it without proof): the infinite full game on F is a win for Maker 
if and only if, for some finite sub-family G C Ff, the finite game on G is a win for 
Maker. In other words, if Maker has a winning strategy in an infinite full game, 
then, for some natural number n, he can win within n moves. It follows that if F 
has finite edges only, then the weak infinite full game on F is determined. 

To construct an undetermined positional game, the edges of the hypergraph are 
required to be infinite. We recall the concept of the non-trivial ultrafilter. A filter 
H on an infinte set S is a family of subsets of S such that: 


(i) if A, BEH, then ANBe H, 
(ii) if Ae H and ACB, then Be H, and 
(iii) H #25, i.e. H doesn’t contain the empty set. 


By Zorn’s lemma, every filter is contained in a maximal filter, called ultrafilter. If 
UY is an ultafilter, then for every A C S either A € H or (S\ A) € H. This implies 
that every ultrafilter 2/ defines a finitely additive 0-1 measure M on 25: M = 1 if 
AEH and M = 0 if (S\ A) € H. Conversely, every finitely additive 0-1 measure 
on 2° defines an ultrafilter. If there is a finite set of measure 1, then one of the 
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elements, say, x € S has measure 1, too. Solu= {A CS: xe A}. These ultrafilters 
are called trivial. Not every ultrafilter is trivial: any ultrafilter containing the filter 
H={ACS: S\A is finite} is non-trivial. 


Theorem C.5 (McKenzie and Paris) Suppose that the edges of a hypergraph form 
a non-trivial ultrafilter of o = {0,1,2,---}. Then the infinite full game played on 
it is undetermined. 


Proof. When an infinite full play ends, all the elements of the board are occupied, 
so either the set of the points of Maker, or the set of the points of Breaker is in 
the given ultrafilter 2/, but not both. This means that every play has a winner. This 
proves that Breaker cannot have a winning strategy in the ultrafilter game. Indeed, 
a straigthforward adaptation of the finite strategy stealing argument shows that the 
second player (Breaker) cannot have a winning strategy in an infinite full positional 
game. 

Now assume that Maker has a winning strategy: Str. We show that if Maker 
uses strategy Str, then Breaker can win the strong play in w moves, which clearly 
contradicts the fact that Str is a winning strategy. 

Let Breaker play 3 simultaneous plays of length w against Maker’s winning 
strategy Str: we call it the solitary 3w game. The board of the game is 3 copies 
of w 


O,= {01, 1,,2,,3),4;,---} 
= {0., 1,, 25, 35,45, se} 
3 = {03, 13, 23, 33,43, ---}. 


Breaker is the only player in this game, since Maker’s moves will be uniquely 
determined by winning strategy Str. The first move is special: Maker occupies 3 
points of the board, but after that Breaker and Maker alternately occupy 1 new point 
per move only. Let m* € w denote Maker’s first move advised by winning strategy 
Str: Str(M) = m*; then Maker’s first move in the 3w game is to occupy all the 3 
elements of the set {mj}, m5, m3}. Then Breaker occupies an arbitrary new element 
from one of the 3 sub-boards w,, (i1 = 1 or 2 or 3): let b;, € w,, denote Breaker’s 
first move. Then Maker occupies another element from the same sub-board w,, 
by using strategy Str: let m,, = Str(m*,, b;,) € w;, be Maker’s second move. Then 
again Breaker occupies a new element from one of the 3 sub-boards b’, € w,. (i2 = 1 
or 2 or 3); then Maker occupies another element from the same sub-board w,, by 
using strategy Str as follows: 


(i) if 12 Ail, then let m’, = Str(mi, bi,) € @;. be Maker’s third move; 
(ii) if 22 = 71, then let m), = Str(m%,, b,, mj, bj,) € @;, be Maker’s third move. 
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Then again Breaker occupies a new element from one of the 3 sub-boards b%, € w,; 
(i3 = 1 or 2 or 3); then Maker occupies another element from the same sub-board 
@;, by using strategy Str as follows: 


(i) if 73 ¢ {i1, i2}, then let m’, = Str(m’s, bi) € w,; be Maker’s 4th move; 
(ii) if 3 =i1 and i3 F i2, then let m, = Str(m*,, bj, m;,, bY) € @;, be Maker’s 
4th move; 
(iii) if 3 = i2 and i3 ¥ il, then let mi), = Str(m’s, b,, m',, bs) € wi, be Maker’s 
4th move; 
(iv) if il = 72 = 13, then let mi, = Str(mi,, bi, mi, bi, mi, b4,) € @, be Maker’s 
4th move, and so on. 


The length of a play is , i.e. the players take turns for every natural number n. At 
the end of a play Breaker wins the solitary 3w game if 


(i) all the elements of the board w, + w, +, are occupied, and 
(ii) for every j € w with j 4 m*, Breaker occupied at least one element of the 3-set 


{ii Jo» js}. 


In other words, Breaker loses the solitary 3m game if either there remains an 
unoccupied element of the board or if for some j 4 m*, Maker can occupy all the 
3 elements of the set {j,, j, j,}. (Note that Maker occupies {m7, m3, m3} in his 
opening move.) We show that by using a “forced blocking and filling up the holes” 
combination strategy, Breaker can win the solitary 3w game. a 


Lemma. Breaker has a winning strategy in the solitary 3w game. 


Proof. Breaker’s winning strategy consists of two kinds of moves: “forced moves 
to block” and “filling up the holes” moves. To define these moves, we introduce 
some notation. Suppose that Maker has already made n > 2 moves, Breaker made 
(n—1) moves and it is his turn to make his nth move. Let M(n) denote the set 
of Maker’s moves; in particular, let m(n) € M(n) be Maker’s nth move, and let 
B(n—1) denote the set of Breaker’s moves at this stage of the play. Let (D stand 
for “danger” and H stands for “‘hole”’): 


D, = {ie @\ {mm}: M(n)N{i, in, is} FD} 
and 
H,_,={ieo\{m"}: {iii} C M(M)UBin— ID}. 


Now we are ready to define Breaker’s nth move. If D, = D,,_,, i.e. m(n) € {j,, Jo. Js} 
for some j € D,,_,, then Breaker has no choice and have to make a “forced move 
to block”: he occupies the third element of the set {j,, j5, j3}. If D, # D,_, ie. 
m(n) € {j,, jo. Jz} for some j ¢ D,_,, then Breaker has time and doesn’t rush to 
block the set {j,, 2, j;}. Instead he makes a “filling up the holes” move: if i is the 
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then Breaker occupies an available element of the set 
{i,, i,,i,}. By using this strategy, among his first » moves Breaker makes at least 
n/2 “filling up the holes” moves, so at the end of a play, Breaker can block every 
3-set {j,, jo, J} where j 4 m*, and at the same time he can guarantee that every 
element of the board is occupied by either player. This completes the proof of the 
Lemma. 


smallest element of H 


n—1? 


Finally observe that Breaker’s winning strategy in the solitary 3w game contradicts 
the fact that Str is a winning strategy for Maker in the ultrafilter game on U/. Indeed, 
consider a play in the 3w game where Breaker uses his winning strategy. Since 
Maker’s moves are determined by strategy Str, and at the end of the w-play all 
the elements of the board are occupied, Maker wins the ultrafilter game in each 
“row” w;, i= 1,2,3. So the set of Maker’s points in w,; belongs to ultrafilter U/ 
(we identify w, with w). Since the ultrafilter is non-trivial, the intersection of these 
3 sets must be infinite, which contradicts the Lemma (indeed, by the Lemma, the 
intersection is one-element and contains m* only). This proves that if Maker uses 
strategy Str, then Breaker wins at least one of the 3 strong plays of the ultrafilter 
game on U/ in w moves. 

In the previous argument we can switch the role of Maker and Breaker, and 
we obtain the following result. If Breaker uses any strategy, then Maker can win 
at least one of the 3 strong plays of the ultrafilter game on Y/ in w moves. This 
gives an alternative proof of the fact that Breaker cannot have a winning strat- 
egy, avoiding the infinite strategy stealing argument. This completes the proof of 
Theorem C.5. 
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An informal introduction to game theory 


Every “Theory” of Games concentrates on one aspect only, and pretty much neglects 
the rest. For example: 


Uy) 


(II) 


(IID) 


Traditional Game Theory (J. von Neumann, J. Nash, etc.) focuses on the 
lack of complete information (for example, card games like Poker). Its main 
result is a minimax theorem about mixed strategies (“random choice”), and 
it is basically Linear Algebra. Games of complete information (like Chess, 
Go, Checkers, Nim, Tic-Tac-Toe) are (almost) completely ignored by the 
traditional theory. 

One successful theory for games of complete information is the “Theory of 
Nim like compound games” (Bouton, Sprague, Grundy, Berlekamp, Conway, 
Guy, etc. — see volume one of the Winning Ways). It focuses on “‘sum-games”, 
and it is basically Algebra (“addition theory’’). 

In this book we are tackling something completely different: the focus is 
on “winning configurations,” in particular on “Tic-Tac-Toe like games,” and 
develop a “fake probabilistic method.” Note that “Tic-Tac-Toe like games” 
are often called Positional Games. 


Here in Appendix D a very brief outline of (I) and (II) is given. The subject is 
games, so the very first question is: “What is a game?’. Well, this is a hard one; 
an easier question is: “How can one classify games?” One natural classification is 
the following: 


(a) games of pure chance; 
(b) games of mixed chance and skill; 
(c) games of pure skill. 


Another reasonable way to classify games is: 


(i) games of complete information; 


(ii) games of incomplete information. 
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(I) Neumann’s theory: understanding poker. Traditional game theory, initiated 
by John von Neumann in an early paper from 1928, and broadly extended in 
the monumental Theory of Games and Economic Behavior by von Neumann and 
Morgenstern in 1944, deals with an extremely wide concept of games, includ- 
ing all the 3 x 2 =6 classes formed by pairing (a)-(b)-(c) with (i)-(ii), with 
two or more players, of mixed chance and skill, arbitrary payoff functions. In 
the traditional theory each player has a choice, called strategy, and his objective 
is to maximize a payoff which depends both on his own choice and on his oppo- 
nent’s. The crucial minimax theorem for 2-player zero-sum games (i.e. pure conflict 
situation) is that it is always possible for either player to find a mixed strategy form- 
ing an “equilibrium,” which means the best compromise for both players. Mixed 
strategy means to randomly play a mixture of strategies according to a certain 
fixed probability distribution. The philosophically interesting consequence of Neu- 
mann’s minimax theorem is that the best play (often) requires random, unpredictable 
moves. 

The contrasting plan of playing one strategy with certainty is called a pure 
strategy. 

Mixed strategies are necessary to make up for the lack of a saddle point in the 
payoff matrix, i.e. for the discrepancy between the row maximin and the column 
minimax (note that in general row-maximin<column-minimax). If the payoff matrix 
has a saddle point, then there is no need for mixed strategies: the optimal strategies 
are always (deterministic) pure strategies. 

The payoff matrix of the so-called “coin-hiding” game is a particularly sim- 
ple example for row-maximin¢column-minimax: in fact row-maximin=—1 and 
column-minimax=1: 


L eR 


L 1-1 
R\-1 1/7 


where L is for left and R is for right. In the “coin-hiding” game the first player has 
a coin that he puts behind his back in his right or left fist. Then he shows his closed 
fists to the second player, who has to guess where the coin is. They do this a number 
of times, and in the end they count how many times the second player won or lost. If 
the first player puts the coin in the same hand or if he simply alternates, the second 
player will soon notice it and win. Similarly, a clever opponent will eventually see 
through any such “mechanical” rule. Does it mean that a clever second player must 
necessarily win in the long run? Of course not. If the first player put the coin at 
random with probability one-half in either hand, and if his successive choices are 
independent, then the second player, no matter how smart or foolish, will make a 
correct guess asymptotically half of the time. On average the second player will 
neither win nor lose — this is the optimal strategy. 
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Note that Poker was Neumann’s main motivation to write his pioneering paper 
on games in 1928. He could prove the fundamental minimax theorem, but the 
“computational complexity” of the problem prevented him (and anybody else since) 
from finding an explicit optimal mixed strategy for Poker. The next example is a 
highly simplified version of Poker (Poker itself is far too complex); the example is 
due to von Neumann, Morgenstern, and A. W. Tucker. 

Suppose we have a deck of n cards (n is a large even number), half of which 
are marked H (high) and the other half marked L (low). Two players A and B start 
with an initial “bid” of a (i.e. each of them puts a dollars into the “‘pot’’), and are 
dealt one card each, which they look at. Now A can “See” (i.e. demand B to expose 
his card), or “Raise” by an amount of b (i.e. put an extra b dollars into the “pot”). 
If A chooses “See,” then B has no choice but to expose his card. B gains a (A’s 
bid) if his card is H, while A’s card is L, and loses a (i.e. his own bid) if his card 
is L, while A’s card is H. The “pot” is split (gain 0) if both have H or both have 
L. However, if A “Raises,” then B has a choice either to “Pass” (i.e. he is willing 
to lose a dollars without further argument) or to “Call” (i.e. to put in the extra b 
dollars, forcing A to expose his card). Again the stronger card wins everything, and 
they split if the cards have the same value. 

Player A has 4 pure strategies: 


(1) (S,S), a “See-See”: “See” regardless of whether he has been dealt H or L; 

(2) (S,R), a “See—Raise”: “See” if he has been dealt H and “Raise” if he has been 
dealt L; 

(3) (R,S), a “Raise-See”: “Raise” if he has been dealt H and “See” if he has been 
dealt L; 

(4) (R,R), a “Raise—Raise”: “Raise” regardless of whether he has been dealt H or L. 


We recall that if A chooses “See,” then B has no choice. If A chooses “Raise,” 
then B has the options of “Pass” and “Call”. Therefore, player B has four pure 
strategies: A chooses “Raise” then B has the four options of 


(1) (P,P), a “Pass—Pass”: “Pass” regardless of whether he has been dealt H or L; 

(2) (P,C), a “Pass—Call’”: “Pass” if he has been dealt H and “Call” if he has been 
dealt L; 

(3) (C,P), a “Call—Pass”: “Call” if he has been dealt H and “Pass” if he has been 
dealt L; 

(4) (C,C), a “Call-Call”: “Call” regardless of whether he has been dealt H or L. 


Note that (S,S) and (S,R) are not good strategies for A, because neither takes 
advantage of the good luck of having been dealt a high card. Similarly, (P,P) and 
(P,C) are not good for B, because they require him to “Pass” with a high card. 
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Therefore, if we assume that both A and B are intelligent players, then we can 
disregard outright (S,S) and (S,R) for A, and (P,P) and (P,C) for B. 
It follows that the payoff matrix can be reduced to the following 2-by-2 matrix 


(C,P) (C,C) 


(R, S) 0 b/4 
(R,R) Ca 0 ) 


The four entries of the payoff matrix come from the following consideration. 
Assume, for example, that A chooses (R,S) and B chooses (C,C). Then 


(1) if A is dealt H and B is dealt H, then A gains 0; 

(2) if A is dealt H and B is dealt L, then A gains a+b; 
(3) if A is dealt L and B is dealt H, then A gains —a; 
(4) if A is dealt L and B is dealt L, then A gains 0. 


If n is very large, the four combinations (H,H), (H,L), (L,H), (L,L) appear with 
the same frequency 1/4. On the average A gains ((a+b) —a)/4=b/4 dollars per 
game. This is how we get the second entry in the first row of the payoff matrix. 
The other 3 entries can be obtained by similar considerations. 

Assume first that a < b. Then the payoff matrix 


(C,P) (C,0) 


(R, S) 0 b/4 
(R, R) ae 0 ) 


has a saddle point: row-maximin=column-minimax=0. It means the optimal strate- 
gies are pure: A chooses (R,S) and B chooses (C,P). In other words, both players 
best choice is to play “conservative”: “Raising” with H, “Seeing” with L, “Calling” 
a “Raise” with H, and “Passing” a “Raise” with L. This game is fair: each player 
has an average gain of 0. 

Next assume a > b. Then the payoff matrix does not have a saddle point. A’s 
optimal strategy is a mixed strategy where A chooses (R,S) with probability (a — 
b)/a and (R,R) with probability b/a. Then A can achieve an average gain of at 
least (a — b)b/4a per game independently of B’s choice. B’s optimal strategy is to 
choose (C,P) with probability b/a and (C,C) with probability (a — b)/a. This way 
B can prevent A from averaging more than (a — b)b/4a per game. This game is 
not fair (due to the asymmetry that A is the only player who can “Raise”). 

We thus see that in his optimal strategy A must “bluff”, i.e. “Raise” with a low 
card, at least part of the time (if a > b). Similarly, in order to minimize his loss, B 
must give up the “conservative” play. He has to play risky by “Calling” a “Raise” 
with a low card in part of the time. 
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In the years since 1944 traditional game theory has developed rapidly. It plays a 
fundamental role in mathematical fields like Linear Programming and Optimization. 
It has an important place in Economics, and it has contributed non-trivial insights 
to many areas of social science (Management, Military Strategy, etc.). Traditional 
game theory is very successful in games of incomplete information. It means games 
in which one player knows something that the other does not, for example a card 
that a player has just drawn from a pack. However, for Combinatorial Games like 
Chess, Go, Checkers, Tic-Tac-Toe, Hex, traditional theory does not give too much 
insight. Indeed, from the viewpoint of traditional game theory Combinatorial Games 
are “trivial.” For games of complete information the minimax theorem becomes 
the rather simplistic statement that each player has a pure optimal strategy, i.e. 
there is no need for mixed strategies whatsoever. No one may have discovered 
what an optimal deterministic strategy actually looks like (since the exhaustive 
search through the complex “‘game-tree” requires enormous amount of time), but it 
definitely exists. (In fact, usually there are several optimal strategies.) Combinatorial 
Games are, therefore, the simplest kind of pure conflict (“zero-sum”) situation 
with no room for coalition, where the problem is “merely” the computational 
complexity of the exhaustive analysis. The above-mentioned coin-hiding game and 
the simplified poker with their very small 2 x 2 payoff matrices 


LR (C,P) (C0) 


L 14 (R, S) 0 b/4 
ae :) en ieenn 0 ) 


are terribly misleading examples. Indeed, they are hiding the weak point of the 
payoff matrix approach, which is exactly the size of the matrix (i.e. the total 
number of strategies). In a typical board-game the number of strategies is usually 
a doubly exponential function of the size of the board, making the payoff matrix 
setup extremely impractical. 

It is worth while quoting von Neumann; this is what he said about games of 
complete information. “Chess is not a game. Chess is a well-defined form of 
computation. You may not be able to work out the answers, but in theory there 
must be a solution, a right move in any position.” 

For complete-information games, including the sub-class of Combinatorial 
Games, exhaustive search is much more efficient than the payoff matrix setup 
(i.e. to try out all possible strategies). Unfortunately the running time of the exhaus- 
tive search is “exponential” in terms of the board-size; this is still impractical. Note 
that exhaustive search is officially called Backward Labeling. 

We can say, therefore, that the basic challenge of the theory of Combinatorial 
Games is the complexity problem, or as it is often called, the combinatorial chaos. 
Even for games with relatively small boards, the Backward Labeling of the game- 
tree or any other brute force case study is far beyond the capacity of the fastest 
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computers. This is the reason why computers could not make such a big impact on 
the theory of Combinatorial Games. 

The original 1944 edition of the Theory of Games and Economic Behavior was 
written before modern computers became available (somewhat later von Neumann 
himself made a considerable contribution to the early developments of the electronic 
computer), and the “complexity” issue was not addressed. Since then the main trend 
in traditional game theory have been shifted from zero-sum 2-player games to study 
games where the conflict is mixed with opportunities for coalition like more-than- 
2-player games. These games often lead to absolute, unsolvable conflict between 
individual rationality and collective rationality. A well-known example is the so- 
called prisoner’s dilemma. The new trend is in a far less pleasing state than the 
elegant von Neumann’s theory for the pure conflict case. 

The complexity problem, i.e. our inability to make a complete analysis of 
Combinatorial Games like Chess, Go, Checkers without impractically detailed 
computation, has one apparent compensation: it leaves the “hard” games alive 
for competition. Once a Combinatorial Game has been fully analyzed, like Nim or 
the 4 x 4x 4 version of Tic-Tac-Toe, then, of course, it is competitively dead. 

Let us say a few words about game-playing computer programs: we compare the 
popular games of Chess, Go, and Checkers. First note that Go is not “computer- 
friendly.” In spite of serious efforts, Go-playing programs are nowhere close to 
the level of good human players. On the other hand, computer programs can play 
Chess much better; they reached the level of the top human grand-masters. 

A good illustration is the story of the Kasparov vs. Deep Blue (later Deep Junior) 
matches. In February of 1996 Garry Kasparov beat the supercomputer Deep Blue 
4-2. In Deep Blue 32 separate computers operated in parallel. It could analyze 
more than 200 million moves per second and had “studied” thousands of Chess’s 
most challenging matches, including hundreds involving Kasparov. To beat Deep 
Blue Kasparov had to play many moves in advance which extended beyond the 
computer’s horizon. 

Fifteen months later in the rematch the improved version of Deep Blue made 
history by beating Kasparov 3.5—2.5. This time Deep Blue was programmed to play 
“positional Chess” like a grand-master. 

In January—February of 2003 there was a highly publicized third match between 
Kasparov and the further improved Deep Blue, called Deep Junior, which ended in 
a 3-3 draw. 

“Positional Chess,” as opposed to “tactical Chess,” involves a situation in which 
there are no clear objectives on the board, no obvious threats to be made. It means 
that the two sides are maneuvering for a position from which to begin long-term 
plans. It is the kind of Chess-playing in which grand-masters used to do so much 
better than machines. The surprising loss of Kasparov in 1997, and the equally 
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disappointing draw in 2003, are owe much to the fact that the new supercom- 
puters evidently “understand” positional Chess far beyond the level of the old 
machines. 

Deep Blue’s victory in 1997 was a real breakthrough. It is safe to say that now 
the best Chess-playing programs are at the same level, or perhaps even better, than 
the top human players. 

Finally, in the game of Checkers, a computer program is so good that it 
consistently beats everyone but the world champion. 

What is the basic difference between Go, Chess, and Checkers? In Checkers the 
average number of options per move is not very large, say, about 4, which enables 
a computer to calculate to a considerable depth in the available time, up to about 
20 moves, which means 47° alternatives. On the other hand, in Go the number of 
options per move is much greater — something like 200 — so the same computer 
in the same time could analyze Go no more than 5 moves deep: 200° alternatives. 
Note that very roughly 47° ~ 200°. The case of Chess is somewhat intermediate. 
Consequently, games for which the number of options per move is large, but can 
effectively be cut down by understanding and judgment, are relatively speaking to 
the advantage of the human player. 

Let us return to the complexity problem. The brute force way to analyze a position 
in a game is to examine all of its options, and all the options of those options, and 
all the options of the options of those options, and so on. This exhaustive search 
through the game-tree usually takes a tremendous amount of time. The objective of 
Combinatorial Game Theory is to describe wide classes of games for which there 
is a substantial “shortcut.” This means to find a fast way of answering the question 
of “who wins,” and also, if possible, to find a tractable way of answering the other 
question of “how to win,” avoiding the exhaustive search in full depth. A natural 
way to cut down the alternatives is to be able to judge the value of a position at 
a level of a few moves depth only. This requires human intelligence, an essential 
thing that contemporary computers lack. 

A complementary “negative” approach is to try to prove that some other classes 
of games are hard in the sense that any algorithm which determines the “outcome” 
(i.e. which player has a winning or drawing strategy) for all of the games in the 
class must necessarily take as much, or nearly as much, computations as the “brute 
force” complete analysis. Unfortunately there are very few unconditional lower 
bound results in Complexity Theory, see pp. 218-9 in the Winning Ways and also 
Fraenkel [1991]. This is the reason why the “negative” approach, due to the lack 
of effective methods, turned out to be much less successful, at least so far. 


(II) Theory of NIM like games. A well-known and very advanced branch in the 
“positive direction” is the beautiful theory of Nim like compound games, played 
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with the normal play convention: a player unable to move loses. The most famous 
example of such sum-games is of course Nim itself. 

The ancient game of Nim is played by two players with heaps of coins (or stones, 
or beans). Suppose that there are k > 1 heaps of coins that contain, respectively, 
N,,N,,...,n, coins. The players alternate turns, and each player, when it is his turn, 
selects one of the heaps and removes at least one coin from the selected heap (the 
player may take all coins from the selected heap, which is now “out of play’). The 
play ends when all the heaps are empty, and the player who takes the last coin(s) is 
the winner. A century ago, in 1902 Bouton found the following surprisingly simple 
solution to Nim. Express each one of the heap-sizes n,; in binary form 


nj = ay) +a\)-2+a)-2+...4a0-2%, 

By including Os we can clearly assume that all of the heap sizes have the same 
number of binary digits, say, s+ 1 where s = max,.;-,s5;. We call a Nim game 
balanced if and only if the s+ 1 (complete) sums 


at? + an +...+t a 


ay + av? teh ts bake a 


a) + a®) a ee a®) 


are all even, i.e. all sums are 0 (mod 2). A Nim game which is not balanced is 
called unbalanced (at least one sum is odd). We mention two simple facts (we leave 
them to the reader as an easy exercise): 


(1) whatever move made in a balanced Nim game, the resulting game is always 
unbalanced; 

(2) starting from an unbalanced Nim game, there is always a move which 
balances it. 


Now it is obvious that first player has a winning strategy in an arbitrary unbalanced 
Nim game: first player keeps applying (2). On the other hand, second player has 
a winning strategy in balanced Nim games: indeed, first player’s opening move 
unbalances the game, and second player keeps applying (2). 


Reverse Nim: Suppose we change the objective of Nim so that the player who 
takes the last coin Joses. Will this make much difference? Not if at least one heap 
has > 2 coins. Then the ordinary and Reverse Nim behave alike, and the following 
is a winning strategy (we leave the proof to the reader): Play as in ordinary Nim 
until all but exactly one heap contains a single coin. Then remove either all or all 
but one of the coins of the exceptional heap so as to leave an odd number of heaps 
of size 1. 
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If all the heaps are of size 1, then of course the game becomes trivial 
(“mechanical”), and the two versions have opposite outcomes: a player wins in 
the ordinary (Reverse) Nim if and only if the number of singletons (heaps of size 1) 
is odd (even). 

After Bouton’s complete solution of Nim (and Reverse Nim), the theory of “Nim- 
like games” was greatly developed by Sprague and Grundy: they discovered large 
classes of games which are “Nim in disguise” (impartial games). More recently, 
Berlekamp, Conway, Guy and others discovered large classes of games for which 
the “Nim-addition,” or a similar “addition theory” works and solves the game. 
Note that the “Nim-sum” of ,,7,...,, is 0 if the Nim game is balanced, and 
non-zero if the game is unbalanced. In the unbalanced case the “Nim-sum” is a 
sum of distinct powers of 2; namely those powers of 2 which show up an odd 
number of times in the binary representations of n,,n,,...,n,. We refer to two 
remarkable books: (1) On Games and Numbers by Conway (which gives, among 
others, a striking new way to construct the set of real numbers); and (2) volume I 
of the Winning Ways. The theory developed in volume I can be employed in games 
in which the positions are composed of several non-interacting very simple games. 
(Note that Nim is a “sum” by definition: a “sum” of one-heap games.) Then the first 
thing to do is to associate values (numbers, nimbers, and other “Conway numbers’’) 
with these components. Next comes the problem of finding ways of determining the 
outcome of a sum of games given information only about the values of the separate 
components. (For example, in Nim we apply the “Nim-addition.”) This addition 
theory is where the shortcut comes from. This theory has been quite successful in 
analyzing endgame problems in a wide range of “real” games including Go — see 
e.g. Berlekamp [1991]. The reason why it works is that positions which tend to 
occur in the later stages of a game like Go decompose into separate, independent 
regions. Therefore, it is natural to apply the addition theory. On the other hand, 
positions which occur in the early and middle stages of a game like Go do not seem 
to decompose. 

We give a thumbnail summary of this addition theory — we refer the reader to David 
Gale’s excellent introductory article in The Mathematical Intelligencer, 16 (2). 

The main theory treats only win-lose games with the normal play convention. 
Although this seems rather special, many games can be put into this form by making 
simple changes to the rules. The two players are called Left and Right, and the 
concrete rules of the game specify who moves first. Such games are represented by 
trees: the moves of Left are represented by leftward slanting edges, and those for 
Right by rightward slanting ones. We call them left-right trees, and they are kinds 
of game-trees. 

Next comes Conway’s arithmetic. There is a natural notion of addition on the 
set of these games: the sum G+H of two games G, H is defined to be the two 
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games played simultaneously. A player in his turn may play in either game. The 
negative —G of a game G is to be G with the roles of the players interchanged. 
Conway defines an equivalence relation ~ by writing G ~ H if G— A is a win for 
the second player. Observe that G ~ G; indeed, the second player can win G—G 
by playing “copycat”: whenever the first player moves in G (—G), he makes the 
same move in —G (G). It is easy to see that the set of equivalence classes forms 
an Abelian group whose 0 element is the set of all second player wins. This group 
is called I’, and it is the object of study in the algebraic theory. Of course many 
different left-right trees correspond to the same group element, i.e. equivalence 
class. One of the important theorems of the theory states that every group element 
has a “canonical form,” meaning a unique left-right tree with the fewest number 
of edges. This canonical tree is that Conway calls the value of the game. Given 
a concrete game, how do we find its value? Unfortunately, the general problem is 
NP-hard. 

There is a natural order on group [’. Call G positive, G > 0, if G is a win for 
Left, no matter who starts, and negative if G is a win for Right, no matter who 
starts. Note that > is well defined. Every game is either positive, negative, zero, or 
none of the above, meaning a first player win. Defining G > H if G— H> 0 gives 
a partial ordering of I. 

What does it mean to solve a game in this theory? Well, it means to find the value 
of the game — instead of directly answering the natural questions of “who wins” and 
“how to win.” Unfortunately, knowing the value, i.e. the canonical tree, does not 
mean that we can necessarily obtain a winning strategy without performing a huge 
amount of computation. But if “Combinatorial Game Theory” does not tell us how 
to win a game, what good is it? The theory turned out to be very useful in those 
games which can be expressed as a sum of simple games with explicitly known 
values. Indeed, there is often a fast way to determine the value of the sum-game 
from the values of the components, and that sum-value sometimes happens to be 
simple. An essential part of the theory is a wonderful “botanical garden” of simple 
games like Numbers, Nimbers, Star, Up, Down, Tiny, Miny, Double-Up-Star, etc. 
satisfying surprising identities. 


If games like Chess and Go are seemingly far too difficult for “brute force” anal- 
ysis then how can we write good game-playing computer programs? Well, we 
have to make a compromise. Instead of finding the best possible next move, the 
existing computer programs usually make use of some kind of evaluation function 
to efficiently judge the “danger” of a position without analyzing the game-tree in 
full depth. This approximation technique produces at least a “reasonably good” 
next move. As a result, computer-Chess (-Go, -Checkers) is “just” a bunch of 
good heuristic arguments rather than a “theorem-proof” type rigorous mathematical 
theory. 
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The considerable success of the addition theory of Nim-like sum-games might 
suggest the optimistic belief that we are at the edge of “understanding” Combinato- 
rial Games in general: it is just a matter of being clever enough and working hard, 
and then sooner-or-later we are going to find a shortcut way to quickly predict the 
winner, and supplement it with an explicit winning strategy. 

Well, let us disagree; this optimism is wishful thinking, and for the overwhelming 
majority of Combinatorial Games there are no such shortcuts. It seems inevitable 
that an efficient method has to approximate — just like all existing Chess-playing 
programs approximate the optimal strategy. In this book we use evaluation tech- 
niques which approximate the “danger” level of a single position without analyzing 
the whole game-tree in full depth. 


Complete list of the Open Problems 


1. Open Problem 3.1 Consider the S-building game introduced in Section 1: is 
there a finite procedure to decide whether or not a given finite point set S in the 
plane is a Winner? In other words, is there a way to characterize those finite point 
sets S in the plane for which Maker, as the first player in the usual (1:1) play, 
can always build a congruent copy of S in the plane first (i.e. before the opponent 
could complete his own copy of S)? 


2. Open Problem 3.2 Is it true that 5° Tic-Tac-Toe is a draw game? Is it true that 
5+ Tic-Tac-Toe is a first player win? 


3. Open Problem 4.1 /s it true that unrestricted 5-in-a-row in the plane is a first 
player win? 


4. Open Problem 4.2 /s it true that unrestricted n-in-a-row is a draw for n= 6 
andn=7? 


5. Open Problem 4.3 Consider Harary’s Animal Tic-Tac-Toe introduced in Sec- 
tion 4. Is it true that “Snaky” is a Winner? In particular, is it true that “Snaky” is 
a Winner on every nx n board with n => 15, and the first player can always build 
a congruent copy of “Snaky” first in at most 13 moves? 


6. Open Problem 4.4 Js it true that Kaplansky’s 4-in-a-line is a draw game? Is it 
true that Kaplansky’s n-in-a-line is a draw game for every n> 4? 


7. Open Problem 4.5 Consider Hex (see Section 4); find an explicit first player 
(“White”) winning strategy in nxn Hex for every n => 8. In particular, find one 
for the standard size n= 11. 


8. Open Problem 4.6 


(a) Find an explicit first player winning strategy in the (K,,, K,) Clique Game. 
(b) Which player has a winning strategy in the Reverse Clique Game (Kg, K,, —)? 
If you know who wins, find an explicit winning strategy. 
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(c) Consider the Clique Game (K,,,K,) where n is huge compared to q; is there 
a uniform upper bound for the Move Number? More precisely, is there an 
absolute constant C, < 00 such that the first player can always win in less than 
C, moves in every (K,,, K,) Clique Game with n > 18? 


Is there an absolute constant C5 < oo such that the first player can always win 
in less than Cs; moves in every (K,,, K;) Clique Game with n > 49? 

In general, is there an absolute constant C, < 0 such that the first player can 
always win in less than C, moves in every (K,,K,) Clique Game with n = R(q) 
where R(q) is the Ramsey Number? 


9. Open Problem 5.1 Consider the unrestricted 5-in-a-row; can the first player 
always win in a bounded number of moves, say, in less than 1000 moves? 

Notice that Open Problems 4.1 and 5.1 are two different questions! It is possible 
(but not very likely) that the answer to Open Problem 4.1 is a “yes,” and the answer 
to Open Problem 5.1 is a “no.” 


10. Open Problem 5.2 Is it true that if the n‘ Tic-Tac-Toe is a first player win, 
then the n? game, where D > d, is also a win? 
The twin brother of Open Problem 5.2 is 


11. Open Problem 5.3 Is it true that if the n‘ Tic-Tac-Toe is a draw game, then 
the (n+ 1)¢ game is also a draw? 


12. Open Problem 5.4 Consider the Hypergraph Classification introduced at the 
end of Section 5. Is it true that each hypergraph class contains infinitely many n‘ 
games? The unknown cases are Class 2 and Class 3. 


13. Open Problem 6.1 


(a) Find an explicit first player winning strategy in the (Ky, K;) Clique Game. 
(b) Find an explicit first player winning strategy in the (K\6;, Ks) Clique Game. 


14. Open Problem 6.2 Which player has a winning strategy in the Reverse Clique 

Game (K4 9, K;, —)? How about the (Ky, K;, —) game with N > 49 where N > oo? 
How about the Reverse Clique Game (Kos, Kg, —)? How about the (Ky, K,, —) 

game with N > 165 where N > oo? In each case find an explicit winning strategy. 
The next few problems are about the Win Number. 


15. Open Problem 6.3 


(i) Is it true that w(K ,) < R(q) for all sufficiently large values of q? Is it true that 


w(K,) 
R(q) 


— 0 as q> ~? 
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(ii) Is it true that w(K,; —) < R(q) for all sufficiently large values of q? Is it true 


that 
w(K,; —) 


R(q) 
16. Open Problem 6.4 Is it true that w(K,) < w(K; —) < 18 = R(4)? 


— 0 as q>~w? 


17. Open Problem 6.5 Consider the (Ky, K,) Clique Game, and assume that the 
Erdés—Szekeres bound applies: N > eae 


ae Find an explicit first player winning 
strategy. 
18. Open Problem 6.6 


(a) What is the relation between the Weak Win and Reverse Weak Win Num- 
bers ww(K,) and ww(K,; —)? Is it true that ww(K,) < ww(K,; —) holds for 


every q? 
(b) Is it true that ww(K,) < w(K,) for all sufficiently large values of q? Is it true 
that 
ww(K,) 
— 0 as q>~w? 
w(K,) 


(c) Is it true that ww(K,; —) < w(K,; —) for all sufficiently large values of q? Is 
it true that 


ww(K,; —) 
———— — 0 as q> ~? 
w(K,; —) 
(d) Is it true that 
ww( kK ww(K,; — 
( d _ 9 and ubA Tae a, as g— oo? 
R(q) (9) 


19. Open Problem 6.7 Is it true that ww(K,) = ww(K,; —) for every q? Is it true 
that ww(K,) = ww(K,; —) for all but a finite number of qs? Is it true that they 
are equal for infinitely many qs? 

Recall that HJ(n) is the Hales—Jewett number (see Sections 7-8 and Appendix B). 
20. Open Problem 7.1 Js it true that w(n—line) < HJ(n) for all sufficiently large 
values of n? Is it true that 

w(n—line) 
HJ(n) 
21. Open Problem 7.2 Consider the (N,n) van der Waerden Game where N > 
W(n); for example, let 


— 0 as n>? 


NE2t2t2*t2t2t (n+9) 


(Gowers’s bound on the van der Waerden Number). Find an explicit first player 
winning Strategy. 
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22. Open Problem 7.3 Js it true that w(n—term A.P.) < W(n) for all sufficiently 
large values of n? Is it true that 
w(n—term A.P.) 
W(n) 


>O0 as n> ow? 


23. Open Problem 8.1 (a) Is it true that ww(n—line) < w(n-—line) for all 


sufficiently large values of n? Is it true that 
ww(n-line) 
—— —> 0 as nw? 
w(n—line) 


24. Open Problem 8.2 
(a) Is it true that ww(n—term A.P.) < w(n—term A.P.) for all sufficiently large 
values of n? Is it true that 


ww(n—term A.P.) 
w(n—term A.P.) 


>0O as n> o? 


(b) Is it true that 
ww(n—term A.P.) 
W(n) 


>O as noo? 


25. Open Problem 9.1 (“Neighborhood Conjecture”) 


(a) Assume that F is an n-uniform hypergraph, and its Maximum Neighborhood 
Size is less than 2"~'. Is it true that playing on F the second player has a 
Strong Draw? 


Maybe the sharp upper bound < 2”7! is not quite right, and an “accidental” 
counter-example disproves it. The weaker version (b) below would be equally 
interesting. 


Open Problem 9.1 


(b) If (a) is too difficult (or false), then how about if the upper bound on the 
Maximum Neighborhood Size is replaced by an upper bound 2"~°/n on the 
Maximum Degree, where c is a sufficiently large positive constant? 

(c) If (b) is still too difficult, then how about a polynomially weaker version where 
the upper bound on the Maximum Degree is replaced by n~°.2", where c > | 
is a positive absolute constant? 

(d) If (c) is still too difficult, then how about an exponentially weaker version where 
the upper bound on the Maximum Degree is replaced by c", where 2>c> 1 
is an absolute constant? 

(e) How about if we make the extra assumption that the hypergraph is Almost 
Disjoint (which holds for the n4 Tic-Tac-Toe anyway)? 
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26. Open Problem 10.1 Js it true that the “Maker’s building” results in the book, 
proved by using explicit potentials, can be also achieved by a Random Strategy 
(of course, this means in the weaker sense that the strategy works with probability 
tending to 1 as the board size tends to infinity)? 


27. Open Problem 12.1 


(a) Which order is the right order of magnitude for w(n—line) -: (at least) 
exponential or polynomial? 

(b) For every n* Tic-Tac-Toe, where the dimension d= d(n) falls into range 
(12.30), decide whether it belongs to Class 2 or Class 3. 


Theorem 12.5 gave a quadratic bound for the “phase transition” from Weak Win 
to Strong Draw in the n“ Tic-Tac-Toe game. The best that we could prove was an 
inequality where the upper and lower bounds for the dimension d differ by a factor 
of logn. 


28. Open Problem 12.3 Phase transition for n‘ hypercube Tic-Tac-Toe: Which 
order of magnitude is closer to the truth in Theorem 12.5, n*/logn (“the lower 
bound”) or n? (“the upper bound”)? 


29. Open Problem 12.4 Are there infinitely many pairs (N,n) for which the (N, n) 
Van der Waerden Game is a second player moral-victory? 


30. Open Problem 16.1 Can we replace the pairing strategy upper bound 3n/4 
in the Degree Game on K,, with some c-n where c < 3/4 ? Is it possible to get 
c=4+0(1)? 

The next two problems are justified by the Random Graph intuition. 


31. Open Problem 20.1 Consider the (1:b) Connectivity Game on the complete 
graph K,,. Is it true that, if b= (1—o0(1))n/logn and n is large enough, then 
underdog Maker can build a spanning tree? 


32. Open Problem 20.2 Consider the Reverse Hamiltonian Game, played on K,,, 
where Avoider takes I and Forcer takes f new edges per move; Forcer wins if at the 
end Avoider’s graph contains a Hamiltonian cycle. Is it true that, if f = con/logn 
for some positive absolute constant and n is large enough, then Forcer can force 
Avoider to own a Hamiltonian cycle? 


33. Open Problem 25.1 For simplicity assume that the board is the infinite complete 
graph K,, (or at least a “very large” finite Ky); playing the usual (1:1) game, how 
long does it take to build a K,? 


34. Open Problem 28.1 Consider the discrepancy version of the Clique Game. Is it 
true that the a-Clique Achievement Number A(Ky; clique; a) is the lower integral 


part of 
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q=q(N, a) = iw ) (ios. 9 —log, log, N+log,(1— H(a)) +log, e— i) —1+o()), 


or at least the distance between the two quantities is O(1) ? Here the function 
H(a) = —alog, a—(1—a) log,(1 — @) is the well-known Shannon’s entropy. 


35. Open Problem 30.1 Playing the (2:1) game in an N x N board, what is the 
largest q x q aligned Square Lattice that topdog Maker can always build? 


36. Open Problem 30.2 (“Biased Clique Game’’) Js it true that, in the (m:b) Biased 
Clique Achievement Game with m > b, played on Ky, the corresponding Clique 
Achievement Number is 


21 
A(Ky; clique; m:b) = |2log. N—2 log. log. N+2 log. e—2log,.2 Daag gee LOC) | 
08 Co 


where c= woh and (y= > 5? 

Is it true that, in the (m: b) Biased Clique Achievement Game with m < b, played 
on Ky, the corresponding Clique Achievement Number is 

A(Ky; clique; m : b) = |2log. N —2 log. log. N+ 2log.e—2log.2—1+0(1)| 
where c= ™**? 

Ts it true that the Avoidance Number 
A(Ky; clique; a: f; —) = |2log. N —2log, log. N+2log,.e—2log.2—1+0(1)| 
where the base of logarithm is c= wee ? 
37. Open Problem 30.3 (“Biased Lattice Games’) Is it true that, in the (m: b) 
Biased Lattice Achievement Game with m > b played on an N x N board, the 
corresponding Lattice Achievement Number is 


(Ja) 
A(N x N; Square Lattice; m: b) = | flog, N+2log,, N+ o(1) | F 
(1b) 
A(N x N; rectangle lattice; m:b) = | 2 log. N+ 2log,, N+ o(1) | F 

(Ic) 

A(N x N; tilted Square Lattice; m: b) = | 2 log. N+2log,. N+ o(1) | ; 
(1d) 

A(N x N; tilted rectangle lattice; m: b) = | 2 log. N+2log,,. N+ o(1)| ; 
(le) 


A(N x N; rhombus lattice; m: b) = | (210g. N+ 2log,, N+ o(1)| F 
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(If) 
A(N x N; parallelogram lattice; m: b) = B flog, N+2log,, N+ o(1) | ; 
(7g) 
A(N x N; area one lattice; m: b) = | (2108. N+2log,,.N+ o(1) | 
where c= mek and (y= 35? 


Ts it true that, in the (m: b) Biased Lattice Achievement Game with m < b played 
on an N XN board, the corresponding Lattice Achievement Number is 


(2a) 
A(N x N; Square Lattice; m : b) = | Vlog. N+ o(1)| ; 
(2b) 
A(N x N; rectangle lattice; m: b) = | V2log.N + o(1) | F 
(2c) 
A(N x N; tilted Square Lattice; m: b) = | V2l0g. N+ o(1) | ‘ 
(2d) 
A(N x N; tilted rectangle lattice; m : b) = | v2I08, N+ o(1)| ; 
(2e) 
A(N x N; rhombus lattice; m : b) = | v2log, V+ o(1)| ; 
(2f) 
A(N x N; parallelogram lattice; m:b) = | 2viog, N+ o(1)| : 
(2g) 
A(N x N; area one lattice; m: b) = | V2log, N+ o(1) | 
where c= mek 2 


Ts it true that the Lattice Avoidance Number in the (a: f) play is the same as in 
(a2)-(g2), except that c = at ? 


38. Open Problem 31.1 


(a) Is it true that, playing the (2:2) Achievement Game on Ky, Maker can always 
build a clique K, with q = 2log, N —2 log, log, N + O(1)? 

(b) Is it true that, playing the (2:2) Achievement Game on Ky, Breaker can 
always prevent Maker from building a clique K, with q = 2 log, N — 2 log, log, 
N+O(1)? 
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39. Open Problem 31.2 /s it true that Theorem 31.1 is best possible? For example, 
is it true that, given any constant c > 2, playing the (2:2) game onan N x N, Breaker 
can prevent Maker from building a q x q parallelogram lattice with q = c,/log, N 
if N is large enough? 

Is it true that, given any constant c > V2, playing the (2:2) game on an N x N, 
Breaker can prevent Maker from building a q x q aligned rectangle lattice with 


q=c,/log, N if N is large enough? 

40. Open Problem 32.1 [s it true that Theorem 31.1’ is best possible? For example, 
is it true that, given any constant c > 2, playing the (k:k) game on an N x N, Breaker 
can prevent Maker from building a q x q parallelogram lattice with q = c,/log, N 
if N is large enough? 


41. Open Problem 33.1 Let K,(red, blue) be an arbitrary fixed 2-colored goal 
graph, and let q = (2—o(1)) log, N. Is it true that, playing on Ky, Red has a 
winning strategy in the K,(red, blue)-building game? 


42. Open Problem 34.1 (“Hales—Jewett Conjecture”’) 


(a) If there are at least twice as many points (i.e., cells) as winning lines, then the 
n Tic-Tac-Toe game is always a draw. 

(b) What is more, if there are at least twice as many points as winning lines, then 
the draw is actually a Pairing Strategy Draw. 


43. Open Problem 47.1 Formulate and prove a stronger version of Theorem 47.1 
(Picker’s blocking) which perfectly complements Theorem 33.4 (Chooser’s build- 
ing), that is, which gives exact solutions in the biased (1:s) Chooser—Picker versions 
of the Clique and Lattice Games. 


What kinds of games? A dictionary 


Throughout this list we will describing 2-player games played on an arbitrary (finite) 
hypergraph. The players take turns occupying points of the hypergraph. The play 
is over when all points have been occupied. We begin with the straight complete 
occupation games. 


Positional Game: Such as Tic-Tac-Toe: Player | and Player 2 take turns occupying 
new points. The player who is the first to occupy all vertices of a hyperedge (called 
winning set) is the winner. If there is no such a hyperdge, the play is declared a 
draw. See p. 72. 


Maker-Breaker Game: Maker and Breaker take turns occupying new points. 
Maker wins if at the end of the play he occupies all points of some winning set; 
otherwise Breaker wins (i.e. Breaker wins if he can occupy at least 1 point from 
each winning set). See pp. 27 and 83. 


Picker—Chooser Game: In each turn Picker picks two unoccupied points, Chooser 
chooses one from the pair offered, the other goes to Picker. Picker wins if at the 
end of the play he occupies all points of some winning set; otherwise Chooser wins. 
See p. 320. 


Chooser—Picker Game: In each turn Picker picks two unoccupied points, Chooser 
chooses one from the pair offered, the other goes to Picker. Chooser wins if at the 
end of the play he occupies all points of some winning set; otherwise Picker wins. 

In the reverse versions described below, the objective of the game is to force 
your opponent to occupy a whole hyperedge, rather than occupying a hyperedge 
yourself. See p. 320. 


Reverse Positional Game: Again Player | and Player 2 take turns occupying new 
points. The player who is the first to occupy all vertices of a hyperedge is the loser. 
If there is no such a hyperdge, the play is declared a draw. See p. 76. 
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Reverse Maker-Breaker Game=Avoider—Forcer Game: Avoider and Forcer 
take turns occupying new points. Forcer wins if at the end of the play Avoider 
occupies all points of some winning set; otherwise Avoider wins. See p. 93. 


Reverse Picker—Chooser Game: In each turn Picker picks two unoccupied points, 
Chooser chooses one from the pair offered, the other goes to Picker. Picker loses if 
at the end of the play he occupies all points of some winning set; otherwise Picker 
wins. See p. 623. 


Reverse Chooser—Picker Game: In each turn Picker picks two unoccupied points, 
Chooser chooses one from the pair offered, the other goes to Picker. Chooser loses 
if at the end of the play he occupies all points of some winning set; otherwise 
Chooser wins. See p. 624. 

Here is a new concept. 


Improper—Proper Game: Mr. Improper and Ms. Proper take turns occupying new 
points, Mr. Improper colors his points red and Ms. Proper colors her points blue. 
Ms. Proper wins if and only if at the end of the play they produce a proper 2- 
coloring of the hypergraph (i.e., no hyperedge is monochromatic). Mr. Improper 
wins if at the end they produce an improper 2-coloring of the hypergraph (there is 
a monochromatic hyperedge), so a draw is impossible by definition. See p. 134. 

Notice that this game has a one-sided connection with both the Maker—Breaker 
and the Avoider—Forcer Games: Maker’s winning strategy is automatically Mr. 
Improper’s winning strategy (he can force a red hyperedge), and, similarly, Forcer’s 
winning strategy is automatically Mr. Improper’s winning strategy (he can force a 
blue hyperedge). 

If the points of a hypergraph are 2-colored (say, red and blue), the discrepancy 
of a hyperedge is the absolute value of the difference of the number of red points 
and the number of blue points in that hyperedge. 

Notice that every play defines a 2-coloring: one player colors his moves (i.e., 
points) red and the other player colors his moves (points) blue. 

In a Discrepancy Game one player is trying to force the existence of a hyperedge 
with large discrepancy. See p. 231. 

In a One-Sided Discrepancy Game one player is trying to force the existence 
of a hyperedge with large discrepancy where he owns the majority. See p. 231. 

A Shutout of a hyperedge is the number of points that one player occupies in a 
hyperedge before the opponent places his first mark in that hyperedge. 

In a Shutout Game a player is trying to force some hyperedge to have a large 
Shutout. See p. 85. 

Finally, a bunch of concrete games. 


Animal Tic-Tac-Toe: See Section 4, p. 60. 
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Bridge-it: A particular “connectivity game”—see Section 4, p. 66. 


Clique Games: Graph games in which the goal is to build (or to avoid building) a 
large complete graph (often called clique)—see Section 6, p. 92. 


Connectivity Games: See Sections 4 and 20, pp. 67 and 286. 


Degree Game: Maker’s goal is to build a large maximum degree in a complete 
graph — see Sections 16-17, pp. 231-59. 


Hamilton Cycle Game: Maker’s goal is to build a Hamilton cycle — see Section 20, 
p. 291. 


Hex: A particular “connectivity game” — see Section 4, p. 65. 
Kaplansky’s k-in-a-line game: See Section 4, p. 64. 


n‘-game (multidimensional Tic-Tac-Toe): The board is the d-dimensional hyper- 
cube, where each side is divided into n equal pieces. It consists of n4 little “cells.” 
The winning sets are the n-in-a-row sets. See Section 3, p. 44. 


Row-Column Game: See Sections 16-19, pp. 231-85. 


Unrestricted n-in-a-row: The players play on the infinite chessboard, and the goal 
is to have n consecutive little squares horizontally, vertically, or diagonally (slopes 
+1). See the end of Section 10, p. 157. 


Dictionary of the phrases and concepts 


Almost Disjoint Hypergraphs: Any two different hyperedges intersect in at most 
one common point (like a collection of lines), p. 27. 


Achievement Number: See Section 6, p. 104. 
Avoidance Number: See Section 6, p. 104. 


Backward Labeling: Extension of the labeling (I wins, or II wins, or Draw) to 
the whole Position-Graph (or Game-Tree), see Appendix C, p. 691. 


Board of a Hypergraph Game: The underlying set of the hypergraph; it usually 
means the union set of all hyperedges (winning sets), p. 72. 


Chooser Achievement Number: See Section 47, p. 623. 
Chooser Avoidance Number: See Section 47, p. 625. 


Chromatic Number: The chromatic number of a graph (hypergraph) is the mini- 
mum number of colors needed to color the vertices such that no edge (hyperedge) 
is monochromatic. 


Classification of finite Hypergraphs: Six classes defined at the end of Section 5, 
p. 88. 


Combinatorial Games: A very large class of games defined in Appendix C, p. 690. 


Complete Analysis of a Game: Complete solution of a game—see Appendix C, 
p. 691. 


Degree (Maximum, Average) of a Graph or Hypergraph: The degree of a 
vertex is the number of edges (hyperedges) containing the vertex. The Maximum 
(Average) Degree means to take the maximum (average) over all vertices. 


Determined and Undetermined Games: Determined means that either the first 
player has a winning strategy, or the second player has a winning strategy, 
or both players have a drawing strategy. There exist infinite games which are 
undetermined — see Appendix C, p. 697. 
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Drawing Terminal Position: A Halving 2-Coloring of the board such that no 
winning set is monochromatic, p. 51. 


Drawing Strategy: By using such a strategy a player cannot lose a play (i.e., either 
wins or forces a draw), p. 680. 


End-Position of a Partial Play: The last position of a partial play, p. 678. 
Game: A set of rules. 
Game-Tree: See Appendix C, p. 686. 


Hales-Jewett Conjecture(s): If the number of points is at least twice as large as 
the number of winning lines in an n“ Tic-Tac-Toe game, then the second player 
can force a draw (or even a pairing draw) — see Section 34, p. 463. 


Hypergraph: A collection of sets; the sets are called hyperedges or winning sets. 
Linear-Graph Game: See Appendix C, p. 691. 


Pairing Criterions: Criterions which guarantee a draw-forcing pairing strategy — 
see Theorems 11.1—-11.2, p. 164. 


Pairing Draw (Draw-Forcing Pairing): A decomposition of the board (or a subset 
of the board) into pairs such that every winning set contains a pair, p. 163. 


Partial Play: It means an initial segment of a play with “history” — see Appendix C, 
p. 678. 


Picker Achievement Number: See Section 22, p. 322. 
Picker Avoidance Number: See Section 47, p. 623. 
Position: See Appendix C, p. 678. 

Position-Graph: See Appendix C, p. 688. 


Power-of-Two Scoring System: The basic idea of the proof of the Erdés—Selfridge 
Theorem (Theorem 1.4), pp. 28 and 152. 


Proper 2-Coloring: A 2-coloring of the board with the property that there is no 
monochromatic winning set, p. 51. 


Ramsey Criterions: See Theorems 6.1-2, pp. 98-9. 
Resource Counting: See Section 10, p. 149. 
Reverse Games: Avoidance versions, p. 76. 


Strategy Stealing: See Section 5 and Appendix C, p. 74. 
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Strong Draw: When a player, usually the second player (or Breaker), can occupy 
at least one point from every winning set, p. 46. 


Terminal Position: The “end” of a play; when the board is completely occupied. 


Weak Win: A player can completely occupy a winning set, but not necessarily 
first, p. 46. 


Weak Win Number: See Section 6, p. 97. 
Winning Sets: An alternative name for the hyperedges of a hypergraph. 
Winning Strategy: A player using such a strategy wins every possible play. 


Win Number: See Section 6, p. 97. 
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